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Abstract. The geometry of the orbits of a minimal parabokiesubgroup
acting on a symmetri&-variety is essential in several area’s, but its main
importance is in the study of the representations associated with these sym-
metric k-varieties (see for example [6], [5], [20] and [31]). Up to an action
of the restricted Weyl group oB, these orbits can be characterized by the
Hy-conjugacy classes of maximilsplit tori, which are stable under the
involution 6 associated with the symmetrievariety. HereH is a openk-
subgroup of the fixed point group 6f

This is the second in a series of papers in which we characterize and clas-
sify the Hx-conjugacy classes of maximialsplit tori. The first paper in this
series dealt with the case of algebraically closed fields. In this paper we lay
the foundation for a characterization and classification for the case of non al-
gebraically closed fields. This includes a partial classification in the cases,
where the base field is the real numbersadic numbers, finite fields and
number fields.

Introduction

Let G be a connected reductive linear algebraic group defined over & fdld
characteristic not 23 an involution ofG defined ovek, Gy = {ge G | 6(Q) =
g} the set of fixed points af andH ak-open subgroup oBy. Denote the set of
k-rational points ofG (resp. H) by Gk (resp. Hk). The varietyG/H is called a
symmetric variety and the varieyy/ Hx a symmetridk-variety.

Let P be a minimal parabolik-subgroup ofG and consider the double coset
spaceHy\ Gk / Pk. The geometry of these orbits is of fundamental importance in
the representation theory of symmetkiwvarieties. Examples include the study
of Harish-Chandra modules with= C (see for example [31]), the study of dis-
crete series of affine symmetric spaces vkt R (see for example [20]) and
the study of symmetric spaces over finite fields (see for example [17]). These
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orbits also play an equally important rolein the relatively new area of represen-
tation theory of p-adic symmetric spaces (see [14]). Besides in representation
theory, these orbits are also of importance in a number of other areas, including
geometry (see [21] and [18]) and the cohomology of arithmetic subgroups (see
[30]).

The double cosets P\ Gk/Hy are characterized, up to the action of the re-
stricted Weyl group of G, by the Hy-conjugacy classes of 9-stable maximal k-
split tori. To be able to tackle the problems about the geometry of these double
cosets, which arise in the representation theory of the corresponding symmet-
ric k-varieties, a detailed characterization and possibly a classification of the
Hy-conjugacy classes of §-stable maximal k-split tori is needed.

This is the second in a series of papers, in which we characterize and clas-
sify the Hy-conjugacy classes of 6-stable maximal k-split tori for a number of
different base fields, including algebraically closed fields, the real numbers, the
p-adic numbers, finite fields and number fields. In the first paper in this series
we dealt with the case of algebraically closed fields and we also proved most
of the results about conjugacy classes of involutionsin Weyl groups, which will
be needed in the other papers of this series. In this second paper we will do a
lot of the ground work for the remainder of this series. We will first show that
this classification can be split into 2 problems, one of which is a classification
of the H-conjugacy classes of the 6-stable maximal (quasi) k-split tori. We give
a characterization of these conjugacy classes and also give a partial classifica-
tion in the cases where the base field is the real numbers, p-adic numbers, finite
fields and number fields.

In the next paper we will apply the results of this paper and give a classifica-
tion of the Hg-conjugacy classes of 6-stable maximal k-split tori for k = R. A
classification for k = Qp and k finite, will be dealt with in papers after that.

For k = R acharacterization of the Hy-conjugacy classes of 6-stable maximal
k-split tori was given by Matsuki in[19]. He characterizes the conjugacy classes
in terms of systems of g-orthogonal sets of roots. This characterization only
holdsfor real groups. Moreover it is quite technical and an actual classification,
using this characterization, seems infeasible. In this paper we take a different
approach to the classification problem, which leads to a more detailed charac-
terization of the Hy-conjugacy classes, which actually holds for arbitrary base
fields. Using this characterization and some additional results, specifically for
the basefield in question, it is finally possible to classify the conjugacy classes
in anumber of cases, including k = R. For more details, see [13]. The themes
and results of this paper follow.
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Let Aﬁ be the set of 9-stable maximal k-split tori of G. The group Hy actson
A by conjugation and the orbit set #{ / Hy is the set of Hy-conjugacy classes
p-stable maximal k-split tori. If A e Aﬁ then we write Z = Zg(A) for the
centralizer of Ain G, N = Ng(A) for the normaizer of Ain G and W =
W(A) = Nc(A)/Zc(A) the corresponding Weyl group. Let Vx = {x € G |
x~19(x) e N}and V = {x € G | x"10(x) € N}. Then A = {xAx~1 | x € W}.
Let Vi bethe set of Hi x Zy orbitson Vi and V the set of H x Z orbitson V. In
[15, §6] it was shown that the set Vi characterizes the double cosets Hy\ Gk / Pk
and there isabijection

(1) Yk Vi/ W — A/ Hy.

Similarly the set V isrelated to the orbits H\ G/ P and thereisabijection y : V/
W — A?/H. Here A? = {xAx™1 | x € V}, the set of 6-stable maximal quas
k-split tori of G. Thereisanatural map ¢ : 4 /Hx — 4°/H, sending each Hy
conjugacy class of a #-stable maximal k-split torus onto its H conjugacy class.
Its image Ag /H consists of the H-conjugacy classes 6-stable maximal k-split
tori.

To classify Aﬁ/ Hy it suffices to classify the image and fibers of ¢. In some
cases, including the standard pairs for k = R, this map is actually one to one as
we will prove in the following result.

Corollary 6.10. Let Ag ,Ag be a 6-stable maximal k-split torus of G with Ay
amaximal (6, k)-split torus of G and assume W(A;) hasrepresentativesin Hy.
Thenthemap ¢ : 4 /Hx — 4”/H isone-to-one.

To classify theimage of ¢ we will first need a classification of A?/H. In this
paper we will give characterizations of both .A?/H and A9/ H. The characteri-
zation of A%/ H for arbitrary base fields appears to be much more complicated
then in the case of algebraically closed fields, i.e., the characterization of H-
conjugacy classes of 6-stable maximal tori.

Thereisanatural conjugacy class of involutions associated with the H-conjugacy
classesin A% and A{. Namely if v € V, x = x(v) € 'V arepresentative, x 10(x) €
N, then the corresponding Wey! group element w, € W isatwisted involution,
i.e. O(w,) = w;L Thisgivesamap¢:V — 4, where f = {w e W | 6(w) =
w1} isthe set of twisted involutionsin W. The Weyl group W acts on £ and
every W-orbit contains an involution (see[15, §7]). In section 4 and 5 we show
how one can choose a suitable representative x(v) € V, such that w, becomes
an involution. If v € V then we call these involutions #-singular and if v € V,
then we will also call these involutions (6, k)-singular.
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The map ¢ : V — 1 is equivariant with respect to the actions of W on V,
Vand £. Letop: V/W — 4/W and ¢k : Vk/W — 4/W be the correspond-
ing orbit maps. In the case that k is an algebraically closed field the map ¢ is
one-to-one. So together with the bijection yx in (1) we get a one-to-one corre-
spondence between the H-conjugacy classes of 9-stable maximal tori and the
W-conjugacy classes of 6-singular involutions (see [10]). Unfortunately, for ar-
bitrary fields, the map ¢ is not always one-to-one. So the W-conjugacy classes
of the #-singular involutions only provide a first invariant to characterize the
conjugacy classesin 4" (respectively +{) and a characterization of the fibers of
¢ isaso needed. These can also be described in terms of Weyl group elements
of a maximal torus containing the maximal k-split torus. This characterization
of the fibers is discussed in section 7. This characterization of the fibersis not
yet very detailed. In practice it remains quite difficult to calculate the fibersin
specific examples. A conjecture with amuch more detailed description of these
fibers is discussed in 8.34. Fortunately in many cases, including the standard
pairs for k = R, the map ¢ is actually one-to-one, so in these cases the fibers
aretrivial. Thisfollows from the following result (see also 8.11):

Corollary 8.7. Let A € A be a 6-stable maximal k-split torus of G with Ay a
maximal (6, k)-split torus of G and assume that W(A ) has representativesin
Hk. Then there exists a one to one correspondence between the Hy-conjugacy
classes of §-stable maximal k-split tori and the W(Ag)-conjugacy classes of
(0, k)-singular involutions of W(Ap).

A characterization of theimage of ¢ intermsof 6-singular involutionsisgiven
in section 5 and a characterization of theimage of ¢ intermsof (6, k)-singular
involutions is given in section 6. It then remains to classify the W-conjugacy
classes of the #-singular (respectively (0, k)-singular) involutions of W. For an
arbitrary 6-stable maximal k-split torus Ag it isdifficult to classify the 6-singular
involutions, but in the case that Ag contains a maximal (0, k)-split torus of G
we get a characterization similar to that in [10, 4.6]:

Theorem 8.16. Let Ag be a 6-stable maximal k-split torus of G with Ay a max-

imal (6, k)-split torus of G and w € W(Ag), w2 = e. Then the following are
equivalent:

(1) wis@-singular

(i) (Ao, C Ay

Finally, a classification of the W-conjugacy classes of the 6-singular invo-
lutions in the cases that k is algebraically closed, the real numbers, the p-adic
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numbers and number fields is given in section 9. This includes a classification
of the natural diagram of the conjugacy classes.

A brief summary of the contentsisasfollows. In section 1 we set the notation
and discuss the relation between the orbits of a minimal parabolic k-subgroup
acting on the symmetric k-variety and the Hy (resp. H-conjugacy) classes of
f-stable quasi k-split tori. After that in section 2 we give a number of results
about the action of the Galois group and the involution on the root lattice. These
results are needed in later sections. Section 3 discusses quasi k-split tori and
their corresponding quasi parabolic k-subgroups. In section 4 we show that
the classification of the conjugacy classes in Aﬁ can be reduced to conjugacy
classes of standard k-split tori. To these we can associate a natural involution in
the Weyl group. In section 5 we prove asimilar result for the 6-stable maximal
guasi k-split tori and show that the corresponding standard involutions in the
Weyl group are an invariant for the H-conjugacy classes in A%, After that in
section 6 we give a characterization of g(Aﬁ)/H and similarly in section 7,
a characterization of 4A?/H. In section 8 we give another description of the
standard involutions, which occur in the characterizations of A?/H and Aﬁ/
H. Finaly, in section 9 we classify the W-conjugacy classes of the 6-singular
involutionsfor k algebraically closed, the real numbers, the p-adic numbers and
number fields.

Some of these results were announced in [11] and [12].

1. Preliminaries and Recollections

In this section we set the notations and discuss the relation between the or-
bits of minimal parabolic k-subgroup acting on a symmetric k-variety and the
H- (resp. Hg)-conjugacy classes of #-stable maximal (quasi) k-split tori. For
this we will rephrase the characterization of these orbitsin [15, 8] by giving an-
other characterization of the orbits, which is geared more toward the conjugacy
classes of 9-stable maximal (quasi) k-split tori. We will aso prove a number of
additional results. Our basic reference for reductive groups will be the papers of
Borel and Tits[1, 2] and also the books of Humphreys [16] and Springer [26].
We shall follow their notations and terminology.

1.1. Notations. Given analgebraic group G, theidentity component is denoted
by G°. We use L(G) (resp. g, the corresponding lower case German |etter) for
theLiealgebraof G. If H isasubset of G, thenwewrite Ng(H) (resp. Zg(H))
for the normalizer (resp. centralizer) of H in G. We write Z(G) for the center
of G. The commutator subgroup of G isdenoted by D(G) or [G, G].
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An algebraic group defined over k shall also be called an algebraic k-group.
For an extension K of k, the set of K-rational points of G is denoted by Gk or
G(K).

If G is areductive k-group and A a torus of G then we denote by X*(A)
(resp. X, (A)) the group of characters of A (resp. one-parameter subgroups of
A) and by ®(A) = & (G, A) the set of theroots of Ain G. The group X*(A)
can be put in duality with X,(A) by a pairing (-, -) defined as follows:. if
x € X*(A), A € X (A), then x(r(t)) = t%4 for al t € k*. Let W(A) =
W(G, A) = Ng(A)/Zg(A) denote the Weyl group of G relativeto A. If x €
® (G, A), then let U,, denote the unipotent subgroup of G corresponding to «. If
Aisamaximal torus, then U, is one-dimensional. Given a quasi-closed subset
Y of &(G, A), thegroup G, (resp. Gj‘p) isdefinedin[1, 3.8]. If sz IS unipotent,
¥ issaid to be unipotent and often one writes U, for G;Z.

If Aisatorus of G such that ®(A) is a root system in the subspace of
X*(A) ®7z R spanned by ®(A) and if W(A) is the corresponding Weyl group,
then for each « € ® (A) the subgroup G, = Zg((ker a)?) isnonsolvable. If we
choosenow n, € Ng, (A) — Zg, (A) and let s, bethe element of W(A) defined
by n,, then there exists a unique one parameter subgroup «¥ € X, (A) such that
(a, ¥y =2and s, (x) = x — (), ) (x € X*(A)). Wecal o the coroot of
a and denote the set of these ¥ in X, (A) by ®V (A).

1.2. Throughout the paper G will denote a connected reductive algebraic k-
group, 6 an involution of G defined over k, Gy = {g € G | 6(g) = g} the set
of fixed points of 6 and H a k-open subgroup of Gy. The involution 6 is also
called a k-involution of G. The variety G/H is caled a symmetric variety and
the variety G/ Hy is called a symmetric k-variety.

Given g, x € G, thetwisted action associated to # isgiven by (g, X) — g* X =
gx6(9) . Let Q={g7'0(g) g G} and Q' = {ge G| 6(g) = g~}}. The
set Q iscontained in Q'. Both Q and Q' are invariant under the twisted action
associated to 6. There are only a finite number of twisted G-orbitsin Q" and
each such orbit is closed (see [22]). In particular, Q is a connected closed k-
subvariety of G. Defineamorphismt: G — G by

(1.2) (X) = x0(x 1), (xe G).

The image 1(G) = Q is aclosed k-subvariety of G and = induces an isomor-
phism of the coset space G/ Gy onto (G). Notethat 7(x) = z(y) if and only if
vy Ix e Gy and 6(t(x)) = t(x)"Lfor x € G.

1.3. If T c Gisatorusand o € Aut(G, T) aninvolution, then we write T)F =
(TNG,)?and T, = {xe T | o(x) = x 10, Itiseasy to verify that the product
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map
wiTE T, — T, wty,tp) =tity

is aseparableisogeny. Inparticular T = T,/ T, and T, N T, is afinite group.
(In fact it is an elementary abelian 2-group.) The automorphisms of ® (G, T)
and W(G, T) induced by o will also be denoted by o. If o = 6 we reserve the
notation T+ and T~ for T9+ and T, respectively. For other involutionsof T, we
shall keep the subscript.

Recall from [9] that atorus A iscalled 6-split if 6(a) = a~L for every a € A.
If Aisamaximal 6-split torus of G, then ® (G, A) isaroot system with Weyl
group W(A) = Ng(A)/Zg(A) (see[22]). Thisis the root system associated
with the symmetric variety G/H. To the symmetric k-variety Gy/Hg one can
also associate a natural root system. To see this we consider the following tori:

Definition 1.4. A k-torus A of G is caled (0, k)-split if it is both 6-split and
k-split.

Consider amaximal (0, k)-split torus A in G. In [15, 5.9] it was shown that
® (G, A) isaroot system and Ng, (A)/Zg, (A) isthe Weyl group of this root
system. We can also obtain thisroot system by restricting the root system of Gy.
Namely let A° > A be a 6-stable maximal k-split torus of G. Then A = (Ao)g_

and ® (G, A) can beidentified with @y = {«¢|A# 0| « € ®(G, A°)}.

1.5. P-orbits on Gx/Hk. Let P be a minimal parabolic k-subgroup of G.
There are several way’sin which one can characterize the double cosets P\ Gk/
Hk. One can characterize them as the Py-orbits on the symmetric k-variety
Gk/ Hk (using the 6-twisted action), one can take the Hg-orbits on the flag va-
riety Gy/ Pk or one can consider the Pk x Hg-orbits on Gg. All these charac-
terizations are essentially the same. For more details see [15]. We will use the
Pk x Hg-orbits on Gy to characterize P\ Gk/ Hk. In the following we will first
review briefly this characterization.

Let A be a 6-stable maximal k-split torus of P, N = Ng(A), Z = Zg(A)
and W = W(A) = Ng(A)/Zg(A) the corresponding Weyl group. Asin [15,
6.7] set Vk = {x € Gk | t(X) € Nk}. Thegroup Zx x Hg actson Vy by (X, z) -
y=xyz 1 (X,2) € Zx x Hy, Y € V. Let Vi be the set of (Zx x Hy)-orbits
on V. Similarly let V = {xe G | t(X) € N}. Then Z x H actson V by
(X,2)-y=xyz 1, (x,2) € Zx H, ye V. Denotethe set of (Z x H)-orbitson
Vby V. Ifve Vg (resp. V), welet x(v) € Vi (resp. V) be arepresentative of
the orbit v in Vi (resp. V). These sets V (resp. V) are essentia in the study
of orbits of minimal parabolic subgroups on the symmetric k-variety Gy/Hk.
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The inclusion map Vx — Gy induces a bijection of the set Vi of (Zx x Hy)-
orbits on Vi onto the set of (P x Hy)-orbits on Gy (see [15]). Similarly the
set V is associated with the set of H x P orbitson G (see [13]). Theset V is
finite, but the set Vi isin genera infinite. In a number of cases one can show
that there are only finitely many (P x Hg)-orbits on Gy. If k is algebraicaly
closed, the finiteness of Vi was proved by Springer [27]. The finiteness of the
orbit decomposition for k = R was discussed by Wolf [33], Rossmann [24] and
Matsuki [19]. For general local fields this result can be found in Helminck-
Wang [15]. An example that in most cases the set Vi isinfinite can be found in
[15, 6.12].

1.6. W-action on V and V. The Weyl group W acts on both V and V. The
action of Won V (resp. V) isdefined asfollows. Let v € V and let x = X(v).
If ne N, then nx € 'V and its image in V depends only on the image of n
in W. We thus obtain a (left) action of W on V, denoted by (w, v) - w-v
(weW, veV).

To get another description of Vi and 'V we define first the following.

Definition 1.7. A torus A of G iscalled aquas k-split torusif A is conjugate
under G with ak-split torus of G.

Since all maximal k-split tori of G are conjugate, also all maximal quasi k-
split tori of G are conjugate. If A isamaxima quas k-split torus of G, then
® (G, A) isaroot systemin (X*(A), Xp) inthe sense of [1, §2.1] where Xg is
the set of charactersof Awhich aretrivial on (AN[G, G])%; moreover the Weyl
group of ® (G, A) isNg(A)/Zg(A).

1.8. Let A bethe variety of maximal quasi k-split tori of G. Thisis an affine
variety, isomorphic to G/ Ng(A), onwhich 6 acts. Let A° be the fixed point set
of 6, i.e. the set of ¢-stable maximal quasi k-split tori. It is an affine variety on
which H acts by conjugation.

Similarly let Ay denote the set of maximal k-split tori of G and let 4| be the
fixed point set of 6 i.e., the set of 6-stable maximal k-split tori. The group Hy
acts on . by conjugation.

If X € Vy, then x 1 Ax is again a maximal k-split torus and conversely any
6-stable maximal k-split torusin 4{ can be written as x~1 Ax for some x € V.
Similarly any #-stable maximal quasi k-split torusis of theform x—1 Ax for some
XxeV.

If v e Vi (resp. v € V), then x(v) "L Ax(v) € A{ (resp. 4%). Thisdetermines
maps of Vi, resp. V to the orbit sets #4{ / Hy resp. 4’/ H. Itiseasy to check that
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these maps are independent of the choice of the representative x(v) for v and are
constant on W-orbits. So we also get maps of orbit sets: yx : Vk/W — Aﬁ / Hk

andy : V/W — 4?/H. Infact we have abijection:

Proposition 1.9. Let G, 4% Af, y and y be as above. Then we have the
following.

(i) vkt Vi/ W — A/ H is bijective.

(i) y: V/W — A?/H isbijective.
Proof. (i). Since any #-stable maximal k-split torus is of the form x~1Ax for
some X € Vy, the map y is surjective.

Let vy, vo € Vi With w(v1) = w(v2). Let Xg = X(v1), X2 = X(v2) € Vi be
representatives of vy, v and let Ap = x7 1 AXq, Ay = X5 1 Axo. Since y(v1) =
¥k (v2) thereexistsh € Hy such that hAsh~t = hx; L Axoh=1 = x7 1 AX = A
So we may assume that A; = Ap. But then by [15, 6.10] there exists n e
Nc (A1) such that PunxsHx = PxoHk. If w € W(A;) is the image of nin
W(A1), then w - v1 = v, what proves (i).

The proof of (ii) followsusing asimilar argument asin (i). O

1.10. Let Ag denote the set of 6-stable quasi k-split tori of G, which are H-
conjugate to a ¢-stable maximal k-split torus. Then 43/H C 4Y/H can be
identified with the set of H-conjugacy classes of 6-stable maximal k-split tori of
G. Thereisanatural map

(1.2) ¢ AL He — A%/H,

sending the Hg-conjugacy class of a 6-stable maximal k-split torus onto its H-
conjugacy class. Then Ag/ H is precisely the image of ¢. On the other hand
theinclusion map Vix — V inducesamap n : Vk — V, where n maps the orbit
ZxgHg onto ZgH. This map is W-equivariant. Denote the corresponding orbit
map by § : Vk\/W — V/W and write Vg for the image of n in V. Denote the
restriction of y to Vo/W by 9. Then yo maps Vp/W onto Ag/H. Thisall leads
to the following diagram:

ViyW — A8/ Hy

| I

Vo/W — Af/H

Since yp and yx are bijections, it follows that there is a bijection between
the fibers of § and ¢. For a 6-stable maximal k-split torus A, the fiber ¢=1(A)
consists of all 6-stable maximal k-split tori, which are H-conjugate to A, but not
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Hy-conjugate. That these fibers can be infinite can be seen from example [15,
6.12].

Another way to characterize the orbitsin .A§/H and 4} /Hy is by using the
natural map from V into W, induced by themap 7|V : V — Ng(T). Inthe next
subsection we analyze this map in a bit more detail.

1.11. Twisted involutions. Recall that an element a € W(A) isatwisted invo-
lution if A(a) = a1 (see[27, §3] or [15, §7]). Let

(1.3) I=Jyg=d(W(A), ) ={weW|ow)=w1)

bethe set of twisted involutionsin W(A). If v e V, then¢(v) = 1(X(v)) Zg(A) €
W(A) is a twisted involution. The element ¢(v) € 4 is independent of the
choice of representative x(v) € V for v. So thisdefinesamap ¢ : V — .

We can defineamap ¢k : Vk — £ inasimilar manner. Namely if v € V, then
let px(v) = t(X(v))Zg(A) € W(A). Again thisis atwisted involution. From
the above observations we get the following relation between ¢ and ¢:

(1.4) pk=@on
The maps ¢ (resp. ¢x) play an important role in the study of the Bruhat order
on V (resp. Vk). For more details, see [23] and [8].

1.12. The Weyl group W acts also on {. This action comes from the twisted
action of W on (the set) W, which is defined as follows: if w, w1 € W, then
wxwy = wwif(w) L If wg e W, then W wy = {w w1 | we W) isthe
twisted W-orbit of wy. Now [ is stable under the twisted action, so that we get
atwisted action of W on 4. The images of ¢ and ¢y in { are unions of twisted
W-orbits, as follows from the following result:

Lemmall3. Leew e Wandv eV (rep. V). Then g(w - v) = w * ¢(v)
(resp. px(w - v) = w* @k (v)).

Proof. The proof isimmediate from the above observations. O
1.14. From this result it follows now that the maps ¢ : V — {4 (resp. ¢k :
Vi — [) are equivariant with respect to the action of W on V (resp. Vi) and the

twisted action of W on {. So there are natural orbit maps¢ : V/W — {4/ W and
ok - Vk/ W — 1/ W. From (1.4) and 1.10 we get the following relation between

¢ and ¢
Ppk=¢od

Since y and yx are one-to-one, we also get embeddings of 4%/H and A{/
Hy into 4/W. This indicates that the W-orbits of twisted involutions can be
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used as an invariant to characterize the conjugacy classesin Ag/H and Aﬁ/ Hy.
In fact in Proposition 8.10 we will show that we can use conjugacy classes of
involutions in the Weyl group W, instead of W-orbits of twisted involutions.

Remarks 1.15. (1) If kisalgebraically closed, then it followsfrom [23, 2.5] that
the map ¢k is one-to-one. So in this case the classes in ¢k (Vk)/ W completely
characterize the Hy-conjugacy classes of 6-stable maximal k-split tori. The map
¢k isaso one-to-onein anumber of other cases, like the standard pairs (G, Hy)
for k = R. For afurther discussion of this see 6.11 and [13].

(2) An example that the map ¢ is nhot always one-to-one can be found in 3.10.

1.16. Inthis paper we will need several properties of the twisted involutions,
therefor we collect some of their properties in the remainder of this section. A
first description of these twisted involutions, in the casethat (1) = ®*, was
given by Springer in [27]. For k = k there exists a #-stable Borel subgroup
(see [28]), so then this condition is satisfied. However if k £ k then G does
not necessarily have 6-stable minimal parabolic k-subgroups. One can easily
generalize the description in [27] and give a similar description of the twisted
involutions, when 6(®*) #£ ®*. This follows essentially from the results in
[15], although the results are not explicitly stated there. In the following we will
review this characterization and prove afew additional results. First we need a
few facts about real, complex and imaginary roots.

1.17. In the remainder of this section, let A be a 6-stable maximal quasi k-
split torus of G, ® = ®(A) the root system of A with respect to G, &+ a
set of positive roots of &, A the corresponding basis, W = W(A) the Weyl
groupof Aand X = {s, | « € A}. The Weyl group W is generated by X. Let
E=X*(A) ®zR. If 0 € Aut(®), then we denote the eigenspace of o for the
eigenvalue &, by E(o, &). For asubset IT of A denote the subset of ® consisting
of integral combinations of IT by ® . Then ®; isasubsystem of ® with Weyl
group W. Let won denote the longest element of Wy with respect to IT.

The involution 6 of G induces an automorphism of W, also denoted by 6,
given by

O(w) =0owob, weW.

If s, isthereflection defined by o, then 6(sy) = Sy, @ € D.

1.18. Therootsof ® can be divided in three subsets, related to the action of 9,
asfollows.

(@) 6(x) # ta. Then o iscalled complex (relative to 6).
(b) 6(a) = —a. Thena iscaledreal (relativeto ).
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(©) 6(a) = a. Then x iscalled imaginary (relative to 6).
Forae ®let A, ={ac A| sy(a) =a}°, Gy = Zg(Ay) and G, = [Gy, Gel.
If « iseither rea or imaginary, then G, is6-stable.
These definitions carry over to the Weyl group W and the set V. We define
first real, complex and imaginary elements for the Wey! group, which then will
imply similar definitions for V.

Definition 1.19. Given w € 4y, an element « € ® iscalled complex (resp. real,
imaginary) relative to w if wha # +a (resp. wbo = —a, wha = o). We use
the following notation,

C'(w,0) ={ae ®" | —a #wha <0}, Ruw,0) ={aecd|—a=wda},
C’'(w,0) ={ae® | a#wha > 0}, l(w,0) ={ac e | a=wda}.
We will omit 6 from this notation if there is no ambiguity asto which involution

we consider.

1.20. These definitions carry now over to V as follows. Fix v € V. Write
X = X(v) and let A; = x 1Ax. Then A; is a 6-stable maximal torus. The
inner automorphism Int(x~1) defines an isomorphism w, of ®(A) onto the
root system &, = ®(A;). We say that « isreal, complex, or imaginary for v if
a1 = wy(a) isrea, complex, or imaginary in the sense of 1.18 for A;. If a is
real, complex, or imaginary for v, then we also say that thereflection s, € Wis
real, complex, or imaginary for v.

The notion of real, complex, and imaginary roots for v and w = ¢(v) isthe
same;

Lemmal2l. LetveV, w=¢() anda € ®. Then « is real, complex, or
imaginary for v if and only if « isreal, complex, or imaginary for w.

Proof. Let x = x(v), A1 = X tAx and w, be as above. Then 7(x) = x6(x)~*

is arepresentative for w = ¢(v) in Ng(A). Leta € ®(A) and a1 = wy (@) €
®(A1). Thenw, 160(a1) = 0, 10(wy (@) = o, 16(wy) (B(a)) = INt(XH(X) ™) (B(a)) =
wb (). Theresult follows. O

We will use the same notation for v asfor w = ¢(v). In particular we will
write C'(v), C” (v), R(v), I (v) for C'(w), C"(w), R(w), | (w) respectively. It
follows from Lemma 1.21 that this notation does not dependon v € V.

1.22. Toget asimilar description of the twisted involutionsasin [27], we pass
to another involution, which leaves T invariant. Let wg € W such that

(1.5) O(d1) = wo(d™).
and let 8’ = Qwg. Then wg and ¢’ satisfy the following conditions:
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Proposition 1.23. Let ®, ™, 0, wg and 6’ be as above. Then we have the
following properties:

(1) wo € dy.

(i) (@) = .
(iii) @ isaninvolution of .
(iv) 19/ = 19 - WwQ.
Proof. (i). Since@(®") = wo(dT) itfollowsthat wy0(PT) = &+ and hence
O(wyH(®T) = Owgle(@T) = 0(@T) = wo(PT). So H(wy?t) = wo, what
proves (i).

(ii) follows from the fact that 4 is an involution and (®*) = wo(d™).
Namely then ¢/ (®") = Qwo(®T) = ®*. So ¢ equals the id or a diagram
automorphism. All diagram automorphisms are involutorial, except when @ is
of type D4. That 6 isin fact involutoria follows as follows:

(6')2 = Bwobwo = O(wo)wo = wy *wo = id.
This proves (iii).
(iv). Let w € Jy and consider wwy . Note that from (i) it follows that
Bwg = w619. But then

O(wwg ) = Owwy 10 = Owwe = wowgy Owowe = webd' wd’ = wow L.

S0 g C Jp- wo. A Similar argument shows the opposite inclusion, what proves
the resullt. OJ

Remark 1.24. By choosing a suitable minimal parabolic k-subgroup, wo be-
comes an involution (see also Lemma 2.15).

For the real, complex and imaginary roots we can show the following:
Lemma 1.25. If w € 4y and w’ = wwg, then w’'6’ = wé. In particular we have
[(w,0) = I(w,0), R(w,0) = R(w',0)

C(w,6 = C(w,0), C’"(w,0) = C'(w,8)
Proof. Thefirst statement follows from Proposition 1.23. Namely,
w0 = wwebwg = wwoebwebd = wwob(wg)d = wwowale = wé.

The remaining statements follow from this, since if o € ®*, then w6’ (o) =
wl(a). ]

Remark 1.26. Instead of working with 6 we can now work with 8" and w’. Com-
bining this result with the description of twisted involutionsin [27] and [15], we
get the following characterization of twisted involutions.
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Proposition 1.27. [15, 7.9] If w € dy and w’ = wwg € 4y, then there exist
S1,...,Sh € T andad’-stable subset IT of A satisfying the following conditions:

(i) w =s1...5w%0 (sh)...0(sp) and | (w') = 2h + | (w9).
(i) w%@’a =—a,ac dp (i.e CDE C R(w%,Q/)).

Moreover if w’ =t1...tqwQ 0 (tm) ... 0 (t1), wherety, ... ,tne Tand A ad'-
stable subset of A satisfying conditions (i) and (ii), thenm=h, s;...spI1 =
t1...thA and

S1...S0'(Sh)...0(s1) =t1...the (th) ... 6 (t1).

1.28. W-actionon d¢. Similar asin 1.12 we have an action of the Weyl group
W on Jy. Namey if w € W and @’ € {4, then define an action w +" a =
wa'd (w)~ L. Since 4y = Bwg and @ = awg for somea € 4y, we get

wx a= wawoe’w_le’ = wawow610w_19wo = waQw_leo = (w * a)wg.

Thismeansthat theright translation by wg givesanisomorphisme,,, : 49 — d¢,
which is equivariant with respect to the action of W on 4y and 4. So we also
get abijection

(1.6) t:dog/W — dg/W.

The following result is useful in the study of twisted involutions and will be
used in the sequel.

Lemmal29. Letac dy, @ = awg € g and w € W. Then E(@¢/, —1) =
E(ad, —1) and w(E(ad, —1)) = E((w x )8, —1).

Proof. The first statement follows from Lemma 1.25 and the second statement
isimmediate from the definition of the twisted W-action on . O

2. Some results about group actions on root systems

Most questions about H-conjugacy classes of 6-stable maximal quasi k-split
tori can be reduced to questions about the underlying root systems. For arbitrary
base fields we have both the action of the Galois group and the action of the
involution on the root system. Both these actions can be described by choosing
suitable orders on the root system. In this section we collect a number of the
results about these actions, which are needed in the sequel.
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2.1. (T, 6)-indices. Wefirst discussanumber of properties of the fine structure
associated with a symmetric k-variety. These results will be needed in the clas-
sification of the conjugacy classes in section 9 and also in a number of proofs.
Some of these results come from [7], [29] and [9] and are modified to fit in the
setting of symmetric k-varieties.

Let G be a reductive k-group and 6 € Aut(G) a k-involution. Let A be a
f-stable maximal k-split torus, T O A a 6-stable maximal k-torus of G, X =
X*(T) and ® = &(T). Thereis a finite Galois extension K/k such that T
splits over K. Denote the Galois group Gal (K/k) of K/k by I and let 'y C
Aut(X, @) be the subgroup corresponding to the action of " on (X, ®). Simi-
larly let ® = {1, —6} C Aut(X, @) be the subgroup spanned by —6 | T and let
'y = I'p.® the subgroup of Aut(X, ®) generated by I'p and ®. Inthefollowing
& C Aut(X, @) will beoneof I'g, ® or I'y.

2.2. Foroe & and y e Xwewill asowrite x° or o(x) for theelement 0.y €
X. Write W = W(®) for the Weyl group of ®. For any closed subsystem &,
of ® let W(®1) denote the finite group generated by the s, for « € ®;. Now
define the following:

(2.1) Xo = Xo(€) = {xeX

> =0l
oeé

This is a co-torsion free submodule of X, invariant under the action of &. Let
®o = ® N Xp. Thisisaclosed subsystem of @ invariant under the action of &.
Denote the Weyl group of &g by Wp and identify it with W(®g). Put Wé =
{we W | w(Xg) = Xo}, Xe = X/ Xo(&) and let v be the natural projection
from X to Xg. If wetake S={t e T | x(t) = eforadl x € Xo} andY = X*(S),
then Y may be identified with Xg = X/ Xo. Let &g = 7 (P — do(&)) denote
the set of restricted roots of ® relativeto &.

Remark 2.3. In the case that & = I, then X is the annihilator of a maximal
k-split torus Sof T. Similarly in the case that & = ©, then Xg isthe annihilator
of a@-split torus Sof T. In both these cases ®¢ isthe root system of & (S) with
Weyl group W.

Anorder on (X, @) related to the action of & can be defined as follows.
Definition 2.4. A linear order > on X which satisfies
(2.2) if x>0 and x & Xo, then x° =0 fordl o€ é&

iscalled a&-linear order. A fundamental system of ® with respecttoa&-linear
order is called a &-fundamental system of .
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A &-linear order on X induces linear orderson Y = X/ Xg and Xp, and con-
versely, given linear orderson Xg and on Y, these uniquely determine a &-linear
order on X, which induces the given linear orders (i.e., if x ¢ Xo, then define
x > Oifandonly if w(x) > 0).

25. Fix aé&-linear order > on X, let A be a &-fundamental system of ¢ and
let Ag be afundamental system of ®q with respect to the induced order on Xo.
Define Ag = m(A — Ag). Thisiscalled arestricted fundamental system of ®
relativeto S.

There is aso a natural (Weyl) group associated with the set of restricted
roots, which is related to W€ /Wy. Since Wp is a normal subgroup of W¢,
every w € WE induces an automorphism of Xg = X/ Xo = Y. Denote the in-
duced automorphism by 7 (w). Then m(wy) = m(w)r(x) (x € X). Define
We = {m(w) | w € WE}. Wecall this the restricted Weyl group, with respect to
the action of & on X. Itisnot necessarily aWeyl group in the sense of Bourbaki
[3, Ch.VI,no.1]. However we can show the following.

Proposition 2.6. Let X, Xo, ®, A, Wo, W&, W be defined as above and let
S={teT | x(t) =eforall x € Xo} be the annihilator of Xo. Then Wz =
WE/Wo = Na(S)/Za(S).

Proof. Thisresult follows using the same arguments asin [25, Corollary 2.1.3]
and [25, Proposition 2.1.4]. O

Remark 2.7. In the case that Sisamaxima k-split, 6-split or (6, k)-split torus,
then ®¢ isactualy aroot system with Weyl group Wg.

2.8. From Proposition 2.6 it follows that W€ acts on the set of &-fundamental
systems of ®. There is aso a natural action of & on this set. If A isa &-
fundamental system of @, and o € &, then the &-fundamental system A% =
{a® | @ € A} givesthe same restricted basisas A, i.e. A° = A. Let w, € Wo
be the unique element w, € Wy such that A° = w,A and define a new action
of & on (X, ®) asfollows:

(2.3) xlol = wglx", XEX, o€é.

It is easily verified that x — x[°! is an automorphism of the triple (X, @, A)
and that x[lld = ylod for al o, t € &, x € X. This action of & on W is
essentially determined by A, Ag and [o]. Following Tits [29] the quadruple
(X, A, Ao, [0]) iscdled an index of & or an &-index. We will also use the
name &-diagram, following the notation in Satake [25, 2.4].
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2.9. Asin[29] we make a diagrammatic representation of the index of & by
coloring black those vertices of the ordinary Dynkin diagram of @, which rep-
resent rootsin Ao (&) and indicating the action of [o] on A by arrows.

Inthe cases of & = ® and & = I" we get the well known 6-index and I'-
index, which are essentia in the respective classifications. For k-involutionswe
do not use the I'p-index, but we combine it with the I'-index and 6-index to add
additional information. These indices are defined as follows.

2.10. (', 0)-order. Assume Ag C Aisamaxima (6, k)-split torusof G, Sa
maximal 6-split torus of G such that Ap C SC T. By [15, 4.5] tori Ag, A, S
and T exist.

Definition. Let Ag, A, Sand T beasabove. A linear order on X = X*(T) which
issimultaneously aTI'-, 6- and I'y-order iscalled a (I", #)-order. A fundamental
system of ® withrespecttoa (I", 6)-order iscaled a (I", #)-fundamental system
of ®.

AnTy-orderon (X, ®) isa(T, 6)-order if and only of the following condition
is satisfied:
(2.4)

If &1 C ®o(T'p) irreducible component then &1 C ®g(0) or 1 C ().

Remarks 2.11. (1) A (T, 6)-order, as above, is completely determined by the
sextuple

(X, A, Ao(T), Ao(®), [o], 6%).

We will call this sextuple an index of (T", #) or an (T, 6)-index. This terminol-
ogy follows again Tits [29]. We will also use the name (T, 6)-diagram, follow-
ing the notation in Satake [25, 2.4].

(2) We can make a diagrammatic representation of the (T, 6)-index by color-
ing black those vertices of the ordinary Dynkin diagram of &, which repre-
sent roots in Ag(T", 8) and giving the vertices of Ag(I") U Ag(0) which are
not in Ag(I") N Ag(0) alabel kor 6 if @ € Ag(I") — Ag(I") N Ag(0) or @ €
Ag(0) — Ao(T") N Ag(0) respectively. The actions of [o] and 6* are indicated
by arrows.

(3) The above index of (T", ) determines the indices of both I and 6 and vice
versa,

We conclude this section with some additional results for the action of the
involution on (X, ®).
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2.12. 6-orderson quasi k-split tori. For 6-stable maximal quasi k-split tori we
will need both the action of 6 and —6. The action of 0 isas defined in 2.1. The
action of —6 can be defined in a similar manner. We will discuss this action in
the following. We will use the same notation asin 2.1. In particular let A be a
f-stable maximal quasi k-split torus of G and write X = X*(A) and ® = ¢ (A).
Similar asin 2.2 let

Xo(@)={xeX|0(x)=x} ad  $g(0) = DN X(6)
Xo(=0) ={x e X | 0(x)=—x} and ®Po(—0) = PN Xo(—0).
Let 7 bethenatural projection from X to X/ Xo(#) and =~ the natural projection
from X to X/ Xo(—#6). Asin[10] we define a6-order (resp. —6-order) on ® by

choosing orders on Xg(0) and X/ Xo(0) (resp Xo(—60) and X/ Xo(—0)). To be
more precise:

Definition 2.13. Let > bealinear order on X. The order > iscalled ag™-order
if it has the following property:

(2.5) if xe X, x>0, and x ¢ Xo(0), then6(x) < O.
The order > iscalled a6~ -order if it has the following property:
(2.6) if xeX, x>0, and x ¢ Xo(0), then6(x) > 0.

Similar asin [9], a#™-order on X will also be called a #-order on X. Note
that a6~ -order on X isa@-order on X for the involution —6 of (X, ®).

A basis A of ® with respect to a 6" -order (resp. 6~ -order) on X will be
called a9*-basis (resp. 6~ -basis) of ®. If A isabasisof ® with respect to a
ot-order on X, then we write Ag(0) = A N ®g(0) and Ay = (A — Ag(H)).
Similarly if A isabasisof ® with respect to a 6~-order on X, then we write
Ao(—0) = AN dg(—0) and A_y = (A — Ag(—80)). Clearly Ag(0) (resp.
Ag(—0)) isabasisof ®q(8) (resp. ®o(—6)). A similar property holds for A
and A_g (see[9, 2.4]).

2.14. A characterization of 6§ on a #-basis of ®. Let A1 be a 0-basis of .
Asin [9, 2.8] we can write 0 = —id-607 - wo(6), where wo(6) is the longest
element of W(®q(0)) withrespectto Ag(#) and 67 € Aut(X, @, Ay, Ag(9)) =
{p e Aut(X, @) | ¢p(A1) = Arand p(Ag(0)) = Ag(0)}, (ej)2 = id. For more
details see[9, §2]. Thisis called a characterization of 6 on its (+1)-eigenspace.

Similarly we get acharacterization of 6 on a6~ -basisof ® asfollows. Let Ao
beap~-basisof ®. Then6 =65 - wo(—0), where wo(—0) isthelongest element
of W(do(—6)) with respect to Ag(—6) and 65 € Aut(X, &, Ay, Ag(—0)) =
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{p € AUt(X, @) | p(A2) = Az and p(Ag(—0)) = Ao(—6)}, (9;)2 =id. This
is called a characterization of 6 on its (—1)-eigenspace.

From the characterization of involutions of root systemsin [10], we can easily
deduce that not both 67 and 65 can be non trivial.

Lemma2.15. Let A;, Ap, 67 and 65 be as above. If ® isirreducible, then
07 =idor 65 =id.

3. Quasi parabolic k-subgroups

To characterize the H-conjugacy classes of 6-stable maximal quasi k-split tori
we will first need to prove a number of results about these tori. The following
result will be useful in studying the H-conjugacy classes of these tori.

Lemma3.1. Let A;, Ay be 6-stable maximal quasi k-split tori of G. Then A;
and A, are H-conjugate if and only if they are HO-conjugate.

Proof. Assume h € H such that hAth™ = A,. Then hATh™t = A, Let
S D A (i=1, 2) bemaximal 6-split tori. Since all maximal 6-split tori of G are
conjugate under H, there exist h; € H? such that h; Sih;! = S,. So we may
assume S= S; = S,. Moreover sincehSh~—! and Sare aso conjugate under HO,
we may assume that h € Ng(S). By [22, 4.7] there exists h, € Ng(S) N HO
such that h,ATh;t = A5, Let x = hoh™ € Ng(A3). Since Ng(A;) has
representativesin H® we may assumethat x € H N Zg(A5). It suffices to show
now that Az and Az = xA,x~ ! are conjugate under HO N Zg(A).

Let Ti O A (i =2, 3) bemaximal tori of Zg(A;) with T, maximal 6-split
in Zg(Ay). There exists hg € HO N Zg(A;) such that hgTzhy! = To. Sowe
may assume G = Zg(T, ), and x € NH(T2+). Since T2Jr isamaximal torus of
H, it follows that x has a representative in HO, what proves the result. O

Most results about 6-stable maximal quasi k-split tori can be proved using
the natural class of parabolic subgroups related to these tori. These parabolic
subgroups are defined as follows.

Definition 3.2. A parabolic subgroup P in G is called a quasi parabolic k-
subgroup if there exist x € 'V such that xPx~* is a parabolic k-subgroup.

The quasi parabolic k-subgroups can be characterized as follows.

3.3. Let A be a6-stable maximal quasi k-split torus of G, ®(G, A) the set
of rootsof A in G and X, (A) the set of one parameter subgroups of A. By
chambers, facets of X,(A) ®7z R, we mean those with respect to the hyper-
planesker(a), @ € ®(G, A). The quas parabolic k-subgroups of G containing
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A arein bijective correspondence with the facets of X, (A) ®7 R. Given afacet
F, the corresponding quasi parabolic k-subgroup P(F) of G containing A is
determined by

®(P(F), A) ={a e (G, A|(X,a) >0, xe F}.

For A € X, (A), let F (i) denote the facet containing A. For simplicity, we write
P () for the quasi parabolic k-subgroup P(F (1)) of G containing A.
Similar asin [15, 2.4] we can show the following.

Lemma 3.4. Every minimal quasi parabolic k-subgroup P of G contains a 6-
stable maximal quasi k-split torus, unigque up to conjugation by an element from
H N Ry(P).

Proof. Let x € V such that xPx~! isaparabolic k-subgroup. By [15, 2.4] there
exists a #-stable maximal k-split torus A of G, which is contained in xPx 1.
Sincex € 'V, thetorus x 1 Ax c P is#-stable.

Suppose now that A; and Ay are 6-stable maximal quasi k-split tori in P. Let
Abead-stable maximal k-splittorusand g1, gz € V suchthat A; = g1 Ag; L and
Az = g2Ag, L. Let Py D Abeaparabolic k-subgroup. After multiplying g1 with
a suitable element of Ng(A) we may assume that P = g1 Pog; ! = g2Pog; L.
It follows that x = g109;* € P and xAxx~! = A;. Since P is the semidirect
product of Zg(A2) and Ry(P) we may assumethat x € R,(P). However, since
0(Ar) = Ay it follows that x 16(x) € Ng(A2) NU = eand hence x e HN
Ru(P). O

We want to characterize the §-stable maximal quasi k-split tori A with A™
(resp A7) maximal. These correspond to 6-stable respectively 6-split quasi
parabolic k-subgroups. The 6-stable quasi parabolic k-subgroup of G can be
characterized as follows.

Lemma 3.5. [15, 3.3] Let P be a 6-stable quas parabolic k-subgroup of G
and M a 6-stable Levi k-subgroup of P. Let A be a ¢-stable maximal quas
k-split torus of M and F the facet with P = P(F). Then we have the following
conditions:

(i) 6(F) =F.

(i) Thereisax € X,(Ay) suchthat P= P(x) and M = Zg(}).

Proof. Thefirst statement isimmediatefrom the observationthat P(F) =0(P(F)) =
P(O(F)).

(i). Let § € Xy,(A)NF. From (i) it follows that 6(5) € F. But then A =
5+6008) € Xy(AL)NF, P(A) = P(F) = Pand Zg (1) = M. This proves the
result. O
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Proposition 3.6. Let P be a minimal quas parabolic k-subgroup and M a 6-
stable Levi subgroup of P. Let A be a 6-stable maximal quas k-split torus of
M. Then P isf-stableif and only if

(1) ®(A) hasno real roots.
(ii) Pinducesa—-order on ®(A).

Proof. Assume P is 6-stable. Let A be the basis of ® corresponding to the
order induced by P. If « € ®(A)* isarea root then f(«) = —a € ®(A)~,
what contradicts the fact that P is 6-stable. Similarly, it follows from the fact
that P is -stable that (™) = ®* and consequently also H(A) = A. The
result now follows from 2.14.

Conversely assume (i) and (ii) hold. Let A bethe basis of ®(A) related to
the order induced by P. Since @ (A) hasno real roots, it follows from 2.14 that
O(A) = A, what proves the result. O

We still need to prove that there exists a 6-stable minimal quasi parabolic
k-subgroup of G. For this we use singular roots:

Definition 3.7. Let A be a 6-stable maximal quasi k-split torus of G. For a €
(A let Ay ={ae A| @ =a)% Gy = Zg(Ay) and G, = [Gy, Gq].
A root o € ®(A) with 6(a) = +a is caled o-singular (resp. 6-compact) if
Gy ¢ H (resp. G, C H).

For the 6-singular roots we can show the following:

Proposition 3.8. Let A bea 6-stable maximal quasi k-split torus. Then we have
the following.

(1) If A € ®(A) isreal, then thereexist a x € G, such that A; = xAx lisa
o-stable maximal quasi k-split toruswithdim A~ > dim A7 .

(2) If L € ®(A) is6-singular imaginary, then there exist a x € G, such that
A; = xAx~1 is a #-stable maximal quasi k-split torus with dim A~ <
dimA7.

Proof. We may assumethat G = G, and A is6-split. Let T > A be a6-stable
maximal torus with T+ amaximal torus of Zg(A) N H. If T isnot amaximal
torusof H, thenthereexistsa € ®(T), 8(«) = —«. Then, since T* ismaximal
in Zg(A) N H, weget 54| A # id. But then, sincerank ®(A) = 1, also sy |A =
S.. By [10, 4.6] « is 6-singular and there exists g € Zg((kera)®) such that
Ti = gTg tiso-stablewithdimT,” = dimT* + 1. Thenalso A; = gAg~tis
¢-stable and dim AT = dim A™ + 1, what proves the result. So assume T is
amaximal torus of H. Let wg € ®(T) be a maximal 6-singular involution of
W(T). Then T, € T+ and T/, > A. We may restrict to Zg(T,,). So assume



22 A.G. HELMINCK

that ®(T) has no 6-singular roots. Then the 6-index of (G, 6) must be one of
the following:

1 1 2
All 00 o -O—e o EIV: 0—e I o« O

@GO .1
or Dn71. P

In each of these cases one easily shows that there exists wy € W(Ty) such that
w1(T{) C T Letn € Ng(T1) bearepresentative of wi. Then, since AC T,
weget nAn~t ¢ nT;nt ¢ T;", what proves (1).

(2) followswith asimilar argument asin (1). O

Remarks 3.9. (1) If Aisa®-stable maximal quasi k-split torus, A € ®(A) ab-
singular root and x € G, asin 3.8, thenthetori Aand A; = xAx~! are conjugate
under the inner automorphism ¢, = Int(x) of G;. In the case of maximal tori
of real semisimple groups these automorphisms are aso called Cayley transfor-
mations. For more details see [6].

(2) In general theroot system & (A) of af-stable maximal quasi k-split torus
Aisreduced. It would be quite natural to expect that if A, 21 € ®(A) and A is
p-singular, then also 2 is 6-singular. Thisistrue for real roots, as can be seen
from 3.8. However for imaginary 6-singular roots thisisin general not true, as
can be seen from the following example.

Example 3.10. Assume (T", #)-index of (G, 0) is:
1
O—e—O
0*&T

Then G has a maximal k-split torus A, which is also 6-split. Let T > Abea
f-stable maximal torus of G. Theroot system & (A) isof type BC; and thelong
root « iscontained in ®(A) N ®(T). Thisroot is #-singular, since H contains
amaximal torus T; of G. Consequently T; contains a 6-stable maximal quasi k-
split torus A; and thelong root 8 € ® (A1) N ®(Ty) isH-singular. On the other
hand, since ®(Ty) contains 6-compact roots, there exists w € W(Tz) such that
w(B) is 6-compact and consequently w () is not 6-singular. However, %w(ﬁ)

isstill 6-singular, since G%w(ﬁ) = G. Notethat G, isof type A;.
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Corollary 3.11. Thereexistsa 6-stable minimal quasi parabolic k-subgroup of
G.

Proof. let A be a 6-stable maximal quasi k-split torus of G. Let &1 = {« €
®(A) | 6(a) = —a} betheset of real roots, Ay C ®1 abasisand w1 thelongest
involution of W(®1) with respect to A;. By [10, 2.7] there exist a1, ... ,an €
4 strongly orthogonal roots, such that w1 = Sy, ...S,. Since each of the
aj, (i=1,...,n) is#-singular, it follows from Proposition 3.8, with an easy
induction, that there exists x € Zg(A,,,) such that Ay = xAx~ 1 is g-stable,
dimA] =dimA—nand A; has no real roots. From Proposition 3.6 it follows
that there exists A € X, (A1) suchthat P(1) is6-stable. O

Definition 3.12. Let A be a#-stable maximal quasi k-split torus of G. We will
say that A* is maximal if ®(A) has no rea roots. Similarly we will say that
A~ ismaximal if ®(A) hasno 6-singular imaginary roots.

The above results characterize the 6-stable maximal quasi k-split tori A with
At maximal. To characterize the 9-stable maximal quasi k-split tori with A~
maximal we use 6-split quasi parabolic k-subgroups. Similar asin [15, §4] we
can prove the following results.

Lemma 3.13. Let P be a 6-split quasi parabolic k-subgroup of G and A a 6-
stable maximal quasi k-split torusof P. Thenthereexists A € X, (A™) such that
P=P() and PNO(P) = Zg(}).

Proof. Since Ais6-stable, A C 6(P). Let F be the facet of X,(A) ®7z R such
that P = P(F). Notethat 6(P) = P(—F). Hence 6(F) = —F. Now choose
7€ Xy (A)NF.Sincet, —0(t) € Fand Fisaconvex cone, A =t —6(7) € F.
Then A hasthe desired property. O

Proposition 3.14. Let P be a 6-split quasi parabolic k-subgroup of G and A
a 0-stable maximal quasi k-split torus of P. Then the following conditions are
equivalent:

(i) Pisaminimal 6-split quasi parabolic k-subgroup of G.

(ii) A” ismaximal and Zg(A™) = PN o(P).

Proof. (i) = (ii). Assume A~ isnot maximal. Let 1 € ®(A) be a#-singular
imaginary root. Since P is 6-split there exists a 6-split torus S such that P N
0(P) = Zg(S). Let T O A be a maximal torus with T~ maximal 6-split in
PNoO(P). So T~ > S From Proposition 3.8 it follows that there exist x €
Za(T~.ker(2)%) suchthat A; = xAx~tiso-stablewith dim Af = dim A~ +
1. Since T~ D Sit follows that Ay ¢ PN O(P). Let § be anontrivial ele-
ment of X,(A;) and P(8) the parabolic subgroup of G containing A; given
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by ®(P(6§), A1) = {a € ®(A1) | (8, a) > 0}. Then P(8) isaproper parabolic
subgroup of P and since 6(8) = —§ it follows that P(§) is 6-split. Clearly this
isacontradiction. So A~ ismaximal. From the same argument it follows that
A" CS SOPNO(P) Cc Zg(A™). From Lemma 3.13 it follows that there ex-
istss € X, (A7) suchthat Zg(8) = PNO(P). Sinceclearly Zg(A™) C Zg($)
weget PNO(P) = Zg(A™).

(i) = (i). Assume P; O A a6-split quasi parabolic k-subgroup with P, C
P. Then PLNO6(Py) € PNO(P) = Zg(A™). By Lemma 3.13 there exists
5 € X4(A7) such that P = P(§) and PL N O(Py) = Zg(8). Since clearly
Zc(A™) C Zg(5) it follows that P, NO(Py) = PN O(P) = Zg(A™). S0
PL=P. O

Proposition 3.15. let P be a minimal #-split quasi parabolic k-subgroup of
G and Py a minimal quas parabolic k-subgroup of G contained in P. Then
HOP = HOPy isopenin G.

Proof. Since® (A, Zg(A™)) hasno 6-singular rootsit followsthat HOZg(A™) =
HOZg(A). Since P = Zg(A™) Py we get HOP = HOPy, which by [32, Theo-
rem 1.3.] is open. O

Proposition 3.16. All minimal 6-split quasi parabolic k-subgroups of G are
conjugate under HP.

Proof. Let P1, P> be minimal 6-split quasi parabolic k-subgroups of G and let
Po C P1, Py C P, be minimal quasi parabolic k-subgroups of G. Since both
Po and Py are conjugate to aminimal parabolic k-subgroups of G, there exists
g € G such that gP,g~! = Py. By Proposition 3.15 both H°P} and HOPy =
HOgP,g~! are open in G. Thisyieldsthat HOP} and HOgP,g~? are the same
open orbit of P} in HO\G. Hence g € HOP}. Writeg =h.p,h e HO, pe P,
Then hP}h~! = Py. So we may assumethat Py ¢ Py N hPh~2.

Let A be a ¢-stable maximal quasi k-split torus of Py and 81, 82 € X, (A7)
suchthat Py = P(11), P(A2) = hPh~1. Since P(11) N P(12) D Py it follows
with the same argument as in [32, 1.2. Prop. 4] that P, N hPht = P(x1 +
A2). Clearly P(A1 + A2) isaf-split quasi parabolic k-subgroup of G. By the
minimality condition of Py weget P, = P(11 4+ A2)  hP,h™L. By symmetry,
we aso havethat h-1P;h ¢ P,. ThushPh—1 = Py. m

For minimal 6-split parabolic k-subgroups one can give asimilar result using
[15, 4.11]. These parabolic k-subgroups are not Hg-conjugate, as can be seen
from [15, Example 4.12]. For the maximal quas k-split tori we can prove now
asimilar result:
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Corollary 3.17. All 6-stable maximal quasi k-split tori of G with A~ maximal
are conjugate under H°.

Proof. Let Ay, A be 6-stable maximal quasi k-split tori with A, and A, maxi-
mal. Let P, D A; and P, D Ay be minimal 6-split quasi parabolic k-subgroups
of G. By Proposition 3.16 There exists h € H? such that hP,h~1 = P;. Sowe
may assume Py = P,. Let Pp O A; and Py O A be minimal quasi parabolic
k-subgroups contained in Py. Since HOPy = HOP; openin G, it follows that Py
and P} are H-conjugate. So we may assume Py = P contains A; and A,. But
then by Lemma 3.4 A; and Ay are conjugate under H N Ry (Py). Finally from
Lemma 3.1 it followsthat A; and A, are conjugate under HO. 0

4. Standard k-split tori

The Hy-conjugacy classes of 6-stable maximal k-split tori are determined by
the image and fibers of the map ¢ : 4{/Hx — 4’/H asin (1.2). The image
of ¢ consists of the H-conjugacy classes of 6-stable maximal k-split tori. To be
able to give a characterization of these in terms of conjugacy classes of invo-
lutions in a Wey!l group, we will first show in this section that every conjugacy
class contains a so called standard torus. A characterization of the H-conjugacy
classes of these standard tori will be given in section 6.

4.1. We use the notation of section 1. In particular let G be a connected re-
ductive k-group, 6 an involution of G defined over k and H a k-open subgroup
of Gy. Given aé-stabletorus A, we reserve the notation A™ and A~ for Ag and
A, respectively. For other involutions of A, we shall keep the subscript. As
in 1.10 let ) denote the set of ¢-stable maximal k-split tori of G and AJ the
image of ¢, i.e. the set of #-stable quasi k-split tori of G, which are H-conjugate
to a -stable maximal k-split torus.

For quas k-split tori we defined singular roots with respect to the involution
(see 1.18). For k-split tori we have to combine this with the k-structure of the
group itself. We will first define thisin the following.

4.2. Let A be a0f-stable maximal k-split torus. For o € ®(A) let A, = {a €
A1 | sy(@) = a}°, Gy = Zg(Ay) and G, = [Gy, Gy]. If « is either real or
imaginary, then G, is 6-stable.

The #-singular roots can be divided in those which are singular with respect
to the k-structure and those which are not. These are defined now as follows.

Definition 4.3. A real 6-singular root & € ®(A) iscaled (0, k)-singular (resp.
f-singular anisotropic) if G, N H isisotropic (resp. G, N H isanisotropic).



26 A.G. HELMINCK

Similarly aimaginary 6-singular root iscalled (0, k)-singular (resp. 6-singular
anisotropic) if G, hasanon-trivial (6, k)-split torus (resp. G, has no non-trivial
(0, k)-split tori).

Similar asfor quasi k-split tori we have the following result.

Proposition 4.4. Let A be a 6-stable maximal k-split torus of G. Then we have
the following.
(1) AT isa maximal k-split torus of H if and only if ®(A) has no (0, k)-
singular real roots.
(2) A~ isamaximal (0, k)-split torus of G if and only if ®(A) hasno (6, k)-
singular imaginary roots.

Proof. We will prove (1). The proof of (2) issimilar.

Assumefirst that A+ isamaximal k-split torusof H. If o € ®(A) isa (6, k)-
singular real root, then G, N H contains a k-split torus, say S. Since « is real,
At c ker(a) C Z(G,). So S AT isak-split torus of G, N H, what contradicts
the maximality of A™.

Conversely assume @ (A) has no (0, k)-singular real roots. By passing to
Zc(A™), wecan assumethat AT = {e}. Since ®(A) hasno (0, k)-singular real
roots, it follows that G, N H is anisotropic for all « € ®(A). But since A is
maximal k-split, we get that H is anisotropic and hence does not contain any
k-split tori. O

Remark 4.5. From Proposition 3.8 it follows that every rea root of a 6-stable
maximal k-split torus A is6-singular. Unfortunately not all real roots are (6, k)-
singular. In section 9 we will show that the set of 6-singular roots in ®(A)
can be determined using only the (T, 8)-index of the k-involution 6. However
whether a 6-singular root is (0, k)-singular or not will depend on other prop-
erties of the k-involution, like the quadratic elements. We illustrate this in the
following example.

Example 4.6. Let k = R. Assume Gg = SU*(4, R) and 0 isof type Al l. Then
the (T", 0)-index of (G, 0) is.

1
o—O—o

There are two k-involutions related to this (I", 6)-index. Let 61 be the standard
involution of type A3 (11) and 6, = 61 Int(e1) theinvolution of type AL(11) (e1).
We use here the same notation asin [9]. See also 9.19.

In both these cases G has a 9-split maximal k-split torus A and ®(A) =
® (A7) isof type A;. Inthefirst case the Lie algebra of (Gg, )k is$p(2) and
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(G@l)(kJ is compact. So al roots of ®(A) are #-singular, but not (6, k)-singular.
In the second case the Lie algebraof (Gy, )k issp(1, 1) and (ng)ck’ Isisotropic.
So all rootsof ®(A) are (6, k)-singular.

Note that in this example ®(T) N ®(T~) = @, where T O A a maximal
torus of G. So the reflections s,, A € ®(A) do not come from reflections in
S(TYNO(T).

Similar as for the conjugacy classes of 6-stable maximal tori, there is only
one conjugacy class with A* (resp. A~) maximal. From [15, 10.3] we get the
following.

Lemmad4.7. Let A, Ay be 6-stable maximal k-split tori with A (i =1,2) a
maximal (6, k)-split torus of G. Then A, A, are conjugate under H®. They are
conjugate under Hy if and only if AT and A, are conjugate under Hy.

Proof. From[15, 10.3] it followsthat A; and A are conjugate under ( HOZg (A1) )k.
Say he Hand z € Zg (A1) suchthat hzA7z"th=1 = AS. Then Az and Az =
hA1h~! are 6-stable maximal k-split tori containing A . Since A and AJ are
maximal k-splittori of Zg (A5 ) N H, they are conjugate under (Zg (A5 ) N H)y,
what proves the resuilt. O

This characterizes the 6-stable maximal k-split tori A with A, maximal. For
0-stable maximal k-split tori A with Ag maximal we can prove a similar result
toLemma4.7.

Lemma4.8. Let A;, A be 6-stable maximal k-split tori containing a maximal
k-split torus of H. Then A1, A, are conjugate under H®. They are conjugate
under Hy if and only if A7 and A, are conjugate under H.

Proof. Since all maximal k-split tori of H are conjugate under Hy, we may
assumethat A = AJ. But then, since A} and A5 are maximal (6, k)-splitin
Zg(A]), theresult follows from [15, 10.3]. O

Definition 4.9. For Ay, Ao € Ag, the pair (A1, Ao) iscalled standard if A7 C
A, and AT D AJ. Inthiscase, we also say that A; is standard with respect to
A;.

One can always choose a minimal and a maximal element in Ag standard
with respect to each other.

Lemma4.10. Let Abea6d-stablemaximal k-split toruswith A~ maximal (0, K)-
split. There exists a 9-stable maximal k-split torus S standard with respect to A
and such that St a maximal k-split torus of H.
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Proof. Thisresult follows from Proposition 4.4 with an easy induction. O

Any 0-stable maximal k-split torusis standard with respect to one containing
amaximal (0, k)-split torus (resp. amaximal k-split torus of H).

Lemma4.11l. Let A; be a 6-stable maximal k-split torus. Then there exist a
standard pair (A, S) of 9-stable maximal k-split tori, with A~ maximal (6, k)-
split, St amaximal k-split torus of H and A; is standard with respect to A and
S.

Proof. Let Ag D A be a 6-stable maximal k-split torus with Ay a maximal
(0, k)-split torusof G. Then both Ag and A; arecontainedin Zg(A; ) and Af is
amaximal k-split torusof Zg(A;) N H. Since all maximal k-split tori of H are
conjugate under Hy, thereexistsh € (Zg (A7) N H)y such that hAarh_1 C Af.
Then A = hAgh~1 is standard with respect to A;.

As for the second statement it suffices to consider Zg(A]). Then A isa
maximal (6, k)-split torus of Zg(Af). From Lemma 4.10 it follows that there
exists a f-stable maximal k-split torus Sof Zg(AT) with St amaximal k-split
torus of Zc;(Af) N H and Sstandard with respect to A;. O

Notation 4.12. Let Ag € AJ (resp. S € ) be o-stable maximal k-split tori
of G, such that Ay (resp. %) isamaxima (0, k)-split torus of G (resp. a
maximal k-split torus of H). We can choose & to be standard with respect to
Ao. In the following we fix such a standard pair (S, Ao).

It remainsto show that any 6-stable maximal k-split torusis H-conjugate with
a 6-stable maximal k-split torus standard with respect to Ag and &.

Proposition 4.13. Let (S, Ag) be a standard pair as above and let A; € Ag.
Then A; is H-conjugate with a 6-stable maximal k-split torus, which is standard
with respect to Ap and .

Proof. Asin Lemma 4.11 let S be a #-stable maximal k-split torus with S™ a
maximal k-split torus of H and such that A; is standard with respect to S. Since
St and S} are conjugate under H we may assumethat St = . Then there
existshy € Zg(ST) N H such that h;Shyt = Sp. Let A, = hiAthpt. By [15,
10.3] there exists z; € Zze(%)(SO) such that z;h; € Gk. From this it follows
that A, isamaximal quasi k-split torusin Zg(AS S;) with A5 maximal. But
then by Corollary 3.17 there exists h, € Zg(A} §;) N H such that ho AShyt
is maximal (6, k)-split in ZG(A;%). Let Az = thzhgl. Thisis a 0-stable
maximal k-split torus, standard with respect to &.
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To prove that Az is H-conjugate with a 6-stable maximal k-split torus stan-
dard with respect to Ag and &, we may restrict to Zg(S;). So assume that
S = {(e}. Let AD A5 be ad-stable maximal k-split torus with A~ a maximal
(0, K)-split torus of G and such that A is standard with respect to Az and .
By Lemma 4.8 there exists hz € H such that h3Ah§1 = Ap. Since AaL and A"
are k-split tori of H and h3A+h§1 = Ag it follows that there exists hy € Hg
suchthat hs ATh;! = AJ. Sinceboth A* and A} are contained in S and since
all maximal k-split tori of H are conjugate under Hy, it follows that we may
assume that hy € N, (So). Now As = hs Agh;t is standard with respect to S
and A] D Aj.

Consider now Zg(A}). Then C = AgN Zg(A]) isamaximal (6, k)-split
torus of Zg(A}). Since A; is also amaximal (6, k)-split torus of Zg(A}),
thereexistshg e ZG(AI) N H suchthat As = hs Aqhg 1 jsstandard with respect
to Ag. This proves the result. O

Similar as in the case that the base field k is algebraically closed (see [10]),
a standard pair (A1, A) of 6-stable maximal k-split tori of G gives rise to an
involution in W(Ay1) (resp. W(A2)).

Lemmad4.14. Let (A1, A2) be a standard pair of 6-stable maximal k-split tori
of G. Then we have the following conditions:
(i) Thereexists g € Zg(A] AY) suchthat gA1g~1 = A
(i) 1fny=6(g)"tgandn, = 6(g)g~1, thenny € Ng(A1) and ny € Ng(A).
(iii) Let w1 and w2 be the images of n; and ny in W(A1) and W(Az) respec-
tively. Then wf = id, w3 = id, and (A1), = (A2);, = A7 A}, which
characterizes wq and wo.

Proof. Since A; and A, are maximal k-split tori of Zg(A] A;), the first state-
ment is clear. For (ii) and (iii), consider first n;. Since g € Zg(A7 AY)
and Ay = AT AJ(AF ng~tASg) it suffices to look at A} Ng1ASg. So
let x € A} Ng~tA;g and write x = g~tg with t € A;. Then mxn;! =
6(g~1t1g) = 6(x)~! = x~L. It follows that

Int(ny)| A7 A =id, Int(ny)|A] Ng 1A g= —id
which impliesthat n; € Ng (A1), wi =idand (A1), = AT AS.

w1

The assertion for n, and w» follows with asimilar argument. O

Remark 4.15. By (iii) of Lemma4.14, w1 and w» areindependent of the choice
of theelement g € Zg (A7 A}) withgA;g~! = A,.



30 A.G. HELMINCK
The above leads to the following definition of standard involutions:

Definition 4.16. Let Ay, Az, w1 € W(A;7) and wa € W(A2) beasin Lemma
4.14. We cal w1 (resp. w2) the Ax-standard involution (resp. A;-standard
involution) of W(A1) (resp. W(Az)). Moreover we will call an involution
w € W(A2) ak-standard involution, if there exists a 6-stable maximal k-split
torus Az standard with respect to A, such that w is the As-standard involution
in W(A).

Remark 4.17. To show that the H-conjugacy classesin Ag correspond to con-
jugacy classes of the k-standard involutions, we need to prove first a similar
result for A?/H, the H-conjugacy classes of 6-stable maximal quasi k-split
tori. Namely if A1, A € Ag standard with respect to Ag and h € H such that
hAih—1 = A, then A3 = hAgh~! and Ag are 6-stable maximal quasi k-split
tori with Ay and Ay maximal. To prove that the A;-standard involution and
the Az-standard involution are conjugate under W(Ag) we will need to show
that Az and Ag are actually maximal quasi k-split tori of Zg(A5). This will
be shown in the next section, where we have a closer ook at the H-conjugacy
classes of 6-stable maximal quasi k-split tori.

5. Standard quasi k-split tori

In this section we show that, similar as in the case of k-split tori, every H-
conjugacy class of #-stable maximal quasi k-split tori contains a standard torus.
The conjugacy classes in 4A?/H are not only of importance for a characteri-
zation of the orbits in V (and hence also for a characterization of the double
cosets H\ G/ P), but also for a classification of the subset A@/H of A?/H. The

characterization of A?/H is more complicated then that of 4§/ H.

5.1. Herewe set the notations. Let G be a connected reductive k-group, 6 an
involution of G defined over k. Let H be a k-open subgroup of Gy. Asin 1.8 let
A% denote the set of §-stable maximal quasi k-split tori of G. In the remainder of
this section let Ag denote a #-stable maximal k-split torus with Ay a maximal
(0, k)-split torus of G and T O Ag a maximal torus of G, such that T, is a
maximal 6-split torus of G. Asin 1.5 wewrite V for t=1(Ng(Ap)).

Remark 5.2. The H-conjugacy classes of 6-stable maximal quasi k-split tori
correspond with twisted involutions in the Weyl group. This can be seen as
follows. Let A1, Ay € A? be 6-stable maximal quasi k-split tori of G and let
g € G besuchthat A, = gA1g~L. Since both A; and A, are 6-stable it follows
that n = g~16(g) € Ng(A1). The corresponding Weyl group eement w =
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v(g) € W(Ay) isatwisted involution. Let A beabasisof ® (A1), wo € W(A1)
such that wo(®(A1)™) = 0(® (A1) ™) and &’ = Hwg. From Proposition 1.27 it
follows that there exists asubset IT of A and a1, ... , akx € A such that

(5.1) w =wwo=5...5wl0 (s)...0(s1)

and | (w') = 2k + 1 (w). We can reduce to w, by removing the twisting factor
S1...5 as follows. Choose nyp, ..., Nk € Ng(A1) with images si, ..., in
W(A;) respectively. Set u= gn;...ng,, m= t(u) = u"t6(u), w1 = ¢(u) €
W(A7). Then wiwg = w9,

In the case of H-conjugacy classes of 6-stable maximal tori the conjugacy
classes of the tori corresponded to conjugacy classes of the involutions w% (see
[10, 3.7]). Unfortunately for 6-stable maximal quasi k-split tori thisisno longer
true and consequently the involutions won can correspond to more then one H-
conjugacy class of 6-stable maximal quasi k-split tori. Although the conju-
gacy classes of the involutions woH do not always characterize the H-conjugacy
classes of 9-stable maximal quas k-split tori, they provide an important first
invariant in the characterization of the H-conjugacy class of these tori. The
additional conjugacy classes can aso be characterized in terms of Weyl group
elements of amaximal torus containing A;.

The involutions won correspond to tori in standard position. In the following
we first analyze this correspondence. Similar asin 4.9 we define standard pairs
of 6-stable maximal quasi k-split tori asfollows.

Definition 5.3. For A1, Ay € A, thepair (A1, Ay) iscalled almost standard if
A C A;. Anamost standard pair (A1, A) iscalled standard if AT > AT In
these cases, we also say that A; isalmost standard (resp.standard) with respect
to As.

The conjugacy of the 6-stable maximal quasi k-split tori A with A~ maximal
(see Corollary 3.17) enables us to show that any 6-stable maximal quasi k-split
torusis conjugate to one almost standard with respect to Ag.

Proposition 5.4. Let A; be a 6-stable maximal quasi k-split torus of G. Then
thereexistsh € HO suchthat hATh™! c A;.

Proof. Weuseinductionwithrespecttodim Ay —dim A7 . Ifdim Ay —dim A7
1, then since A7 isnot maximal there exists A € ®(Aq) af-singular imaginary
root. By Proposition 3.8 there exists g € Zg((ker 2)9) such that Ay = gA1g~—?!
is 6-stable and dim A, = dimA; + 1 =dimA;. But then A; is maximal,
hence by Corollary 3.17 there exists h € H? such that hAoh—! = Ag. Since
AT C (kern)? c Azitfollowsthat hATh=t C Aj.
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Assumenow that dim Ay —dim AT =k > 0. Let A € ® (A1) beap-singular
imaginary root and g € Zg((ker2)°) such that A, = gA1g~1 is #-stable and
dmA;, =dimA; +1=dimA;. SincedimA; —dimA, =k— litfollows
from the induction hypothesis that there exists h € H® such that hA;, C Ay.
Since A] C A, theresult follows. O

Notations 5.5. If A; isatorusand ScC Aj, then we will say that @ € ® (A7) is
perpendicular to Sif «(S) = e. If w € W(A1) isaninvolution, then Siscalled
the orthogonal complement of w if S= (A;7)};. Aninvolution w € W(Ay) is
called amaximal involution if it isthe longest involution of W( Ap) with respect
toabasisof ®(A).

The following result characterizes the orthogonal complement in Ag of a 6-
stable maximal quasi k-split torus almost standard with respect to Ag.

Lemmab.6. Let A; be a 6-stable maximal quasi k-split torus almost standard
with respect to Ag. There exists an involution w € W(Ag) with (Ag), C Ay

and such that AT = ((Ag);, N Ay)°.

Proof. If 6 exchanges two irreducible component of ®(Ay), then both Ay and
Aar are maximal, since ®(Ap) has no real or imaginary roots. So we may
assumethat ® (Ap) isirreducible.

If ®(Ay1) contains area root «, then we can reduce to Zg(«”) and then
the result follows with induction. So assume ®(A;) contains no real roots.
From Proposition 3.8 it follows with an easy induction that there exist strongly
orthogonal #-singular imaginary roots oy, ... ,an € ®(A;) (n=dimA; —
dim A7) and x € Zg((A1);}) suchthat Ay = xA;x 1 iso-stableand dim A =
dmA; +n=dimA;. Here w = Sy, - - - S,. By Corollary 3.17 there exists
h € HO such that hAch~1 = Ag. Note that a, ..., an € ® (A1) map under
x to a set of strongly orthogonal real roots in ®(Az). Since A] C (Ag);, it
follows that ®(Ap) contains n strongly orthogonal rea roots 1, ... , By and
ﬂi(hAIh—l) =e(i=1,...,n. If Ay = {e}, then we are done, so assume
Al # {e}. Let Ay beadt-basisof ®(A;). Since (A1) has no real roots and
Al # {e} it followsthat the 6-index of 6| P (A1) is one of the following:

1
1 2 n-1
o ; T2 s
n 1 4
2A2n+1110*1 I ?Dai 1 C}O—(}<{> ?Es: O—O—0—O0—0
O—O -+ b &~—

0*
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In each of these cases @ (A7) isaroot system and if wo isthelongest involution
of W(A1) with respect to a¢*-basis of ®(Ay), then A} = (A and AT =
(A1)y,- Soin particular there are r strongly orthogonal roots ya, ..., yr in
®(A) (r=dim Af) perpendicular to A}. Note that ®(Ay) contains n real
roots and r — n imaginary roots perpendicular to A;. Since A, and Ag are
HO-conjugate and O(A]) ={a|lA; |ac P(A)}={B| Al | Be P(Ap)} it
follows that ® (Ag) contains n strongly orthogonal real roots perpendicular to
A7, what proves the result. O

This result enables us to prove the following.

Proposition 5.7. Let Ag be as above and let A; € 4° be a 6-stable maximal
guas k-split torus, almost standard with respect to Ag. Then we have the fol-
lowing conditions:

(i) Thereexistsg € Zg(A[) suchthat gA1g~1 = Aq.
(i) If As isstandard with respect to Ag, thenthereexistsg ZG(AIAg) such
that gA1g~1 = Ag.

Proof. If ®(A;) containsareal root o, then we can reduceto Zg(«¥') and then
the result follows with induction. So assume ®(A;) contains no real roots.
Let ®1 = {x € ®P(Ag) | O() = —a}. Since (A1) contains no rea roots it
follows from Lemma 5.6 that there is a maximal involution wg in W(®1) such
that (Ag), = A7. On the other hand from Proposition 3.8 it follows that
there exist strongly orthogonal #-singular imaginary roots a1, ... , an € ® (A1)
(n=dimA; —dim A7) andx € Zg((A1);)) suchthat A, = xA;x~Liso-stable
anddimA; =dimA; +n=dimA;. Herew = s, - - - Sy,. By Corollary 3.17
there exists h € HO such that hAsh~1 = Ag. Note that w € W(A7) map under
hx to an involution w’ € W(Ag) with (Ag),, C Ay and (Ag)y; = hATh LIt
followsthat w’ € W(®1) isamaximal involution. Sinceall maximal involutions
are conjugate and since W(®1) has representativesin Nyo(Aop), it follows that
there exists hy € H® such that hyhATh=th;t = AT, But since W(A]) has
representativesin HO the result follows.

(ii). Let g € G such that gA1g~t = Ag. By (i) we may assume that g €
Zg(A7). Soby restrictingto [Zg (A7), Zc(A] )] wemay assume A; C H and
AS’ C Af. If « € ®(Ag) imaginary, then o corresponds with a similar root in
®(A1). Multiplying g, if necessary, on the right with an element of Ng(Ao),
we may assumethat g € Zg(a"”) and then the result follows by induction.

So assume @ (Ap) contains no imaginary roots. In this case there are n
strongly orthogonal real rootsa, . ... , an € ®(Ag) (n=dimAy). Since d(A}) =



34 A.G. HELMINCK

{a| Al |ae @(A1)} ={BIA] | B € P(Ao)} thereaso need to be n strongly or-
thogonal imaginary roots g1, ... , Bn € ®(A) with gi(Af) =e(i=1,...,n).
Since ® (Ag) has no compact roots, we can choose f1, ... , Bn 6-singular. Let
w = Sg,---Sg,. Then (A1) = Af. Similarly as above let x € Zg(A]),
such that Ay = xAix~ ! is o-stable with dimA; = dim A7 +n = dimA;.
By Corollary 3.17 there exists h € H such that hA,h™ = Ag. Then hx e
N(g(Aar ). Since Ag is the orthogonal complement of a maximal involution w
of ®(Ay), it follows that ®(AJ) isaroot system with Weyl group W(A]) =
Ne(AY)/Za(Af). Assumethat wy € W(A]) isthe Weyl group element corre-
sponding to hx € Ng(A}). If A € ®(A]), thentake o € ®(A) with | Al =
A. Now let B = w(a). If « L Bthens, =s,88. If (a, B) # O, then s, =
S«SgSw- IN both cases s, ((Ag),,) = (Ao),,, SO there exists wy € W(Ag) such
that wa(AY) = AJ and wo| Al = wi. Let n € Ng(A1) be a representative.
Theng = hxn1 e Zg(A}) and gA1g~! = Aq. O

Corollary 5.8. Any 6-stable maximal quasi k-split torusis H9conjugate to one
standard with respect to Ap.

Proof. Let A; be a6-stable maximal quasi k-split torus of G. From Proposition
5.4 it follows that we may assume that A; is almost standard with respect to
Ap. Similar as in the proof of Lemma 5.6 there exist strongly orthogonal 6-
singular imaginary roots ay, ... ,an € ®(Ay) (n=dimA; —dimA;) and
X € Zg((A1)}) such that Ay = xA;x 1 iso-stableand dim A; = dim A7 +
n=dimA;. Herew = s, - - - S,,. By Corollary 3.17 there exists h € HO such
that hAsh™t = Ag. Let A3 =hAh™1. Since AT C (A1) C A; and A C A
itfollowsthat Ay = hATh=1c Ay and A = hAfh‘l D hAZh‘l = AJ. This
proves the result. O

This result reduces the study of HC-conjugacy classes of 6-stable maximal
quasi k-split tori to HO-conjugacy classes of 6-stable maximal quasi k-split tori
standard with respect to Ag. Asin Lemma 4.14 we can associate an involution
with a 6-stable maximal quasi k-split torus, standard with respect to Ag.

Lemma5.9. Let Agbeasaboveandlet A; € AY bead-stable maximal quasi k-
splittorus, standard with respectto Agand g € Zg (A} A;)L ) suchthat gA1g~1 =
Ao. Then we have the following conditions:
(i) Ifn=0(g)g~1, thenn € Ng(Ao).
(ii) Let w be the image of nin W(Ag). Then w? = eand (Ag)j, = AT Ad,
which characterizes w.
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Thisresult follows using asimilar argument asin Lemma 4.14.

Remark 5.10. By (ii) of Lemma 5.9, w is independent of the choice of the
dement g € Zg(A] A) suchthat gA1g~1 = Ao

This leads to the following definition of standard involutions for the 6-stable
maximal quasi k-split torus, standard with respect to Ag:

Definition 5.11. Let A; € A% and w € W(Ap) be asin Lemma5.9. We call
w the Aj-standard involution of W(Ag). Moreover we will call an involution
wo € W(Ag) a standard involution, if there exists a 6-stable maximal quasi
k-split torus A; standard with respect to Ag such that wg is the A;-standard
involution in W(Ap).

For a 6-stable k-torus Ag of G, write W(Ap, H) for Ny (Ag)/ZH (Ag). We
have now the following result.

Proposition 5.12. Assume that A;, A, € A? such that they are standard with
respect to Ap. Let w1 and wo be the A;-standard and Ao-standard involutions
in W(Ap) respectively. If A; and Ay are conjugate under H, then w1 and w»
are conjugate under W(Agp, H).

Proof. Assumeh € HO suchthat hAth~1 = As. Then A3 = hAgh—Lis#-stable
with A5 maximal. It suffices to show that Az and Ag are conjugate under HO N
Za (AL AD).

Let o € ®(A1) with 6(a) = —a and B the corresponding root in ®(A2). If
A7 does not contain any real roots, then A" (i = 1, 2) ismaximal and in this
case both wy and w, are maximal involutionsin ®; = {a € ®(Ag) | (a) =
—a} and hence conjugate under W(®1) € W(Ag, H).

Since both o and B correspond to rootsin @ (Ag), thereexistsw € W(Ag, HO)
such that w(er) = B. Let hy € H® be arepresentative of w and Aq = hy AshrL.
Thenhh1Ashih=t = hAth=t = Ay, hhp 1 Aghh=1 = Agand hht e Zy (BY).
Using induction it follows that there exists hy, € Zg(A; Aar) N HO such that
thghgl = Ap. Then g = hoh € Ny (Ag) maps w1 to wo. ]

Remarks 5.13. (1) The converse of thisresult unfortunately does not hold, since
the 0-stable maximal quasi k-split tori A; with A] maximal are not conjugate
under H. We can still use these standard involutions to characterize the conju-
gacy classes of 9-stable maximal quasi k-split tori, but a second condition will
be needed. Thiswill be discussed in the next section.

(2) That the 6-stable maximal quasi k-split tori A; with Af maximal are not
necessarily conjugate under H can be seen asfollows. If T isa6-stable maximal
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toruswith T™ amaximal torus of H, then Ng(T) # Ny (T). Thismeansthat T
can contain several H-conjugacy classes of 6-stable maximal quasi k-split tori.
These are basically conjugates of the Aar part of these tori. An example of this
isincluded in 3.10, where there are several H-conjugacy classes of maximal
guasi k-split tori contained in H.

A consequence of this all is that there is not a unique minimal element in
the set of H-conjugacy classes of 6-stable maximal quasi k-split tori. For the
minimal element all we can show is the following:

Lemma5.14. Let Shea #-stable maximal quasi k-split toruswith ST maximal.
There exists a 6-stable maximal torus T of Gwith T D Sand T™ isa maximal
torusof H.

Thisresult isimmediate from Corollary 3.11.

5.15. Using the resultsin this section we can now give a description of thein-
volutions w% in the characterization of the twisted involutions as in Proposition
1.27.

Let Ag be a #-stable maximal k-split torus of G with Ay a maximal (6, k)-
split torus and A; a 6-stable maximal quasi k-split torus of G. There exists
g e Gsuchthat Ay = gAqg~ L. Let w = 7(g) Zg(Ag) € W(Ap). Fix abasis Ag
of g = Pg(—0) ={a e P(Ag) | O() = —a}. Wecanextend Agtoad -basis
A of ®(Ag). Let wo bethe opposition involution of W(dq) with respect to Ag.
Thenby 2.14 it followsthat 6 = 6*wqg. SO0’ = Owg = 6* and hence ' (A) = A.
Write w’ = wwg = Sy; - - - Sy W0 (Sw) - - - €' (Suy ) asin Proposition 1.27. Here
[Tisasubset of A and o1, ... ,akx € A. Asin 5.2 we can remove the twisting
factor s; ... s So assume w’ = wwg = w¥,.

Proposition 5.16. Let g, w, w’ and wg be as above. Then there exists w1 €
W(A) such that wiw® 6’ (w1)~t = wonl, with 11 € Ag and w%l the longest
involution of &, with respect to IT;.

Proof. By Corollary 5.8 thereexistsh € H? such that A, = hAjh~1 isstandard
with respect to Ao. Let g1 € Zg(A; AJ) suchthat g1 Aogy ! = Ag. Thenh™1gy
and g both map Ag to Az, namely h=1g; Aggyth = gAg~t = A1, So there
existsn € Ng(Ag) such that h~1g; = gn. Let w1 € W(Ap) be the Weyl group
element corresponding to n and let wo = 7(h™1g1) Zg(Ag) = 1(91) Zg(Ag) €
W(Ag). Then wy = wilwb(w) and (Ag)y, C Ay. Since ' = wyo = dwg
and w’' = w¥, we get

(5.2

wp = wi wh(w1) = wi Twwed' w16 = witw' w16 wyt

= witw%e (wr)wyt.
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By [10, 2.14] there exists w3 € W(do) such that wawawstwe = w) with
[11 C Ag. Together with (5.2) this gives:

wonl = wawow3 Two = wawl ‘wyH w16 wy twz two

= wgw[lw%e/wlwglewo = wg;w[lw%G’(wlwgl).
This proves the result. O

6. Characterization of 4}/H

In this section we use the results of the previous section to get a description
of the H-conjugacy classes in +4§. Throughout this section let Ag € 4§ be a
6-stable maximal k-split torus of G with Ay amaximal (0, k)-split torus of G.
From Proposition 5.12 we get the following result.

Proposition 6.1. Assume that A;, A2 € Ag such that they are standard with
respect to Ap. Let w1 and w» be the A;-standard and Az-standard involutions
in W(Ag) respectively. If Ay and A, are H-conjugate then wy; and w, are
conjugate under W(Ag, H).

Remark 6.2. Ideally one would like the converse of this statement to hold, but
thisis not clear, since an element of W(Ap, H) would map A; to aquasi k-split
torus, which is not necessarily k-split. However with an additional condition we
can show the converse. For this we first note the following.

6.3. Wegivefirst another description of thegroup W(Ag, H). Let X = X*(Ap),
Xo(0) and ®g(0) beasin 2.2. Write

(6.1) Wi (6) = Wi (Ag, 0) = {w € W(Ag) | w(Xo(0)) C Xo(6)}

and Wo(6) = Wo (Ao, 0) = W(Dg(0)). Then by [25, 2.1.3] we have

(6.2) W(Ay) =~ Wi (6)/Wo(0).
The group W(Ag, H) corresponds with Wj (6) due to the following result.

Proposition 6.4. Let Ag € Ag be a 6-stable maximal k-split torus of G with Ay
amaximal (0, k)-split torus of G. Then we have the following.
(i) Anyw € W(A;) hasarepresentativein (H°Zg(Ao))k N N (Ag).

(i) Ne(Ag) = Npo(Ay) Za(Ag).

Proof. (i) Letn e Ng, (A;) and P aminimal 6-split parabolic k-subgroup of G.
Then P, = nPn~! isalso aminimal #-split parabolic k-subgroup of G contain-
ing Ag. By [15, 4.9] thereexists x € (HOP)y suchthat xPx~1 = Py. Let Py bea
minimal parabolic k-subgroup of P containing Ag. By [15, 4.8] HOPy = HOP.
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On the other hand (HPP) = (H%Zg(Ag))kUx, Where U = Ry(Py) (see [15,
10.2)). It followsthat x = hzuwithh € H®, ze Zg(Ag) and u € Uy. If wetake
g=hze (H°Zg(Ao))x, then gPg~1 = Py and gA; g1 is (6, k)-split. More-
over gAag‘1 C PLNO(P) = Zg(Ay), S0 gAag_lAg isa (0, k)-split torus of
G. Since A, ismaximal (0, k)-split it follows that gAgg_1 = A, , what proves
the resullt.

(i) followsimmediately from (i). ]

Remark 6.5. Ideally one would like W(Ay) to have representatives in Hy, but
as the proof of this result indicates, this will unfortunately not always be true.
However in many cases, including the standard pairs for k = R, one can show
that W(Ay ) has representativesin Hy. It isan interesting open question to give
necessary and sufficient conditions such that W(A; ) has representativesin H.

Corollary 6.6. Let Ag € Ag be a 6-stable maximal k-split torus of G with Ay
amaximal (0, k)-split torus of G. Then Wo(Ag, H) = W1 (Ao, 8) = W1 (6).

Proof. Clearly Wo(Aog, H) € W1 (Ao, 8). Asfor the other inclusion, it suffices
by Proposition 6.4 to show that Wo(0) = Wo (Ao, ) € Wo(Ag, H). But this
follows from the fact that every root a € ®g(Ao, ) is compact and therefor
Gy C H. O

The study of W (6)-conjugacy classes of involutionsin W(Ag) "W(A;) can
be reduced to conjugacy classes under the action of the full Weyl group. Before
we show this we need first a little more notation. Let A € 4§ be a ¢-stable
maximal k-split torus of G. Write E = X, (A) @7 R, & = ®(A), W = W(A)
and for o € Aut(®) denote the eigenspace of o for the eigenvalue &, by E(o, §).
Write @ (o) for &g(—o). We have now the following result:

Proposition 6.7. Let 6 be an involution of ® such that @, is a root systemwith
Weyl group Wy. If wq, wa € W are involutions with E(wj, —1) C E(9, —1)
(i=1, 2), then the following are equivalent:

(i) w1 and w, are conjugate under W.

(i) w1 and w» are conjugate under W ().
(iii) w16 and w»6 are conjugate under W.

(iv) w16 and w26 are conjugate under Wi ().

Proof. (i) < (i) followsfrom[10, 2.16].
(i) < (iv) followsfrom the fact that Wi (9) maps A, onto itself, since W =
W1 (0)/Wo(0). Since (iv) = (iii) isclear, it remainsto show (iii) = (iv).
Assume w € W such that ww16w 1 = w»6. If § € W then the result follows
from (i) = (ii). Soassume 6 ¢ W. We will use induction on the rank of ®.
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If rank® =1, then 6 = —id, E(wy, —1) = E(wy, —1) = E and the result is
clear.

Assume now that the result is proved for root systems of rank < n and as-
sume that ® hasrank n+ 1. Since ww16w ™1 = w,6, we have w(® (w16)) =
d(woh). If ®(w16) = ¥, then w1 and wo are opposition involutions of W(6)
with respect to bases of ®(#) and hence are conjugate under W(0) (see [10,
2.13]). So assume now that ® (w10) # @. Let o € ®(w1h) and B = w(w) €
® (w2h). Since E(wj, —1) C E(0, —1) (i =1, 2), it follows that both «, 8 €
®y. Moreover, since 8 = w(«), both & and 8 are contained in one irreducible
component of ®. Hence by [10, 2.15] contained in one irreducible component
of ®y. Since W(Py) = W4 (0)/Wo (), it follows that there exists w € W (6)
such that w () = B.

Letr; = sgiw10w 1 = spw11 10, 12 = Spwh, wo = ww~1 and write

Op=Do(sp) ={ye®| (B, v) =0}
Now ri(B) = r2(B) = wo(B) = B, so by [4, 2.5.5] wg € W(Dpg) = Wo(sp).
Since 6(B) = —p both r10 = s,gzbwlzb—l and rpf0 = sgwy are contained in
W(®dg). Since worlwal = ry it follows with induction that there exists i €
Wi(0) N Wo(sg) such that fraf =1 = ro. Now r = fio € Wy (0) and rw,6r—1 =
w26, which proves the result. O

We can now prove the following characterization of the conjugacy classesin
Ag/H inthe case that W(A, ) has representativesin H.

Theorem 6.8. Let Ag € A be a 6-stable maximal k-split torus of G with A; a
maximal (6, k)-split torus of G and assume W(A,,) has representativesin Hy.
Let A, Ar € Ag be standard with respect to Ag and w1, w» the A;-standard
and Az-standard involutionsin W(Ag). Then the following are equivalent.

(1) A and Ay are H-conjugate.

(i) A and A are Hg-conjugate.
(il1) w1 and wo are conjugate under W(Ag, Hy).

(iv) w1 and wy are conjugate under W(Ap, H).

(v) w1 and w» are conjugate under W(Ap).

Proof. (iv) < (v) followsfrom Proposition 6.7 and (iii) = (iv) isclear.

(iv) = (iii). Since w1 and w2 are contained in W(Ag) N W(Ay ), there exist
w € W(Ay) such that wwiw™t = wy. Let h € HeN Ng(Ay) be arepresentar
tive of w. Since hAgh~1 isa6-stable maximal k-split torus of G containing Ay,
itis conjugateto A under Hx N Zg (A, ) (see Lemma4.8). So we may assume
that h € Ny, (Ag), what proves (iii).
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(i) = (iv) followsfrom Proposition 6.1 and (ii) = (i) isclear. Soit remains
to show (iii) = (ii). Let w € W(Ag, Hy) be such that wwiw =1 = w, and let
h e Np, (Ag) bearepresentative of w. Then Az = hA;h~1isa#-stable maximal
k-split torus of G with Ay = A; . Restrictingto Zg(A;) it followsthat AJ and
Af{ are maximal k-split tori of Zg (A5 ) N H and hence A; and Az are conjugate
under (Zg(A5) N H)k. But then A; and A; are Hy-conjugate, what proves the
result. O

Remark 6.9. Note that the condition “W (A ) hasrepresentativesin Hy” isonly
needed for the proof of (iv) = (iii) and (iii) = (ii).

The equivalence of (i) and (i) meansthat the orbit map ¢ : A/ Hyx — 4°/H
asin (1.2) is one-to-one.

Corollary 6.10. Let Ag € Ag be a 0-stable maximal k-split torus of G with A
amaximal (6, k)-split torus of G and assume W (A, ) hasrepresentativesin Hy.

Thenthemap ¢ : Aﬁ/ Hx — A/H asin (1.2) is one-to-one.

Remarks 6.11. (1) Thisresult is essential in the classification of A/ Hg inthe
case that k = R. Inthis case the condition “W(A, ) has representativesin Hy”
is satisfied for many pairs (Gk, Hyx) including the standard pairs. For the re-
maining pairs one has to include the action of the quadratic elements, what
leads to non-trivial fibers of ¢. These fibers can essentially be described by
W(Ag, H)/W(Ag, Hkx). For more details, see [13].

(2) The above results provides a sound criterion when elements in Ag are H-
conjugate in the case that W(A; ) has representatives in Hy. In that case it
actually gives even acharacterization of the classesin «4{ / Hy. To complete the
characterization of H-conjugacy classes of ¢, it reduces to single out those
w € W(Ag) which are the A-standard involutions for some A € Ag. A char-
acterization of these involutions will be given in section 8. First we give a
characterization of the H-conjugacy classesin A°.

7. Characterization of A?/H

Although the A-standard involutions do not characterize the H-conjugacy
classes of #-stable maximal quasi k-split tori, they provide an important invari-
ant in the characterization of the H-conjugacy classesin +4°. In this section we
will characterize the different H-conjugacy classes of 6-stable maximal quasi
k-split tori, which correspond with the same A-standard involution. For this
we will first show that the A-standard involution can be split in 2 parts. The
first part comes from an involution related to a unique conjugacy class of max-
imal tori containing A and the second part is a twisted involution in the Weyl
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group of such a maximal torus. The analyses of this second part will lead to a
characterization of the H-conjugacy classesin A? corresponding with the same
A-standard involution.

7.1. Let A be a@-stable maximal quasi k-split torus of G. We will consider
the following H-conjugacy classes of maximal tori, associated with A. Let Sp,
Ta be 6-stable maximal tori of Zg(A) with SX amaximal torusof Zg(A) N H
and T, amaximal 6-split torus of Zg(A). The choice of Sp and Ta is unique
up to conjugacy of Zg(A) N H (see[10]).

Definition 7.2. Let A be ag-stable maximal quasi k-split torusof G and Sa, Ta
as above. The pair (A, Sa) iscalled ag™-pair and the pair (A, Tp) iscaled a
O~ -pair.

Instead of H-conjugacy classes of 6-stable maximal quasi k-split tori one can
restrict to H-conjugacy of 61 -pairs or 6~ -pairs.

Proposition 7.3. Let A1, Ay € Ay be 6-stable maximal quasi k-split tori of G
and S; = Sp;, S = Sa, (resp. Ty = Tap,, T2 = Ta,) maximal tori of G, such
that (A, Sa,) and (A, Sp,) (resp. (A, Ta,) and (A, Ta,)) are 07 -pairs (resp.
6~ -pairs). Then the following are equivalent.

(1) A1 and A, are H-conjugate.
(2) (A1, Spy) and (Az, Sp,) are H-conjugate.
(3) (A1, Ta,) and (Aq, Ta,) are H-conjugate.

Proof. (2) = (1) and (3) = (1) are clear. For (1) = (2) and (1) = (3),
we may assume that A; = A,. Then (1) = (3) follows from the fact that all
maximal tori of Zg (A1) containing amaximal 6-split torus are conjugate under
Zg(A1) N H (see[32, §1]).

Similarly (1) = (2) follows from the fact that all maximal tori of Zg (A1)
containing a maximal torus of Zg (A1) N H are conjugate under Zg (A1) N H
(see[22)). O

Remark 7.4. The H-conjugacy classes of 6-stable maximal tori were determined
in [10], so essentialy we have reduced the problem now to a problem about
Weyl groups.

Unfortunately Proposition 7.3 does not give any indication as to which 6-
stable maximal tori T contain a 6-stable maximal quasi k-split torus A such that
(A, T)isa#@t (or 67) pair. For a characterization of these 6-stable maximal
tori, see Proposition 7.10. From now on a #-stable maximal torus containing a
f-stable maximal quasi k-split torus A, suchthat (A, T) isaé™ (or 67) pair will
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be called a6 (or 6~)-admissible maximal torus. Denote the set of all 6" pairs
(A, T) by AT and the set of all 6~ pairs (A, T) by A~

In the remainder of this subsection we characterize the H-conjugacy classes
of pairsin 4™. For A~ one can give asimilar characterization.

7.5. Standard pairs. Inthefollowing let Ag denote a 6-stable maximal k-split
torus with Ay amaximal (6, k)-split torus of G and Top O Ag amaximal torus
of G, such that (Ag, Tp) isa @™ pair. Similar asin [10, 3.2] we call a9-stable
maximal torus Ty-standard with respect to To if T, € Ty and T, O T. The
corresponding involution wy € W(Tp) is called the T;-standard involution (see
[10, 3.5)]).

For pairsin 4" there are several different notions of standard pairs:

Definition 7.6. For (A1, T1) € A™, the pair (A1, T1) iscalled almost standard
with respect to (Ao, Tp) if the following conditions are satisfied:

(1) Ty isstandard with respect to Tp.

(2) A;isstandard with respect to Ap.
The pair (A1, Tp) is called standard with respect to (Ao, To) if it is amost
standard with respect to (Ao, To) and satisfies additionally:

(3) w(Ag) C Ag, Wwhere w € W(Tp) isthe Ty-standard involution.
The pair (A1, T1) is called maximal standard with respect to (Ag, To) if itis
standard with respect to (Ao, To) and satisfies additionally:

(4) (AT NTHO = Ad.

(5) (A; NT)O= AT,
A 6-stable maximal torus T, is called standard with respect to (Ag, To) if it
satisfies condition (1) and (3).

In order to be able to prove that every pair in A™ is H-conjugate with a pair
standard with respect to (Ao, Tp), we need the following result.

Lemma7.7. Let Ag be a 6-stable maximal k-split torus with Ay a maximal
(0, k)-split torus of G and T; O Ag a maximal k-torus of G, such that T;” isa
maximal 6-split torus of G. There exists a 6-stable maximal torus T, standard
with respect to Ty such that T, is a maximal torus of H and the T,-standard
involution w € W(Ty) stabilizes Ag, i.e. w(Ag) = Ao.

Proof. Let To C Zg(Ap) with T(;r amaximal torus of Zg(Ag) N H. Since both
T, and Tp are contained in Zg(Ap) We may assume that Tg is standard with
respect to T;. Clearly the Tp-standard involution in W(Ty) leaves Ag pointwise
fixed. Let Gy = [Za(Ty), Za(Ty)] and let Ty = Ty N Gy, Ag = AgN Gy. It
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suffices now to prove the above result for the triple (G, T1, Ag). So from now
on assumethat Ty D Agisé-splitand ®o(I') = {a € ®(Ty) | Y ,ra® =0} =
@. It suffices to show now that there is a maximal involution of W(Ty), which
leaves Ag stable.

The Galois group I" acts on (X*(Ty), ®(T1)) asin 2.1. If T acts trivialy,
then Ap = Ty and we are done. So assume I" acts non-trivially. Using induction
we may assume that the (I", 6)-index is absolutely irreducible. Then, since
®o(I') = ¥ and G isH-split we only have 3 cases:

(1) [o], (o € T") permutes the irreducible components.
(2) ®(Typ)isirreducible, [o], (o € T') isadiagram automorphism and 6* = id.
(3) ®(Ty)isirreducible, [o], (o € T') isadiagram automorphism and 6* £ id.

In (1) we can take the same longest involution in the Weyl group of each ir-
reducible component. In (2) and (3) it follows from [9, 2.17] that the longest
involution with respect to the basis commutes with the actions of 6* and [o],
(o0 € T'), what proves the result. O

Proposition 7.8. Let (A, T1) € 4 ™. Then we have the following.

(i) Thereexistsh € HO such that (hA;h—1, hTih~1) is almost standard with
respect to (Ag, To).

(i) If (Az, Tp) isalmost standard with respect to (Ag, To), then there exists
n e Ng(To) N H such that (NnA;n~1, nTin™1) is standard with respect to

(Ao, To).

Proof. (i). By Corollary 5.8 we may assume that A; is standard with respect
to Ag. Since both T; and Tp are contained in Zg (A Ag ), we can reduce to
Za(A] AY). Soassumethat Ay C H and Ag = A;. Since A; C H it follows
that Tl+ is amaximal torus of H. By [10, 3.3] there exists h € H such that
h~1Toh is standard with respect to T1. But then hT;h~1 is standard with respect
to To and (hAh~1, hTih~1) isamost standard with respect to (Ao, To).

(ii). Assume (A1, T1) isamost standard with respect to (Ag, Tp). Similarly
asin (i) we can reduce to ZG(AIASF). So assume A; C H and Ag = Aj.
Note that T;" is a maximal torus of H. From Lemma 7.7 it follows that there
exists amaximal torus T standard with respect to (Ag, Top). Since Ty and T3 are
H-conjugate and both are standard with respect to Ty, the T;-standard and Ts-
standard involutionsin W(Tp) are conjugate under W(Tp, H). Say h € Ny (Tp)
arepresentative. Then (hAjh~1, hTih™1) is standard with respect to (Ag, To).

O
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From Proposition 7.8 we can derive a nice criterium for when a 6-stable
maximal torus T, contains a 6-stable maximal quasi k-split torus Az, such that
(A1, T1) € A™. First we note the following.

Lemma7.9. Let T; bea6-stable maximal torus standard with respect to (Ag, To).
There exists a 6-stable maximal quasi k-splittorus A; C T1 suchthat (A, Ty) €
AT ismaximal standard with respect to (Ag, To).

Proof. Let w € W(Tp) be the Ti-standard involution and g € Zg((Tp);,) such
that gTog™' = T1. Let Ay = gAog~ L. Then (Ar, T1) € AT ismaximal standard
with respect to (Ag, To). O

Combined with Proposition 7.8 this leads to the following:

Proposition 7.10. Let T; be a 6-stable maximal torus standard with respect
to To. Then Ty contains a #-stable maximal quasi k-split torus Az, such that
(A1, T1) € AT if and only if there exists n € Ng(Tp) N H such that nTyn™ 1 is
standard with respect to (Ao, To).

Proof. If thereexistsn € Ng(Tg) N H such that nTyn~1 is standard with respect
to (Ao, Tp), then the results follows from Lemma 7.9.

So assume that T1 contains a 6-stable maximal quasi k-split torus A, such
that (A1, T1) € AT. By Corollary 5.8 there exists h € H9 such that hA;h—1
is standard with respect to Ag. Similar as in Proposition 7.8 there exists h; €
Zs(hATh=1AY) N HO suchthat T, = hihTih~th; ! is standard with respect to
To. But then by [10, 3.6] T and T are conjugate under Ny (Tp), what proves
the result. O

Corollary 7.11. Let (Ag, To) be as above. If (A1, T1) € AT is standard with
respectto (Ao, To), thenthereexistsn € Ng(T1) N Zg (A7 AS’) suchthat (nA1n~1, Tq)
ismaximal standard with respect to (Ao, To).

Proof. We may restrict to Zg(A] AJ). So assume A} A} = {e}. Since Ty is
standard with respect to Ty, there exist by Lemma 7.9 a 6-stable maximal quasi
k-split torus Ap C Tq such that (A2, Tq) is maximal standard with respect to
(Ao, To). Since both A; and A, are maximal quasi k-split tori, there exists
x € G suchthat gA1g~1 = A,. Let T, = gTig~ . Sinceboth T1 and T contain
Ao, thereexists x € Zg(Ap) such that xTox~1 = Ty. But thenn = xg € Ng(T1)
and nAin~1 = A,. m

7.12. A 6-stable maximal torus T; standard with respect to (Ag, Tp) can con-
tain 9-stable maximal quasi k-split tori A; and A, suchthat (A1, T1) € AT and
(A2, T1) € AT, but A; and A, are not H-conjugate. An example of this, for
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k=R, isgivenin 4.6. here (G, 9) isof type A3(11) and there exists amaximal
quas k-split torus Az, whichiscontained in H N Tp and (A1, Tp) isautomaticly
standard with respect to (Ao, To).

AsinLemma4.14 we can associate an involution with apair (A1, T1) € AT,
standard or maximal standard with respect to (Ag, Tp). This follows from the
following result.

Proposition 7.13. Let (Ag, To) be as above and let (A1, T1) € AT be a pair
standard with respect to (Ao, To). Then we have the following conditions:

(i) Thereexists g € Zg(T; T4 ) such that gTog™* = Ty and (gAcg™t, Ty) is
maximal standard with respect to (Ag, To).

(ii) Let Ay =gAog~t. Thereexistsx € Zg(A] AY) N Ng(Ty) suchthat xAxx 1 =
A1

(i) q=x"10(x) € Ng(A2) N Ng(T1) and p=6(g~H)x10(x)0(g) € Na(Ao) N
N (To).

(iv) n=g7%0(g) € Ng(Ao) N Ns(To) andm= g~ x~10(x)0(g) = g~0(g) p=
np € Nc(Ao) N Na(To).

(v) If w is the image of min W(Ag) N W(Tp) and w; the image of n in
W(Ay) N W(Tp), then w isthe A;-standard involution of W(Ag) and w1
isthe T1-standard involution of W(Tp). In particular (Ag);, = AIA;)L and
(Ao)s, = Ay Ag.

(vi) Let wy be the image of pin W(Ag) N W(To). Then w3 = €, (Ao);, =
AT A (Ao)y, = (Ao (Ag)y, and w = wiwz = waws.

(vii) Let w3 be the image of g in W(A;) N W(Ty). Then wi = e, (Ag)J, =
AL Aj and (Ag)y,, = (Ao),, C AL

Proof. (i). Since Ty is standard with respect to To, thereexists g € Zg(T; T(;L )

such that gTog~! = Ty and by Lemma 7.9 (gApg 1, T1) is maximal standard

with respect to (Ag, Tp).

(ii). Since A; is maximal standard with respect to (Ao, To) we have A} C
Ay NT; = A;. Soboth A; and A, are contained in Zg(A] AJ) and are stan-
dard with respect to Ag. From Proposition 5.7 it follows that they are maximal
guasi k-split tori of ZG(AIA(’)L). But then it follows from Corollary 7.11 that
there exists x € Zg (A7 AJ) N Ng(T1) such that xAox—t = Ay.

(iii). Thefirst statement is clear. Since Ag = g~ Axg = 6(g~1) A260(Q), the
map Int(0(g) 1) liftsx 10(x) € Ng(A2) N Na(T1) to p=6(g~H)x10(x)0(g) €
NG (Ao) N Na(To).

(iv). Since (Ag, Tp) ismaximal standard with respect to (Ao, To) it follows
that n = g=10(g) € Ng(Ag) N Ng(To). Similarly the second statement follows
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from the observation that Ay = xgAog~1x~! and xg € Zg(A] A}). Hence
m= g x"10(x)6(g) = g 10(g) p € Na(Ao) N N (To).

(v) follows from Proposition 5.7 and [10, 3.4].

(vi). Since A} C A; itfollowsthat (Ag),,, C (Ao),,- SO w and wi commute
and w2 = wwy isaninvolutionwith (Ag)}, = AT AJ (A0)y, = (Ao)d (Ao)y, -

Finally (vii) isimmediate from (iii) and (vi). O

Remark 7.14. From [10, 3.4] it follows that, w1 is independent of the choice
of the element g € ZG(Tl_T(;’) such that gT1g~ = To. Similarly from Lemma
5.9 it follows that w is independent of the choice of g and x as above. Finaly
from (vi) of Proposition 7.13 it follows that wo is independent of the choice of
X € Zag(A7 Af) N Ng(T1).

From Proposition 7.13 it follows that the standard involutions in W(Ap) can
be split in two parts. These are defined as follows.

Definition 7.15. Let (A1, Ty) € A be standard with respect to (Ao, To) and
let w and w1 € W(Ag) N W(Tp) be asin Proposition 7.13. We will call w the
(A1, T1)-standard involution of W(Ag) N W(Tp) and w1 themaximal (Aq, Ty)-
standard involution of W(Ag) N W(Tp). We will aso call these the standard
(resp. maximal standard) involutions of W(Ag) N W(Tp).

The maximal standard involutions of W(Ag) N W(Tp) also characterize the
maximal tori related to pairsin A ™.

Corollary 7.16. Let T, be a 6-stable maximal torus standard with respect to
To and wy € W(Tp) the Ty-standard involution. Then T, contains a §-stable
maximal quasi k-split torus A, such that (A, T1) € A™ if and only if wy is
conjugate under W(Tp, H) with a maximal standard involution of W(Ag) N
W(Tp).

Proof. Assume first that there exists a 6-stable maximal quasi k-split torus Aq,
such that (A1, Ty) € A™. By Proposition 7.10 and Proposition 7.8(ii), there
exist h € Ng(Tp) N H such that hTih~1 is standard with respect to (Ag, To).
If we W(Tp, H) is the Weyl group element corresponding to h, then wy =
wwiw 1 isamaximal standard involution of W(Ag) N W(Tp).

The converse statement is clear. OJ

The question which remainsis how many H-conjugacy classes correspond to
one A;-standard involution in W(Ag). First we show the following:

Theorem 7.17. Let w € W(Ag) beastandardinvolution. If (A1, T1), (Ag, To) €
AT are pairs standard with respect to (A, To), such that w is both the A;-
standard involution and the Ax-standard involution, then we have the following:
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(i) Thereexistsh € Zg((Ao)}) N HO suchthat hTh! = Ty.

(i) Ifhisasin (i) and Az = hA>h~1, then (As, T1) is standard with respect
to (Ao, To).

(iii) A1 and Az are HO%-conjugate if and only if there exists h € Ny (T1) such
that hAzsh—1 = A;.

Proof. (i). Since w is the Aj-standard involution and the Ax-standard involu-

tion, we have (Ag); = A7 AJ = A, Aj. But then Ty and T, are both maximal

tori in Zg((Ao);}) with T;" and T, maximal tori of Zg((Ao);;) N H and these

are conjugate under Zg ((Ag);;) N HO.

(i) isclear from (i).

(ii). If hy € HO such that h]_A3hI1 = Ay, then T3 = thlhI1 and T; are
maximal tori in Zg(Ar) with T;" and T;" maximal tori of Zg(A1) N H. So
there exists hp € Zg(A1) N H such that hyTshyt = hphy Tihthst and h =
h2h1 (S NH(T]_).

The converse follows immediately from Lemma 3.1. O

If (A1, T1) € AT isapair standard with respect to (Ao, To) and M = Zg (A} Ad),
then we will write

W(T1, M) = Na(T1) " M/ Ty,
W(Ty, M, H) = W(T, M) N W(Ty, H) and
W(A1, T, M) = {w € W(T1, M) [ w(A1) = Ar}.
We get now the following result.

Corollary 7.18. Let w € W(Ap) be a standard involution, (A1, T1) € AT a
pair standard with respect to (Ao, Tg), such that w is the (A1, Ty)-standard
involution and let M = Zg (A7 ABL ). The number of H-conjugacy classes of 6-
stable maximal quasi k-split tori, which have w as the corresponding standard
involution isless or equal to:

IW(T1, M, FDA\W(T1, M)/W(Aq, T1, M)

Proof. Let (A, T2) € A™ be another pair standard with respect to (A, To) and
such that A5 = A;. By the above result we may assume that T, = T;. By
Proposition 5.7 there exists g € M, such that gA,g~! = A;. Since gT1g~* and
T1 aremaximal tori of Zg (A1), thereexistsx € Zg (A1) suchthat xgTig~1x1 =
T1. Soxg € Ng(T1) N Zg (AL Af). Clearly W(Aq, T1, M) actson theright and
W(Ty1, M, H) on the left, what proves the result. O

Remarks 7.19. (1) It isan open gquestion whether two 6-stable maximal quasi k-
splittori A; and A,, which are H-conjugate and correspond to the same standard
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involution w € W(Ag) are also conjugate under ZG(AIAg) N H. The element
of H could give an outer automorphism for ® (A1, Zg(A] AY)).

(2) Note that if A; € Ag, standard with respect to Ag, then there exists a
maximal torus Ty, suchthat (A1, T1) € A ™ andisconjugate with apair standard
with respect to (Ag, Tp).

(3) Note that in the case that W(A;) has representatives in Hy, then the
W (Ag, H)-conjugacy classes of standard involutions completely characterize
the conjugacy classes.

7.20. Thequestionwhich remainsisto give adescription of those H-conjugacy
classes of #-stable maximal quasi k-split tori, which correspond to the same
standard involution. A conjecture with adetailed description of these H-conjugacy
classes of #-stable maximal quasi k-split tori will be discussed in 8.34. However
the standard and maximal standard involutions of W(Ag) N W(Tp) provide an
important first step. In many cases these involutions actually suffice to charac-
terize the H-conjugacy classes (see for example [13]). A classification of the
standard and maximal standard involutions of W(Ag) N W(Tp), for a number
of basefields, will be discussed in the next sections.

8. Involutions and singular roots

In the previous chapters we defined various types of standard involutions
characterizing the H-conjugacy classes of maximal (quasi) k-split tori. In this
section we will give other descriptions of these involutions in terms of orthogo-
nal reflections.

8.1. Throughout this section let Ag be a 6-stable maximal k-split torus with
A, amaximal (0, k)-split torus of G and To O Ag amaximal torus of G, such
that (Ag, To) is a 6™ pair. Denote the set of 9-stable maximal quasi k-split
tori standard with respect to Ag by A1. For A€ A1 and o € ®(A) let A, =
{ae Ay | sv(@) =a}° G, = Zg(Ay) and G, = [Gy, Gg]. If « is either real
or imaginary, then G, is 6-stable. Similarly if w € W(A) satisfies w? = e
and wé = 6w, then we set G, = Zg(A})) and G, =[Gy, Gy]. Let nbea
preimage of w in Ng(A). Thenn € Zg(A}) and A, N Z(G,) isfinite. Asa
consequence, A, isa6-stable maximal k-split torus of [G,,, Gy,].

8.2. Recall that a k-involution t of a connected reductive k-group M is called
(z, k)-split if there exists a 7-split maximal k-split torus of M.

In 3.7 and 4.3 we defined 6-singular and (6, k)-singular roots. We can lift
these definitions to involutions in the Weyl group by defining the following.
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Definition 8.3. Let A € A be standard with respect to Ag and w € W(A).
Then w iscalled 6-singular if

(1) wl=e

(2) bw = wé.

(3) Theinvolution 8|[G,,, G,] is (0, k)-split.

(4) [Gy, Gy] N H containsamaximal quas k-split torus of [G,,, G, ].
Aninvolution w € W(A) iscaled (0, k)-singular if it satisfies (1), (2), (3) and
if

(5) [Gy, Gy] N H contains amaximal k-split torus of [G,,, G,,].

Aroota € ®(A) iscaled6-singular (resp. (6, k)-singular) if the corresponding
reflection s, € W(A) isf-singular (resp. (0, k)-singular).

Remark 8.4. Note that these definitions of 6-singular (resp. (6, k)-singular)
roots coincide with those defined in 3.7 and 4.3.

Lemma8.5. Let A be a 6-stable maximal k-split torus with A~ a maximal
(6, k)-split torusof G and w € W(A) a (0, k)-singular (resp. 6-singular) invo-
[ution. Then we have the following conditions:

(i) A, = (A;,)" isa0d-split maximal k-split torus of [G,,, G,].

(i) AL = AT(AT).
(i) wisk-standard (resp. standard).
Proof. We show the assertion for the case that w is (6, k)-singular. The result
for the case that w is #-singular follows with asimilar argument.

(). From 6w = wo it followsthat A~ = (A7) (A7),. Since A~ isamax-
imal (0, k)-split torusof G, (A™),, isalso amaximal 6-split torus of [G,,, G,,].
But since 6|[G,,, G,] is (6, k)-split, it follows that (A™),, isamaximal k-split
torusof [G,, G, ]. Hence (A7), = A,,.

(ii) isimmediate from (i) and the observation that A}, = (A})T(A) .

(iii). Let Sbe amaximal torus of [G,,G,] N H. Then A; = SAf isa
maximal k-split torus of G and by (ii) Az isstandard with respect to A. Clearly
w isthe Aj-standard involution in W(A). O

Analogous to [10], we have the following characterization of the k-standard
involutionsin W(Ap).

Proposition 8.6. Let Ag be a ¢-stable maximal k-split torus of G with Aj a
maximal (0, k)-split torus of G. Then there is a one to one correspondence
between the W( Ag, H)-conjugacy classes of k-standard (resp. standard) in-
volutionsin W(Ap) and the W( Ag)-conjugacy classes of (0, k)-singular (resp.
g-singular) involutions of W(Ap).
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Proof. Let w € W(Ag) be ak-standard involution and A € 41 a6-stable max-
imal k-split torus, standard with respect to Ag. Then (Ag)} = A_Ag and
(Ao), C A Clearly (Ag) is 0-stable and so wd = Hw. On the other hand
Ay, At c G, and their images in G,,/Z(G,,) are maxima k-split tori of
Gyw/Z(Gy). It followsthat 6|[G,, G,] is (8, k)-split and [G,,, G,,] N H con-
tains amaximal k-split torusof [G,,, G,,]. So w is (6, k)-singular.

Conversaly if w € W(Ag) is (0, k)-singular, then it follows from Lemma
8.5 that w is k-standard. So we have shown that there is a correspondence
between the W( Ag, H)-conjugacy classes of k-standard involutions and (6, k)-
singular involutions of W(Ap). That these conjugacy classes correspond with
the W ( Ap)-conjugacy classes of these involutionsfollows now from Proposition
6.7.

The correspondence between the standard invol utions and the 6-singular invo-
[utionsfollowswith asimilar argument. One only hasto replace maximal k-split
tori of [G,,, G, ] N H by maximal quasi k-split tori of [G,,, G,,] N H. O

In the case that W(A;) has representatives in Hy, the above leads to the
following result.

Corollary 8.7. Let Ag be asabove and assumethat W( Ay ) hasrepresentatives
in Hyk. Then there exists a one to one correspondence between the Hy-conjugacy
classes of §-stable maximal k-split tori and the W(Ag)-conjugacy classes of
(0, k)-singular involutions of W(Ap).

Proof. Thisresult follows from Theorem 6.8 and the above result. O

8.8. Theseresultsalsolead to afurther characterization of themaps¢ : V/W —
J/Wand ¢ : Vk/W — £/W asin 1.14. Fix abasis Ag of &g = ®g(—6) and

extend it to a 6~ -basis A of ®(Ag). Let wg be the opposition involution of

W (®p) with respect to Ag and let ' = Owg. Then ' (A) = A and Jg = Lywo.

We have now the following:

Lemma 8.9. Eachtwisted orbitin ¢(V)/W C 4/ W contains a #-singular in-
volution.

Proof. This result is immediate from Proposition 5.16, using the bijection ¢ :
Lo/W — Qg /W asin (1.6). O

For the 6-singular involutionsin atwisted W-orbit we can show thefollowing:

Proposition 8.10. Let wi, wo € ¢ (V) be 6-singular involutions. Then w1 and
w2 arein the same twisted W-orbit if and only if wq and w, are W-conjugate.
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Proof. Assume first that w; and w, are W-conjugate. Since A, is a maxi-
mal (0, k)-split torus, we have (Ag),, C Ay (i = 1,2) and hence wy, wy €
W(Ag) N"W(Ay). By Proposition 6.7 wy and wy are conjugate under Wy (Ao).
Let w € Wi (Ag) such that wwiw ™t = wp. Since Wy (Ag) = W(Ag, H) (see
Corollary 6.6) it follows that (w) = w and hence ww18(w™ 1) = wwiw1 =
w2.

For the converse statement assume w € W such that ww160(w=1) = w». Then
by Lemma 1.29 we have w((Ag)4,) = (Ag);,, and with a similar argument
we also have w((Ay)y, Ad) = (Ag)w,Ad. SO wwiw™ = wyf. Then by
Proposition 6.7 w1 and wo are W-conjugate, what proves the result. O

In the case that W(A,, ) has representatives in Hy, we get now the following
result:

Corollary 8.11. Let Ag be as above and assume that W(A;) has representa-
tivesin Hx. Thenthemaps¢o = ¢|Vo : Vo/ W — 4/W and ¢ : Vk/ W — 4/ W
are one-to-one.

Proof. Theresult isimmediate from Corollary 8.7, Proposition 8.10 and Corol-
lary 6.10. O

This result isimportant for studying the Bruhat type order on Vi and V. See
for example [8] and [23].

Next we will prove that every singular involution can be written as a product
of orthogonal singular reflections. For this we need the following results.

Lemma8.12. Let A be a 6-stable maximal k-split (resp. quasi k-split) torus
of Gandlet W = {«1, ..., ar} be a set of strongly orthogonal roots of ®(A).
Let Gy denote the closed subgroup of G generated by the Gg, (i =1,...,1).
Then:

r

[Gu, Gul = [ ][Gs, Gs,]

i=1
Moreover, if a1, ..., o are (6, k)-singular (resp. 6-singular), then 6|[ Gy, Gy]
is (0, k)-splitand [ Gy, Gg] N H containsa maximal k-split (resp. quasi k-split)

torus of [Gy, Gy].

Proof. Since [Gs,, Gs,] = e for o, B € ®(A) strongly orthogonal, the first as-
sertion is clear.

If a1, ..., o ared-singular, thenit followsfrom Proposition 3.8 with an easy
induction that 6|[Gy, Gy] is (0, k)-split and [ Gy, Gy] N H contains amaximal
guasi k-split torus of [Gy, Gy].

Theresultfor ag, ... , ar (0, K)-singular followswith asimilar argument. [
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Proposition 8.13. Let A be a ¢-stable maximal k-split (resp. quas k-split)

torus of G, standard with respect to Ag, withdim A~ =r, dim AT = s. Then

the following are equivalent:

(i) 6 is (0, k)-split and H contains a maximal k-split (resp. quasi k-split)

torusof G.

(i) There exist strongly orthogonal subsets {«1, ... ,ar} and {B1, ..., Bs} Of
g-singular roots of ® (A), suchthat (ej) = —aj (i=1,...,r),0(Bj) =
Bi(j=1...,9)and —id =Sy, ...Sy,Sg .- - Ss:

Proof. We show the assertion for the case that A is k-split. The result for the
casethat Aisquas k-split followswith asimilar argument. The result is proved
by induction in several steps.
(1) If both AT and A~ are nontrivial, then the derived subgroup of Zg(A™)
satisfies the conditions. Hence the induction argument works. So it suffices to
provetheresult inthecasesthat A= A~ or A= AT,
(2) Assumefirst that A= A~. Let She amaximal k-split torus of G contained
in H. Then Sis standard with respect to A and — id isthe S-standard involution
in W(A). Soin particular 6|A = —id € W(A). Let a1,...,ar € ®(A) be
strongly orthogonal such that —id = s, ...Sy,. By Proposition 3.8 each «;
(i=1,...,r)is (0, k)-singular.
(3) Assume next that A = AT. Let Ag be a 6-split maximal k-split torus of
G. Then —ide W(Ag) and —id =S, ... Sy, Withay, ... ar € ®(Ag) strongly
orthogonal (6, k)-singular roots. Let ¥ = {ay, ... , o} and Gy the subgroup of
G generated by the G, (i=1,...,r). FromLemma8.12 it follows now that
Gy satisfies (i). Let Sbeamaximal k-splittorusof Gy N H. Then ®(S, Gy) =
®(Ag, Gy) isof type A; + ...+ Az (r times) and each root of & (S, Gy) is
(6, k)-singular, because9|[Gsai,Gsai] #idfor(i=1,...,r). Say (S Gy) =
{£y1,..., ). Since Sand A are Hy-conjugate, y1, ... , y are mapped into
a set of strongly orthogonal (6, k)-singular roots of ®(A), which proves the
result.

(i) = (i) followsimmediately from Lemma 8.12. O

Corollary 8.14. Let A be a 6-stable maximal k-split (resp. quasi k-split) torus
of Gand w € W(A) a (0, k)-singular (resp. 6-singular) involution. Then there
exists strongly orthogonal subsets {1, ... ,ar} and {1, ..., Bs} of 6-singular
rootsof ®(A),suchthatf(cj) = —cj (i=1,...,r),0Bj))=pj(j=1,...,9)
and w =Sy, ...Sy S, - - - Sgs-

Proof. Consider G,, = Zg(T,). Then the result follows from Proposition 8.13.
O



TORI INVARIANT UNDER AN INVOLUTORIAL AUTOMORPHISM |1 53

Remark 8.15. Theseresultsgeneralize similar results of Matsuki [19] for k = R.
The (6, k)-singular involutions correspond to the g-orthogonal systemsin [19].

The 6-singular involutions in W(Ag) can now aso be characterized as fol-
lows.

Theorem 8.16. Let Ag be a #-stable maximal k-split torus of G with Ay a max-
imal (6, k)-split torus of G and w € W(Ag), w2 = e. Then the following are
equivalent:

(i) wis@-singular
(i) (Ao)y, C Ay
Proof. (ii) = (i). From (Ag),, C A, it followsthat w and & commute. Since
(Ao),, is ad-split maximal k-split torus of [G,,, G,] it suffices to show that
[Gw, Gy] N H contains a maximal quasi k-split torus of [G,,, G,]. But this
follows from Proposition 8.13.

(i) = (ii) follows from Lemma 8.5. O

Corollary 8.17. Let Ag be a #-stable maximal k-split torus of G with A; a
maximal (6, k)-split torus of G. Then we have the following.

(i) Everyinvolutionin W(Ag) NW(Ay) is6-singular.

(i) o € ®(Ag) iso-singular if and only if « isareal root.

Thisresult isimmediate from Theorem 8.16.

8.18. Characterization of the maximal standard involutions. Let (A, T) €
AT be standard with respect to (Ag, To). The #-singular roots of ®(A) can be
split in three classes related to the maximal torus T. For o € ®(A) let A, =
{ae A1 | sw(@) = a}O’ Gy = ZG(Aa)yéa = [Gou Got] and T% = Tméa .

Definition 8.19. A rea roota € ®(A) iscalled T-stable-singular (resp. (6, T)-
singular) if T* N H contains amaximal quasi k-split torus of G, (resp. T* N H
contains no quasi k-split tori).

Similarly animaginary 6-singular root « € ® (A) iscalled T-stable #-singular
(resp. (6, T)-singular) if T* contains a6-split maximal quasi k-split torus of G,
(resp. T* N H contains no quasi (6, k)-split tori).

Proposition 8.20. Let w € W(Ap) N W(Tp). Then w is a maximal standard

involution of W(Ap) N W(Tp) if and only if there exist orthogonal (6, Tp)-
singular roots o, ...,a; € ®(Ag) suchthat w = sy, . .. Sy,

Proof. Assumefirst that w isamaximal standard involution of W(Ag) NW(Tp).
Let Ty be a 6-stable maximal torus standard with respect to Tp, such that w is
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the Ty-standard involutionin W(Tp) and g € Zg((To); )suchthat Ty = gTog™L.
Then A; = gAgg~? is ab-stable maximal quasi k-split torus standard with re-
spect to Ag. Soif a1, ..., ap € P(Ag) N P(Tp) suchthat w =5y, ... Sy,, then
a1, ...,ap are (6, Tp)-singular.

The converse statement follows with a similar argument as in Proposition
8.13. O

8.21. Characterization of G,. A question which remainsis how one can de-
termine the possible pairs (G, 6| G,,) for ad-singular root « € ® (A) and which
of these pairs correspond to (6, T)-singular (resp. T-stable 6-singular) roots.
We will discuss thisin the following.

Let (A, T) € AT beadt-pair. In spite of the fact that A~ is not maximal
(0, k)-split and T~ isnot maximal 6-split the restriction to G, leadsto a (T, 9)-
index, as follows from the following result.

Proposition 8.22. Let (A, T) € AT be a #™-pair, standard with respect to
(Ao, Tp) and let T O A be a maximal k-torus of G, standard with respect to
T, such that (A, Ty) isa 6~ -pair. Let « € ®(A) be a #-singular real root,
A=ANG,, T=TNG, and Ty = Ty N G,. Then we have the following.

(i) A=A isa#-split maximal k-split torus of G,,.
(i) T=T;
(iii) T isamaximal 6-split torus of G,.
Proof. Since « isarea root A C A~. But, since A is standard with respect to
Ao thetorus A~ is (0, k)-split. So (i) isclear.

(ii). Let w € W(Tp) be the T;-standard involution. Since T, C G, =
Zg((kera)?), itfollowsthat T = TN G, = T1 N Gy, what proves (ii). Finaly
(iti) isimmediate from (ii). ]

8.23. The (T, 0)-indicesfor the pairs (G, 6| G, ) have restricted rank one and
moreover the underlying I'-index has rank one. A list of the possible pairs
follows easily from the classification of (I", #)-indicesin [7], but unfortunately
there are many different cases. We can restrict this to a much smaller number
of cases by taking representatives for the 6-singular reflections in the set of
indecomposable roots @’ = {« € ®(A) | 2o # ®(A)} instead of ®(A). (Note
that if « isareal 6-singular root in ® (A) witha, 2o € ®(A), then« isf-singular
if and only if 2« is6-singular.) For the rootsin @’ we can prove the following.

Proposition 8.24. Let (A, T) € AT be a #™-pair, standard with respect to
(Ag, Tp), @' ={a € ®(A) | 2a # ®(A)} and o € &’ a H-singular real root.
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If T=TNG, A= AN Gy, then the k-irreducible isotropic component of the
I'-index of G,, is one of the following:
d-1 d-1

(d) — 1 —
1.0 or A e o —O—e e O

1 1
D(l) oO—e- < 2Dr(,lii O—O—<>F

or s copies of one of these, when the I'-index is not absolutely irreducible.

Proof. It suffices to prove the result in the case that the I'-index is absolutely
irreducible. So assume that & (T) is irreducible. If & € ®(A) N ®(T), then
G, = SL»(k) and the I'-index is of type A;.

If ®(A)N (T) = ¥, then it follows from the classification of I'-indices
in [29], that the I™-index can only be of type A\%) with d = ™52, D{%) with

n—1=2m>2or 2D(1) withn > 2. This provesthe result. O

Remark 8.25. There are many more restricted rank one I'-indices, but most
could be omitted due to the fact that we chose « € ®’. Thisresult gives also a
big reduction of the number of possible rank one (T", )-indices. All one needs
to do is to combine the above I'-indices with the possible involutions for these.
It also follows from this which 6-singular roots are (6, T)-singular or T-stable
f-singular. If we use the notation for the (I", 6)-indices asin [7] (see dso 9.19
and Table 1), then we have the following result.

Corollary 8.26. Let (A, T) € AT bead™-pair, standard with respect to (Ao, To),

={ae ®(A) | 2a # P(A)} anda € &' ab-singular real root. Assume that
the (T, 6)-index D of (G, 6]G,,) is absolutely irreducible. Then we have the
following:

(i) If a is T-stable 6-singular, then D is of type: Aé’zi(l), A%(II), Aﬁfi(l)
withd = %2 > 2, AP (1) with 2d = 41 > 2, D} (1§) with 1 < q <
n—1=2m, Dr(]’li(lb) withn—1=2m> 2,2Dr(]’li(lg)with1§q< n—1
or 2Dr(]’li(lb) withn > 2.

(i) Ifais (6, T)-singular, then D is of type: A(l’li(l).

Proof. Thisresult isimmediate from Proposition 8.22, Proposition 8.24 and the
classification of (I", 6)-indicesin [7]. O
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Remark 8.27. The above results 8.24 and 8.26 only hold for real 6-singular
roots. In 3.10 one can find an example that thisisin genera not true for imag-
inary 6-singular roots. For imaginary 6-singular roots it is actually essential to
look at the set of indecomposable roots instead of the set ®’ as above. Thelong
roots are important in determining the fibers of the map ¢ asin 1.14. We discuss
thisin some more detail in the remainder of this section.

8.28. A conjecture about the fibers of ¢. The question which remains unan-
swered is how many H-conjugacy classes of 6-stable maximal quasi k-split tori,
correspond to a single 6-singular involution. By Lemma 8.9 and Proposition
8.10 these are exactly the fibers of the map ¢|¢(V)/W. Inthefollowing we dis-
cuss a conjecture, which gives a detailed description of these conjugacy classes.
Let w € W(Ag) bea#d-singular involution and (A, T) € A™ apair standard
with respect to (Ag, To), such that w is the corresponding (A, T)-standard in-
volution of W(Ag) N W(Tp). From Proposition 7.13 it follows that we can
write w = wiw2 = wowq With wq, wa involutions and w, a maximal standard
involution. The involution w1 isaso the T-standard involution of W(Tp).
Recall that, since T is standard with respect to Tp, there also exists a 6-
singular involution wz € W(T) and strongly orthogonal 6-singular imaginary
roots a1, ... ,an € ®(T) such that w3z = Sy, - - - Su,,- 1N [10] thisinvolution is
also called the Tp-standard involution of W(T). We define now the following:

Definition 8.29. A pair (A, T) € A™, standard with respect to (Ag, To), iS
called ag-singular standard pair if the To-standard involution of W(T) is con-
tained in W(A) N W(T).

Remark 8.30. If the Tp-standard involution w € W(T) iscontained in W(A) N
W(T)andw =Sy, - - - So, Withy, ..., an € @ (T) strongly orthogonal 6-singular
imaginary roots, then aso a1, ... ,an € ®(A) are 6-singular imaginary roots
with respect to A. Notethat inthiscase sy, ... , an iSamaximal set of strongly
orthogonal 6-singular imaginary rootsin ®(A) N & (T).

Proposition 8.31. Let w € W(Ap) beamaximal standardinvolutionand (Az, T),
(A2, T) € AT pairs #-singular standard with respect to (Ag, Tp), such that
w is the corresponding (A1, T)-standard and (A, T)-standard involution of
W(Ag) NW(Tp). Then (A1, T) and (Ap, T) are H-conjugate.

Proof. Note first that the pairs (A, T), (Ap, T) € AT are maximal standard
pairs, since w is a maximal standard involution. Let oy, ..., an be a maxi-
mal set of strongly orthogonal 6-singular imaginary roots in ® (A1) N ®(T),
B1, ..., Bn amaxima set of strongly orthogona 6-singular imaginary roots
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in ®(A2) N P(T) and wy = Sy, - - - Suyyy W2 = Sg, - - - Sg,, the corresponding 6-
singular involutions. We can extend a1, ... , an With apny1, ... , om to @ maxi-
mal set of strongly orthogonal 6-singular imaginary rootsin @ (T). Similarly we
can extend 1, ..., Bn With Bni1, ..., Bmtoamaximal set of strongly orthog-
onal #-singular imaginary rootsin & (T). With an easy induction it follows then
that w3 = Sy, - - Sumn ANd w4 = Sg,,,, - - - Sg,, @re conjugate under W(T, H). So
passing to Zg(T,,,), we may assume that w; and w, are maximal 6-singular in-
volutionsin W(T) N Zg(T™). But thenit followsfrom [10, 3.7] that w1 and w»
are conjugate under W(T, H). Finaly, passing to Zg(A,,,) the result follows
from Corollary 3.17. OJ

8.32. Let (A, T) € AT be af-singular standard pair. Under the action of
W(T) N Zg(A™) some of the the strongly orthogonal 6-singular imaginary
roots of ®(A) N & (T) can be mapped to H-compact roots of T. If wy € W(T)
is such a Weyl group element, then the corresponding pair (w1 (A), T) isno
longer a 6#-singular standard pair and consequently (A, T) and (w1(A), T) are
not H-conjugate. To describe this phenomena we define now the following:

Definition 8.33. Let w € W(Ap) bead-singularinvolutionand (A1, T) e AT a
pair standard with respect to (Ag, Tp), such that w isthe corresponding (Az, T)-
standard involution of W(Ag) N W(Tp). Then we define the 6-singular imag-
inary rank of (Az, T) as the number of roots in a maximal set of strongly or-
thogonal 6#-singular imaginary roots a1, ... ,ar € ®(A1) N O (T). We denote
thisby ranky(Aq, T).

We have now the following conjecture for the pairs related to a 6-singular
involution of W(Ap):

Conjecture 8.34. Let w € W(Ap) bead-singular involutionand (A1, T), (A2, T) €
AT pairs standard with respect to (Ao, Tp), such that w is the corresponding
(A1, T)-standard and ( Ay, T)-standard involution of W(Ag) N W(Tp). Then
(A1, T)and (Ag, T) are H-conjugateif and only if ranky (A1, T) =ranky (A2, T)

Remark 8.35. In the case that the 6-singular imaginary rank of a pair (A1, T)
is maximal, then (A1, T) is a #-singular standard pair. |If then additionally
w € W(Ag) isamaximal standard involution, then this conjecture follows from
Proposition 8.31. So part of what this conjectures states is that the reflectionsin
® (A) corresponding to T-stable #-singular imaginary roots (see 8.19) remain
g-singular under the action of W(T). So al one really has to look at are the
imaginary rootsa € ®(A) N & (T) for which %oz e ®(A).
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9. Classification of the conjugacy classes of 6-singular involutions

In this section we classify the conjugacy classes of 6-singular involutions,
what gives a partial classification of the H-conjugacy classes of maximal quasi
k-split tori. We will use for this the classification of involutionsin Weyl groups
asin [10] and the classification of (T, #)-indicesasin [9] and [7].

9.1. Throughout this section let Ag be a 6-stable maximal k-split torus with
A, amaximal (0, k)-split torus of G and To O Ag amaximal torus of G, such
that (Ao, To) isad™ pair. Denote the set of §-stable maximal quasi k-split tori
standard with respect to Ag by A1.

Similar as in [10] we use the following notation. Let E = X*(Ag) ®7 R,
d = P(Ag) and W= W(Ap). If o € Aut(d), then we denote the eigenspace
of o for the eigenvalue &, by E(o, &).

9.2. Toclassify the conjugacy classes of 6-singular involutionsof W = W (Ap)

it suffices, by Theorem 8.16 and Corollary 8.17, to classify the W ( Ag)-conjugacy
classesof involutions w with (Ag),, C Ay, i.€. involutionsof W(Ag) N"W(Ay).

This means we need to determine the conjugacy classes of involutions w € W

with E(w, —1) C E(9, —1). So the first step is to get a classification of the
eigenspaces E(0, —1). This follows essentially from the classification of the

pair ((Ag),0|P(Ag)). A list of these pairs can be derived from the (T, 60)-

indices. Basicaly ® (Ag) followsfrom the I'-index and 6| ® (Ag) can be derived

fromthe (T", #)-index. Werepresent the pairs (® (Ag), 6| P (Ap)) with ad-index

asin2.9. A list of theseisincluded in Table 1.

9.3. Asin212let ®g(—60) ={a € ® | () = —a} and Wp(—60) = W(Dg(—0))
the Weyl group of ®q(—6). Note that Wo(—6) C W1(0). We call an involution
w € W amaximal involution if E(w, —1) ismaximal. By [10, 2.11] any maxi-
mal involution w of W is the opposition involution with respect to abasis Ag of
do(—0). Sow = w%o.

Similar asin [10, 2.12] we call an involution w € W a #-maximal involution
of Wif E(w, —1) C E(8, —1) and w isamaximal involution of Wp(—6).

We can restrict now to a 9-maximal involution:

Proposition 9.4. Let wg € Wo(—6) be a 6-maximal involution. Then we have
the following.

(1) If we W aninvolutionwith E(w, —1) C E(#, —1) thenthereexists w; €
Wo(—6) suchthat E(wiwwy?l, —1) C E(wo, —1) C E(, —1).



TORI INVARIANT UNDER AN INVOLUTORIAL AUTOMORPHISM |1 59

(i) If wq, wp € Wsuchthat E(wj, —1) C E(wg, —1) C E(6, -1) (i=1, 2),
then w1 and w» are conjugate under W if and only if w1 and w, are
conjugate under Wy (wo).

Proof. The first statement follows from [10, 2.14] and the second statement
follows from [10, 2.18]. O

Remark 9.5. From this result it follows that it suffices to determine the conju-
gacy classes under W of involutions in Wo(—wg) instead of in Wo(—60). Here
wo isafixed -maximal involution of W.

9.6. Thediagram of conjugacy classes of #-singular involutions. Thereisa
natural diagram associated with the W-conjugacy classes of 6-singular involu-
tionsof W. Denotethe set of W-conjugacy (resp. Aut(® )-conjugacy) classes of
involutionsin W by ‘W (resp. 'W*) and the set of W-conjugacy (resp. Aut(®)-
conjugacy) classes of involutions in Aut(®) by W, (resp. W;). The elements
of W (resp. W*, Wa, W) will be denoted by [w], where w isan involution in
theclass[w]. Anorder on ‘W (resp. W*, ‘Wa, 'W;) is defined as follows.

Definition 9.7. Let [wi1], [wa] € W (resp. W*, Wa, W)). Wecal [w1] > [w2]
if and only if E(wy, —1) C E(wp, —1) for some representatives wi of [wi]
(i=12).

Notation 9.8. For an involution o € Aut(®) let W(o) (resp. 'W* (o)) denote
the subset of those [w] € ‘W (resp. 'W*) with [w] > [o]. If o = 6 then W (0)
(resp. 'W*(6)) isthe set of W-conjugacy (resp. Aut(®)-conjugacy) classes of
f-singular involutionsin W. Thediagram of (W, >) (resp.(W*, >)) will bede-
noted by £ (®) (resp. L (®)) and thediagram of (W (o), >) (resp. (W* (o), >
)) by L(0) (resp. L*(0)).

From Proposition 9.4 we get now the following result.

Proposition 9.9. Let wg € Wo(—6) be a 6-maximal involution. Then ‘W (6) =
W(wg) and L (0) = L (wg).

9.10. Toclassify the W-conjugacy classes of 6-singular involutions, it suffices
to determine the diagram £(wg) for a 6-maximal involution wg € Wp(—6).
This diagram is a contained in £ (®), the diagram of W-conjugacy classes of
al involutions. Similar asin [10] we will show that this diagram is completely
determined by the type of the root system ®q(—wo) if (G, 0) isnot (0, k)-split.
Note that it aso suffices to classify the diagram £(wg) in the case that the
(I, 6)-index is absolutely irreducible. The other cases easily follow from that,
using asimilar argument asin [7].
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In the following we will first discuss the classification for the (6, k)-split case
and after that the classification for the case that (G, 6) isnot (6, k)-split.

9.11. The (8, k)-split case. The classification of the W-conjugacy classes of
g-singular involutions in the case that (G, 0) is (0, k)-split is a question of a
classification of W-conjugacy classes of all involutionsin W. Thisclassification
was givenin [10, §7]. Before we state the result first some more notation.

Notation 9.12. For an involution w € W we will also write ® (w) = ®o(—w).
If @ isirreducible, then ® (w) isof typer - Ai + X¢, where either X, = ¢ or one
of Be(£ >1),Ce(£ > 1), Dye(¢ > 1), E7, Eg, Fs0r G (see[10, 7.7]).

Lemma9.13. Let A abasisof ®. Every involution of W is conjugate with an
involution w®, € W for a subset IT of A.

Proof. Let A1 be a (—w)-basis of ®. Then w = w% for IT a subset of Aj.
Since Ag and A1 are conjugate under W the result follows. O

We have now the following classification of involutionsin W (see[10, 7.19]):

Theorem 9.14. [10, 7.19] Let ® be irreducible, A a basis of ®, w% € W an
involution of typer - A; + X, with Xx asin 9.12. Then we have the following:

(1) The Aut(®)-conjugacy class of w is completely determined by the type
of ®(w) exceptinthecases E7, r =3, Xk =0; Fgq, r =1, Xk = ¥;
Gy, r =1, X = ¥ wherethere are 2 conjugacy classes of the same type.
In the cases of E7 and F4 the conjugacy classes are completely determined
by the type of & (w) and & (—w).

(2) The Aut(®)-conjugacy class of w and the W-conjugacy class of w are
the same, except inthecases Dy, r =2, Xk =¥ and Dy (£ > 3), r =
£, Xx = ¥, where there are respectively 3 and 2 W-conjugacy classes of
the same type.

Remark 9.15. A list of the possible types of & = @(won) together with the
type of the diagram .£(®) is given in [10, Table I1]. The type of the diagram
L(P) isasogivenin Table 1.

9.16. The non (0, k)-split case. To classify the W-conjugacy classes of the
p-singular involutions in the case that (G, 0) is not (0, k)-split, we need to de-
termine the diagram £ (wg) for a #-maximal involution wg. The 6-maximal
involutions of W are exactly the opposition involutions of ®q(—0) = & N d,.
The type of ®(wg) C ®o(—0) for an opposition involution (i.e. -maximal in-
volution) wg, follows from [10, Table I1]. So it suffices to determine ®o(—6).
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This can be deduced from the 6-index of (®, 0|®) asfollows. Notefirst that the
black nodes in the 6-index correspond to Ag(69) and hence

(9.1) ®(wg) C Do(—6) C Ag(H)*.

The type of Ag(8)* follows from [10, Table I]. When 6*|Ag(6)* = id, then
®o(—60) = Ag(h)*, what is actually true in most cases. In the few remaining
cases one has to incorporate the diagram automorphism 6*. A list with the type
of the root system ®q(—6) for each of the absolutely irreducible (T", 8)-indices
isincluded in Table 1.

Without using the classification we can actually prove the following char-
acterization of ®g(—60) and ®(wg) for a f-maximal involution wq (see [10,
7.21)).

Lemma9.17. [10, 7.21] Let ® beirreducible, 6 € Aut(®) an involution such
that @4 is a root system with Weyl group Wy, A a (—0)-basis of &, Ag =
A N &g (—0) the corresponding basis of ®o(—6) and wg = wgo. Then wg isa
f-maximal involution of ® and ®o(—6) (resp. ®(wg)) isof typer - A (r > 0)
or of type X, with X, oneof B, (£ > 1), C,(£ > 1), Doy (£ > 2), E7, Es, Fa,
or G,.

Since thisresult also follows from the classification, we omit the proof. How-
ever it is easily shown by itself, using the the fact that both ® and @4 are irre-
ducible.

Contrary to the (0, k)-split case, the type of the root system d)(w%) foranin-
volution won, completely determines the conjugacy classin the case that (G, 6)
isnot (6, k)-split:

Theorem 9.18. Assume (G, 0) is not (6, k)-split and let ® be irreducible, A
a (—60)-basis of ®, Ag = A N dg(—0) and wg = wgo. Then we have the
following.
(i) Every involution w € W with E(w, —1) C E(6, —1) is conjugate under
Wo (—6) with an involution w%, where IT C Aq.
(i) The W- (resp. Aut(®)-) conjugacy class of an involution w® € W (IT C
Ao) iscompletely determined by the type of @(w%).

Proof. From Proposition 9.4 it follows that there exists w1 € Wp(—#6) such that
E(wiwwy?t, —1) C E(wo, —1) C E(6, —1). Sowe may assume E(w, —1) C
E(wo, —1). Let A; bea (—w)-basis of ®o(—6). Then w = w) for My a
subset of A1. Since Ag and A1 are conjugate under Wo(—6) (i) follows.

(i) follows from Theorem 9.14 and Lemma9.17. ]
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Remarks 9.19. (1) In Table 1 we list for each absolutely irreducible (T, 6)-
index the type of the diagram of conjugacy classes £ (wg). Moreover we give
the 6-index of (®(Ap), 0P (Ag)) and the type of the root system ®(Ap) N
D(AY).

I'r?%rder to be able to refer to the absolutely irreducible (T, 8)-indicesin this
table, we will use the following notation, which combines the notation of Tits
[29] for I'-indices and the notation in [9] for #-indices. For the I'-indiceswe use
the notation 9X{, .. Here X denotes the type of @, i.e. oneof A, B,..., G, n
therank of @, r therank of A and g the order of the action of I" on the Dynkin
diagram. In the case that g = 1 (i.e. the Dynkin diagram has no nontrivial
automorphism) wewill omitit inthe notation. Finally t denotes either the degree
of the division algebra, which occursin the definition of the considered form or
the dimension of the anisotropic kernel. To differentiate between these two
cases we put t between parentheses when it stands for the degree of the division
algebra. Infact the degree of the division algebraisonly used if X isof classical
type.

Asfor the 6-indices they can be described by the type in the Cartan notation
together with the rank of the restricted root system Ay, see[9, TableI1]. We will
use a superindex to indicate the rank of Ay. So combining these two we will
denote a (I, 6)-index by 9X{, ; (type6P), where 9X{, , is as above, typed is the
Cartan notation of the involution and p denotes the rank of Ag. For example
ZA%)H i1 (111P) meansthat @ is of type Agny1, 6 isof type Al I 1, the action
of ' on the Dynkin diagram is the diagram automorphism, the degree of the
division algebrais 1, rank Ar = n+ 1 and rank Ay = p.

(2) If @ isirreducibleand wo = wg the opposition involution of (®, A), then
® (wp) isirreducible or of typer - Ay (r = rank ® (wg)). Moreover L (wg) =
L(—id) = L(P) and thediagrams L (P) and L* (D) are the same, except for
Doy (£ > 2). Inthis case we will also write D*(2¢) for L* (D).

If ®(wp) isof typer - Az, thenwewill alsowrite A(r) for thediagram £ (D).
Since the diagrams for By and C; (¢ > 2) areidentical, we will denote both of
them by B(¢). Similarly the diagram L(®) for Dy,y1 (¢ > 2) isidentica to
the diagram L£*(®) for Do, and will be denoted by D*(2¢). For E7, Eg and
F4 we will denote the diagram L£(®) by respectively E(7), E(8) and F(4).
Finally the diagram for G, isidentical to the diagram for B, and will aso be
denoted by B(2).
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(3) The possible types of the root systems d)(w%) follow from [10, Table
[1] and the type of the §-maximal involution as given in Table 1. In fact Ta-
ble 1 gives the type of the diagram OC(ng), which completely describes the
conjugacy classes.

9.20. Concluding remarks. The classification of the W-conjugacy classes of
the 6-singular involutions only depends on the (T", #)-index and not on the spe-
cific k-involution 6. To classify the W-conjugacy classes of the (6, k)-singular
involutions all we need to do is to determine which of the conjugacy classes of
the 6-singular involutions contain a (6, k)-singular involution. Thiswill not only
depend on the (T", #)-index, but also on other properties of the k-involution, like
the associated quadratic elements (see [9] and [7] for more details on these).
A classification of the W-conjugacy classes of the (6, k)-singular involutions,
for k = R, will appear in the forthcoming part I11 of this series of papers. This
includes aclassification of the fibers of themap ¢ : 4{/Hy — A?/H asin (1.2).
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