Differential Equation Mode.

Let x(t) be afish population size at timet.
X(t + Dt) - x(t) » Dt (b - d) x(t)

The smplest model isfor b - d being a constant.

A second model isthe logistic model where
b-d=c(M - x) with c, M constant and M is the

maximum population size.
A third model may involve harvesting, -h(t), or

stocking, +s(t), a agiven rate.



The differential equation model is attainted by
dividing by dt and letting dt go to zero. When b —d is
aconstant,

X' = (b - d)x whose solution is

x(t) = x(0) €° 9,

A vaidaion of the logistic mode that includes
harvesting is

X'=¢(M - x)x - h(t).
The exact solution of thisis more difficult to find, and

therefore, we will need numerical methods.



Method of Solution.
We will use avariation of the Taylor method, which
avoids the computation of the partial derivatives of the
right side function f, f;, f,, fy, fuw, fu, ...
These are known as the Runge-K utta methods, and
one important example is the fourth order Runge-
Kutta scheme.
This scheme can be viewed as a
combination of the fourth order Taylor polynomia
method and the Simpson’ s rule for numerical

integration.



The equivalent integral equation

t+h

ut+h =ut)+ ¢ f(zu2)dz

Theintegra can be approximated by
(h/6)(ky + 4(ko/2 + K4/2) + k,) Where

ki = f(t,u(t)),

ko = f(t+h/2, u(t) + (n/2)ky),

ks = f(t+h/2, u(t) + (h/2)k,) and

ks = f(t+h, u(t) + hks).
Thefourth order Runge-Kutta method, where t and
u(t) are replaced by t“and u®, is

Ut = U+ (0/6) (ky + 2Ko+ 2ks + Ka).



Matlab Implementation.

Use the function file fpop.m and the m-file rk4.m.

function fpop = fpop(t, x)
fpop = .01*(100 - Xx)*Xx;

%our nane, your student nunber,
| esson nunber
cl ear;
x(1) = 10.;
T = 10;
KK = 50
h = T/ KK;
t(1)= 0.;
for k = 1: KK
kl = h*fpop(t(k),x(k));
k2 = h*fpop(t(k)+.5*%h,
X(K)+.5*k1);
k3 = h*fpop(t(k)+.5*h,
X(k)+.5*k2);
k4 = h*fpop(t(k)+h, x(k)+.5*k3);
x(k+1) = x(k) + (k1 + 2*k2
+ 2*k3 +k4)/ 6;
t(k+1l) = t(k) + h;
end



population

plot(t, x)

title(' your nane, your student

nunber

| esson nunber')

x|l abel (" tine")
yl abel (' popul ati on')

your name, your student number, lesson number
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populations for different x(0)

Thisillustrates stability of the largest steady state
Solution, x = 100. rk4 was run with a number of

different initial populations.
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