A CONJUGACY THEOREM FOR SYMMETRIC SPACES

A.G HELMINCK, J. HILGERT, A. NEUMANN, AND G. OLAFSSON

Abstract. In this paper we prove that two Cartan subspaces of a semisimple symmetric
pair (g, 7) are conjugate undés = Int(g) if and only if they are conjugate undég")q.
Moreover we derive a double coset decomposition@owhich improves the results of
Oshima and Matsuki.

1. Introduction

Let G¢ be a semisimple complex Lie group a@d< Gg¢ a real form. Lett, ...t be
representatives of th@-conjugacy classes of Cartan subalgebras dfhen the set

n
JGNe. ()G

i=1

contains an open and dense subs&@f This was proved in [St86] using a result of Roth-
schild ([PR72]) which says that two Cartan subalgebrasare conjugate unde€s if and
only if they are conjugate und@&. In [HN93] and [La94] this double coset decomposition
was a main tool for examining maximal subsemigroup&gfthat containG nonisolated.

In [NO97] this decomposition was generalized to noncompactly causal semisimple
symmetric space&/H. It was shown there, that

n
JHNs(@)H

i=1

contains an open and dense subseGofHere theay, ..., ay are the representatives of
Ho-conjugacy classes of Cartan subspaces,ithe (—1)-eigenspace of the involution
in g, whereHg is the connected component bif containing the identity. The essential
fact used in the proof is that in noncompactly causal symmetric spacés-toajugacy
classes of Cartan subspaces are the same a&ptlienjugacy classes. In [NO97] this was
established by classifying thdg-conjugacy classes and required detailed information on
the special structure theory of noncompactly causal spaces.

In this paper we prove for general connected semisimple symmetric s@dteshat
two Cartan subspaces are conjugate ur@éfr and only if they are conjugate undét.
As a consequence of our theorem we can generalize the double coset decomposition to all
semisimple symmetric spaces.
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Theorem 10 and helped us to fix it.
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2. The Conjugacy Theorem

Definition 1. 1. A symmetric space is a triples, H, t) consisting of a Lie group G,
an involutive automorphismof G and a subgroup H with §5C H € G'.
2. A symmetric Lie algebra is a paig( t) of a Lie algebrag and an involutive auto-
morphismz. We denote by respectivelyy the +1 respectively—1 eigenspaces of
T.
3. We denote by the Lie algebra of G and we writealso for the derivative of acting
ong.

We fix a symmetric spacés, H, 7). For the purpose of this paper we will assume that
the groupG is connected and semisimple. Denote the cente dy Z(G). We will
assume that/(H N Z(G)) is noncompact. In particularis not a Cartan involution. We
recall that for each such involution there exists a Cartan involution g that commutes
with z. We denote by (respectivelyp) the +1 (respectively-1) eigenspaces @t Then

g = hdg=t®p
= Dr®hhdarday
where subscripts denote intersection, fie:= § N f and analogously in the other cases.

Definition 2. A subspace of g is called a Cartan subspace, if:

1. ais a maximal abelian subalgebra of
2. Every element af is semisimple.

Lemma 3. [L069, p.153, Theorem 2.1]etd1 and 6, denote two Cartan involutions an
commuting withe. Then there exists and Glauy such tha®; = Ad(h)6,Ad(h~1).

Lemma 4. [OM80, Lemma 5] eta be a Cartan subspace af Then there exists a Cartan
involution® on g, which commutes with and leaves invariant.

Lemma 5. Leta be a Cartan subspace gfand letd be a Cartan involution commuting
with . Then there exists ané G such thatAd (h)a is 6-invariant.

Proof. This follows from Lemma 3 and 4 . O

Lemma 6. [Wr72, Lemma 1.1.3.7Let K denote the analytic subgroup corresponding to
f. LetY = Ad(kexpX)Y, where ke K and Xe p. If both Y and Y are eigenvectors o,
we havg X, Y] = 0.

Lemma 7. Let a; and ap be two6d-invariant Cartan subspaces of Let G be ao6-
invariant subgroup of G. Denote the Lie algebra of B/ g1. Assume that 6= (G1 N
K) exp(g1 N p). Then the Cartan subspacesandas are conjugate under Gif and only
if they are conjugate under 31 K.

Proof. One direction is obvious. Now assume that for sane G; we have Adg)a; =
ap. Since then; aref-invariant, we have;j = (aj N f) & (aj N p). Furthera; N f (respec-
tively aj N p) are exactly theX € q; for which adX has purely imaginary (respectively real)
eigenvalues. This property is invariant under conjugation. Hence

Ad(@)(azNf) =a,Nf and Adg)(apiNp)=axNp.

Write g = kexpY withke GiN K andY € g1 Np. Let X e a; Nf. Then AdkexpY)X e
ap Nf. By Lemma 6 we get thaty X] = 0. So AdkexpY)X = Ad(k) X. It follows that

Ad(Q)la;nt = Ad(K) |qynt -
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In the same way we obtain Ad)|q,npy = Ad(K)|q,np. Taken together this results in
Ad(k)al = Ad(g)a1 = p. O

Note that the hypothesis on the Cartan decomposfipr= (G1 N K) exp(g1 Np) in
Lemma 7 is satisfied i6; has only finitely many connected components.

Lemma 8. Leta; anday be two maximal abelian subalgebrasmf Then they are con-
jugate undern’H N K)g.

Proof. In a reductive Lie algebra two maximal abelian subalgebrasast conjugate un-
der a maximal compact subgroup. The algepr® q, is a reductive Lie algebra. Hence all
maximal abelian subspacesdp are conjugate under the analytic subgroup corresponding
to b, which is(K N H)g. O

Lemma9. Let G; € H € G*. Then two-invariant Cartan subspaces; and a, are
conjugate under Hh K if and only ifa; N f anday N f are conjugate under K K.

Proof. The one direction is obvious. Now let us assume there exists Bl N K such that
Ad(k)(ag Nf) = apNf. Thenaz := Ad(k)a; will also be ag-stable Cartan subspacemf
Furthermorear, andagz both lie in3, (az N ), the centralizer ofi; N f in g. The subspaces
az Np andaz N p are both maximal abelian iy (a2 N f) N q,. Now the assertion follows
if we apply Lemma 8 tg4 (a2 N f). O

Theorem 10. Suppose thatG, H, t) is a semisimple symmetric space with G connected.
Assume that H is connected. lgtanda, be two Cartan subspaces @f, §)) in q. Then
a1 anday are conjugate under G if and only if they are conjugate under H.

Proof. One direction is obvious. To prove the other implication we first look at the case
thatG is simply connected. We assume thatinda, are conjugate undés. With Lemma

5 we can assume thai anda, are bothv-invariant. Then by applying Lemma 7 & we

can find &k € K such that Adk)a; = ap. In particular Adk) (a1 Nf) = ax Nf.

As f is reductive we have= 3(f) & t', where;(f) is the center of andt’ = [f, f]. Both
3(f) andf’ aret-invariant. SinceG is simply connected so iK. Therefore we have that
K =V x K’, whereV = exp;3(f) is a vector group an’ = expt’ is semisimple and hence
compact. Becaus¥ acts trivially onf we can find &’ € K’ such that Adk’)(a; N f) =
az N f. We denote by the projection ofyy Nftof'. Thea] are abelian and A')a} = a5.

We haveK’ = (H N K")gexp(qg Nt'), cf., [He78, Lemma 6.3 and Theorem 6.7]. Thus
we can writek’ = mexpY with me (HN K’)g andY € g N{'. Sincea’ anda), both lie
in g N we have folU € a) that Ad(k")U = t(—Ad(k')U) = Ad(z(k’))U and therefore
exp2Y) = (k')1K e Zk (a]). We claim that there exists an abelian subsgacey N {’
such that] € b and exg2Y) € exp(b).

Denote bySthe abelian group generated by €RJ¥) and exgaj). We claim thatS C
exp(q Nt'). To prove this we recall from the polar decomposition for compact symmetric
spaces that exg Nt') is precisely the connected componenteadih the setQ = {k ¢
K’ | t(k)~t =k} (cf. [Lo69, Prop. 1V.4.4]). Note that exp2Y)exp(X) € Q for each
ne ZandX e a] since exgn2Y), exp(X) € exp(q N{") € Q commute. Since exj}) is
connected and contains the identity we see thatmXp) exp(X) is in the same connected
component as exXp2Y), i.e. in exgg Nt'). Thus we obtair§ C exp(g N{).

Since exgq N f') is closed inK’ we obtainS € exp(q N f'). ThusSis compact and
S/S is finite. SinceS/S is generated by exgY)S, it is also cyclic. Therefore we
can find an element € Ssuch that{x" : n € N} lies dense irS. We writex = expZ for
Z e gNYt. Thenexp(RZ) is a connected abelian group lying in €xp {') and containing
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exp(2Y) and exgaj;). We denote it byB. Thenb, the Lie algebra oB, is the desired
subspace.

Let X € b be such that ex2X) = exp(2Y) and defingk; = k' exp(—X). SinceB is
abelian we have

kilt(k) = exp(X)exp(—=Y)m Imexp(—Y)exp(X)
= exp(—2Y)exp(2X) =e.

Sok; € G' N K. But G is simply connected, so by [L069, p. 337] we have iBais con-
nected. Therefork, lies in H N K. Since [X, aj] = 0 we obtain Adky)|a; = Ad(K')|a].
Then obviously Adky) (a1 N f) = Ad(k') (ag N ) = az N f. Now Lemma 9 completes the
proof. 3

If G is not simply connected we can look at the universal covering gGuprhen
Ad(G) = Ad(G) and Ad Gj) = Ad(Gj) which completes the proof in the general case.

O

We would like to remark here that the classificationHyf-conjugacy classes of Cartan
subspaces will be given in [Helm99]. Note the following simple consequence of our main
theorem.

Corollary 11. Let G be a connected semisimple groug,H3a symmetric space, anda
¢-invariant Cartan subspace of Then

H = Npnk (@) Ho.

Proof. Note first thatH = (H N K) exp(h N p). Pick anh € H. With Theorem 10 we can

find anh’ € Hg such that Adh)a = Ad(h")a. Write h(h')~1 = kexp(X) withk e HN K

andX € h N p. Then Lemma 6 shows thiate Nynk (a) which impliesh € Nynk (a) Ho.
O

Using Lemma 5 we see that without the assumption thigt6-invariant we can still
show thatH = Nynk (a) Hp holds forsomesubgroupK with maximal compactly embed-
ded subalgebra.

3. The Double Coset Decomposition

Theorem 12. Let G be a connected semisimple group antHG symmetric space. Let
ai, ...ap be representatives of the H-conjugacy classes of Cartan subspaces. Then the set

n
HNg (aj)H
j=1

i
contains an open and dense subset of G.

Proof. This proof is almost the same as in [HN93] or [NO97]. FEpe G we setg* :=

7(g)~L. Define A = Zg(aij) andB; = {g € G : gg* € Aj}. Denote byG™9 the set of
regular elements its. Then the seG’ = {g € G : gg* € G'9} is open and dense i@ and
[OM80, Theorem 2.ii] tells us, that

n
G c U HBiH.
i=1

Let g € Bj. Then Adgg*)|y = id. We have Adg*) = tAd(g)~1r. Therefore Adg)
commutes pointwise with ona;j. So Ad(g)a; is a Cartan subspace and therefore

Ad(h)Ad(Q)aj = aj
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for somej € {1,...,n} andh € H. By Theorem 10 we have that= j and thushg €
Ng(aj). It follows that

HBH € HNg(aj)H
which proves the claim. O
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