
Advances of Mathematics
All Right Reserved by Academic Press
Volume 00, Number 0, Xxxx XXXX, Pages 000–000
S 0001-8707(XX)0000-0

ON THE CLASSIFICATION OF k-INVOLUTIONS

A.G. HELMINCK

Abstract. Let G be a connected reductive algebraic group defined over a
field k of characteristic not 2,θ an involution ofG defined overk, H ak-open
subgroup of the fixed point group ofθ andGk (resp.Hk) the set ofk-rational
points ofG (resp. H). The varietyGk/Hk is called a symmetrick-variety.
These varieties occur in many problems in representation theory, geometry
and singularity theory. Over the last few decades the representation theory of
these varieties has been extensively studied fork = R andC. As most of the
work in these two cases was completed, the study the representation theory
over other fields, like local fields and finite fields began. The representations
of a homogeneous space usually depend heavily on the fine structure of the
homogeneous space, like the restricted root systems with Weyl groups, etc.
Thus it is essential to study first this structure and the related geometry.

In this paper we give a characterization of the isomorphy classes of these
symmetrick-varieties together with their fine structure of restricted root sys-
tems and also a classification of this fine structure for the real numbers,p-adic
numbers, finite fields and number fields.

1. Introduction

Symmetric varieties are defined as the spherical homogeneous spacesG/H
with G a reductive algebraic group andH the fixed point group of an invo-
lution θ. They occur in many problems in representation theory (see [BB81]
and [Vog83]), geometry (see [PdC83] and [Abe88]) and singularity theory (see
[LV83] and [Slo84]).

WhenG andθ are defined over a fieldk which is not necessarily algebraically
closed, thenGk/Hk is called asymmetric k-variety. HereGk andHk denote the
sets ofk-rational points ofGk and Hk. The symmetrick-varieties also play an
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important role in several areas including representation theory and the coho-
mology of arithmetic subgroups (see [TW89]). Best known are the symmet-
ric k-varieties over the real numbers (also called reductive symmetric spaces).
For the representation theory in this case one mainly studies the decomposition
into irreducible components of the regular representation ofGk on the Hilbert
spaceL2(Gk/Hk) of square integrable functions onGk/Hk (also called the
harmonic analysis of the reductive symmetric space). This has been studied
extensively in the last few decades. The first breakthrough was made in the
early fifties when Harish-Chandra commenced his study of general semisimple
Lie groups. Harish-Chandra’s work [HC84] led to Plancherel formulas for Rie-
mannian symmetric spaces (the reductive symmetric spacesGR/HR with HR

compact) and the group itself. (Note that any groupG is a symmetrick-variety.
Namely considerG1 = G× G and θ(x, y) = (y, x), then H ' G embedded
diagonally andG1/H ' G embedded anti-diagonally.) The case of general real
symmetrick-varieties turned out to be much more complicated and over the last
30 years many people worked on this, including Brylinski, Carmona, Delorme,
Faraut, Flensted-Jensen, Matsuki, Oshima, Sekiguchi, Schlichtkrul, and van
der Ban (see [BD92, CD94, Del97, Far79, FJ80, OM84, OS80, Ban88, BS97]).
The work on the Plancherel formula for real reductive symmetric spaces was
recently completed by Delorme [Del97].

For other base fields the representations related to symmetrick-varieties have
been studied fork a finite field (see for example [Lus90] and [Gro92]), fork a
number field (see [JLR93]) andk a p-adic field. This latter case is in fact the
natural next case to study now that the Plancherel formula for real reductive
symmetrick-varieties has been completed. These symmetrick-varieties are
also calledp-adic symmetric spaces. For these the “groups case” has again
been studied extensively. Much less is known for the general case, but re-
cently a number of encouraging first results have been obtained (see for ex-
ample [RR96, Bos92, HHb, HHa]). A major obstacle for studying the general
symmetrick-varieties has been that there was no classification of thesep-adic
symmetrick-varieties together with their fine structure of restricted root sys-
tems etc. In this paper we remove this obstacle by giving a characterization of
the isomorphy classes of these symmetrick-varieties and also classify the corre-
sponding fine structure for a number of base fields, including the real numbers,
p-adic numbers, finite fields and number fields. This classification of the fine
structure of restricted root systems with Weyl groups etc. related to these sym-
metric k-varieties is possibly even more important than a classification of the
symmetrick-varieties itself. In the real case this fine structure enabled one to
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analyze the representations involved in the Plancherel decomposition in much
more detail and consequently it played a fundamental role in the study of the
harmonic analysis of real reductive symmetric spaces. The first studies of the
representations associated with these symmetrick-varieties overp-adic and fi-
nite fields indicate that in these cases the fine structure will play a similar im-
portant role. A classification of the symmetrick-varieties makes it also possible
to study the representations of a number of explicit cases, so that one might get
an idea what problems to expect in tacking the representations for the general
symmetrick-varieties.

There are many ways in which one could characterize (and classify) the iso-
morphy classes of thek-involutions (and the related symmetrick-varieties). The
method presented here is not necessarily the easiest one, but it describes and
classifies at the same time the interplay of the fine structure of the symmetric
k-variety and the group itself. This is in some way even more useful for the
representation theory then a classification of the symmetrick-varieties itself as
noted above.

To classify the isomorphy classes ofk-involutions one needs to find a num-
ber of invariants which will characterize the isomorphy classes. One might
expect that one can use (with some modifications) the invariants used in the
characterization of involutions of groups defined over an algebraically closed
field and the invariants used in the characterization of semisimplek-groups.
Recall that semisimple algebraic groups defined over an algebraically closed
field are completely characterized (modulo the center) by the corresponding
Dynkin diagram. For isomorphy classes of involutions of groups defined over
an algebraically closed field of characteristic not 2 it was shown in [Hel88] that
they can be characterized by an extension of the Dynkin diagram for the group
called the “θ-index”. This θ-index completely determines the restricted root
system of the symmetric varietyG/Gθ, which is the root system of a maximal
θ-split torus ofG. (A θ-split torusS of G is a torus satisfyingθ(a) = a−1 for
all a ∈ S). For isomorphy classes of semisimplek-groups there also exists a
natural extension of the Dynkin diagram which describes the finek-structure
of the group, including the restricted root system related to a maximalk-split
torus. This diagram is often called a0-index, where0 is the Galois group of a
finite extensionK of k, which splits a maximalk-torus containing a maximalk-
split torus. However in this case the0-index does not suffice to characterize the
isomorphy classes of semisimplek-groups and a second invariant is needed. A
necessary and sufficient second condition is the isomorphy of thek-anisotropic
kernels of the groups (i.e. the centralizer groups of the maximalk-split tori or
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equivalently the Levi factors of minimal parabolick-subgroups). We note that
for k = R this second invariant is not needed and the semisimpleR-groups are
completely characterized by the0-index.

To classify the isomorphy classes ofk-involutions it would be natural to try
and combine the above classifications. Again one can define a natural exten-
sion of the Dynkin diagram for the group, which determines the restricted root
system of the symmetrick-variety together with the multiplicities etc. This re-
stricted root system is the root system of a maximal(θ, k)-split torus ofG, (i.e.
a torus which is bothθ-split andk-split). In this case there are some complica-
tions, since this index is not necessarily uniquely determined by the isomorphy
class of thek-involution. By requiring that the index is an extension of both
the underlying0-index andθ-index we can solve the uniqueness problem. We
can also combine this index now with the0-index andθ-index and get an index
from which we can recover all three these indices. This index will be called a
(0, θ)-index. From the characterization of the isomorphy classes ofk-groups
we know that this(0, θ)-index will not suffice to characterize the isomorphy
classes and we will need to require at least the isomorphy of thek-involutions
restricted to thek-anisotropic kernel. This is an invariant for the isomorphy
classes of thek-involutions. Again this condition is not needed in the case that
k= R.

Unfortunately these 2 invariants do not suffice to characterize the isomorphy
classes ofk-involutions. There are several complications and also a third invari-
ant is needed. The additional invariant essentially comes down to isomorphy
classes of cosets ofA/A2 in a maximal(θ, k)-split torus A. A complicating
factor here is that not all maximal(θ, k)-split tori are conjugate underHk and
consequently the isomorphy of the above cosets as well as the isomorphy of
thek-involutions of thek-anisotropic kernel is not under the normalizer of the
maximal (θ, k)-split torus, but under the set(H ZG(A))k, whereA is a maxi-
mal (θ, k)-split torus. Again in the case thatk = R these complications do not
occur. In fact, fork = R, the isomorphy of the above cosets can be reduced to
isomorphy classes of elements of order 2 in the maximal(θ, k)-split torus A.
Although the ideas behind this classification can be described relatively simply,
the technical details are in fact quite complicated. Precise definitions and an
outline follow.

Let G be a reductive algebraic group defined over an algebraically closed
field of characteristic not 2,T a maximal torus ofG, X∗(T) the group of char-
acters ofT, 8(T) the set of roots ofT with respect toG andW(T) the Weyl
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group ofT with respect toG. Isomorphy classes of involutions ofG were classi-
fied by reducing the problem toW(T)-conjugacy classes of certain involutions
of (X∗(T),8(T)) (see [Hel88]). This reduction can be obtained as follows.
Let C be the set of isomorphy classes of involutions ofG. An involutionθ of G
is callednormally related to Tif T−θ := {t ∈ T | θ(t) = t−1}0 is a maximalθ-
split torus ofG. Every involution ofG is G-isomorphic to one normally related
to T. So every isomorphy class inC has a representative which is normally
related toT. In [Hel88, 3.7] it was shown that two involutionsθ1, θ2 of G nor-
mally related toT areG-isomorphic if and only if the induced involutions of
(X∗(T),8(T)) areW(T)-conjugate. If we denote the set ofW(T)-isomorphy
classes of involutions of(X∗(T),8(T)) by T then this result gives us a map
ρ : C → T , which is one to one. It follows that the classification of theG-
isomorphy classes of involutions ofG reduces to a classification of isomorphy
classes of involutions of(X∗(T),8(T)), which can be lifted to an involution
of (G, T), normally related toT. Involutions of (X∗(T),8(T)) can be de-
scribed by an index, which describes at the same time the restricted root system
of the symmetric variety (i.e.8(T−θ )). This index is called aθ-index. So this
characterization also gives us all the fine structure of the symmetric varieties
related to these involutions.

Next assume that all our groups and automorphisms are defined over an ar-
bitrary field of characteristic not 2 and denote the set ofk-rational point of
a k-group G by Gk. Let Ck denote the set ofGk-isomorphy classes ofk-
involutions of G. To characterizeCk we can do something similar as for in-
volutions of groups over algebraically closed fields. Only this time, since we
havek-involutions and ak-structure, we do not only characterize the involutions
on a maximal torus, but also on a maximalk-split torusA of G so that we ob-
tain the fine structure of both thek-group and the symmetrick-varietyGk/Hk.
Similarly as in the case of maximal tori, we call an involutionθ of G normally
related to Aif A−θ := {a ∈ A | θ(a) = a−1}0 is a maximal(θ, k)-split torus of
G. Let T ⊃ A be a maximalk-torus ofG, W(A, T)= {w ∈W(T) | w(A)⊂ A}
and letT (A) denote the set ofW(A, T)-isomorphy classes of involutions of
(X∗(T),8(T),8(A)). Again, one can show that everyk-involution of G is
Gk-isomorphic to one normally related toA. So if we denote the family of
all k-involutions of G, which are normally related toA by Fk(A), then ev-
ery class inCk has a representative inFk(A). As with the isomorphy classes
of involutions of G, we get again a mapρk : Ck → T (A), using the condi-
tion that thek-involutions θ of G have to be normally related toA and T.
The image ofρk consists of theW(A, T)-isomorphy classes of involutions of
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(X∗(T),8(T),8(A)), which can be lifted tok-involutions of G, normally
related toA andT. We call these involutions of(X∗(T),8(T),8(A)) admis-
siblek-involutions.

Unfortunately the mapρk is in general not one-to-one, so in order to get a
characterization of theGk-isomorphy classes ofk-involutions ofG we will need
to characterize the fibers ofρk as well. LetN = NG(A) be the normalizer ofA
in G and letCk(A, G) denote the set ofN-isomorphy classes ofk-involutions,
which are normally related toA. Similarly as forCk we also have a natural
mapρN : Ck(A, G) −→ T (A). In Theorem 8.9 we show thatρN is one to
one. Since there exist also a natural mapρ1 of Ck into Ck(A, G) mapping a
Gk-isomorphy class onto aN-isomorphy class, it suffices to characterize the
fibers ofρ1 instead ofρk.

The characterization of the fibers ofρ1 can be split in 2 parts. The first part
concerns the restrictions of the involutions to thek-anisotropic kernelG0 of G,
i.e. the semisimple part ofZG(A), whereA is a maximalk-split torus ofG. The
k-anisotropic kernel ofG is uniquely determined (up tok-isomorphism) by the
k-isomorphism class ofG and in fact the isomorphy classes of semisimplek-
groups are characterized by a congruence of the0-indices and the isomorphy of
thek-anisotropic kernels. LetFk(A, ZG(A)) = {θ|ZG(A) ∈ Aut(ZG(A), G) |
θ ∈ Fk(A)} denote the set of the restrictions of thek-involutions inFk(A) to
ZG(A). Let Ck(ZG(A), G) denote the isomorphy classes of the involutions in
Fk(A, ZG(A)), which are isomorphic underGk. Since any two involutions in
Fk(A, ZG(A)) which areGk-isomorphic are alsoN-isomorphic we get a nat-
ural mapν : Ck(ZG(A), G)→ Ck(A, G). This map is clearly surjective and
its fibers are essentially theGk-isomorphy classes ofk-involutions of ZG(A)

(coming from involutions ofG), which give the sameN-isomorphy class. Fi-
nally by restricting thek-involutions inFk(A) to ZG(A) we also get a natural
mapµ from Ck to Ck(ZG(A), G). We note that essentially we have split the
mapρk in 3 parts:

Ck
µ−→ Ck(ZG(A), G)

ν−→ Ck(A, G)
ρN−→ T (A).

The fibers ofµ andν as well as the isomorphy classes of thek-involutions
can be characterized now as follows:

Corollary 8.14. Let G be a connected semi-simple algebraic group defined over
k, A a maximal k-split torus of G andθ1, θ2 k-involutions of G, normally related
to A. Thenθ1 is Gk-isomorphic toθ2 Int(a) for some a∈ A−θ2

if and only if
θ1|ZG(A) andθ2|ZG(A) are isomorphic under Gk.
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Instead of isomorphy underGk one can also consider isomorphy under Intk(G)

(the set of inner automorphisms ofG, which are defined overk) or Autk(G)

(the set ofk-automorphisms ofG). In these cases one gets similar characteriza-
tions by replacingGk-isomorphy by Intk(G) or Autk(G)-isomorphy whenever
appropriate.

To determine the fibers ofµ we have to determine theGk-isomorphy classes
of thek-involutionsθ Int(a) with a ∈ A−θ . Denote the set ofa ∈ A−θ such that
θ Int(a) is ak-involution of G by Ik(A−θ ). This is called theset of k-inner el-
ements of A−θ . Two involutionsθ Int(a) andθ Int(b) with a, b ∈ Ik(A−θ ) are
Gk-isomorphic if and only ifθ(g)ag−1 = b mod Z(G). So for the isomor-
phy of these involutions we will have to consider theθ-twisted action ofGk on
Ik(A−θ ). A characterization of these isomorphy classes is given in section 9.
Using the action of the Weyl group of8(A−θ ) one can reduce to elements of
Ik(A−θ ) contained in a Weyl chamber. Unfortunately this does not reduce the
classification of these involutions to the action ofZGk(A−θ ). The major com-
plicating factor here is that we have to consider isomorphy underGk instead
of NGk(A), because not all maximal(θ, k)-split tori of G areGθ(k)-conjugate.
The best one can do is to reduce to conjugacy under the set(ZG(A)Gθ)k, which
contains representatives for the Weyl group of8(A−θ ) as well. For the classifi-
cation of theGk-isomorphy classes ofk-involutions of thek-anisotropic kernel
of G one has in fact the same complication and one also needs to consider iso-
morphy underGk instead ofNGk(A). Again it suffices to consider isomorphy
under the set(ZG(A)Gθ)k. In fact most of the results in the characterization
of the isomorphy classes ofk-involutions become much simpler if all maximal
(θ, k)-split tori of G areGθ(k)-conjugate. We call pairs(G, θ) for which this
is the casespecial pairsand throughout this paper we will prove a number of
additional results for these pairs. It is well known that, fork = R, all pairs are
special and it is shown in [Hel99] that fork=Qp most pairs are special as well.

In a number of cases, includingk = R, the Gk-isomorphy classes of thek-
inner elements ofA−θ can be reduced to isomorphy classes of elements of order
2 in A−θ . The Weyl group orbits of these elements were classified by Borel and
de Siebenthal [BdS49].

To summarize, the classification of thek-involutions ofG essentially reduces
to the following 3 problems.

(1) classification of admissiblek-involutions of(X∗(T),8(T),8(A)).
(2) classification of theGk-isomorphy classes ofk-involutions of thek-an-

isotropic kernel ofG.
(3) classification of theGk-isomorphy classes ofk-inner elementsa∈ Ik(A−θ ).
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In the latter part of this paper we give a classification of the admissiblek-
involutions of(X∗(T),8(T),8(A)) for a number of base fields. For this we
describe thesek-involutions of(X∗(T),8(T),8(A)) by an index. The involu-
tion of (X∗(T),8(T)) can again be described by aθ-index, but this index does
not describe whether the involution is normally related toA, nor can one deter-
mine A and8(A) from this. On the other hand there exists also a natural index
corresponding to thek-structure ofG, which is called the0-index. Here0 is the
Galois group of a finite extensionK/k for which T splits. This index describes
both A and8(A). However, even if we combine the0-index andθ-index the
resulting index does not determine the maximal(θ, k)-split torus contained inA
nor its root system. For this we need to impose the following additional combi-
natorial condition. Let80(θ)= {α ∈8(T) | θ(α)= α}, 80(0)= {α ∈8(T) |∑

σ∈0 σ(α) = 0} and80(0, θ) = {α ∈ 8(T) |∑σ∈0 σ(θ(α)) =∑
σ∈0 σ(α)}.

The action of0 andθ on (X∗(T),8(T)) is called abasic actionif it satisfies
the following condition:

If 81 ⊂ 80(0, θ) irreducible component, then81 ⊂ 80(θ) or 81 ⊂ 80(0).

(1)

Now call an index of(X∗(T),8(T)) a (0, θ)-index if the action of0 andθ is
a basic action and it is both aθ-index and a0-index. We note that this index
describes at the same time the restricted root system of the symmetric variety
(i.e. 8(T−θ )), the restricted root system of thek-structure (i.e.8(A)) and the
restricted root system of the symmetrick-variety (i.e. 8(A−θ )). Moreover we
have now a one to one correspondence between the isomorphy classes of the
admissiblek-involutions of (X∗(T),8(T)) and the isomorphy classes of the
corresponding(0, θ)-indices (see Proposition 10.36). We will call a(0, θ)-
index admissible if the correspondingk-involution of (X∗(T),8(T),8(A))

is admissible. It suffices now to classify the admissible(0, θ)-indices. For
this we first need a characterization of the isomorphy classes of the admissi-
ble (0, θ)-indices. From the above characterization of the isomorphy classes
of k-involutions of G we already know that a necessary condition is that the
underlying indices of the involution with respect to the maximal torus (i.e. the
θ-index), the0-index of thek-structure and the index of the restriction of the in-
volution to thek-anisotropic kernel are all admissible. Also condition(1) must
be satisfied. In Theorem 10.45 we show that these do not suffice and show
that it must satisfy an additional combinatorial condition to be an admissible
(0, θ)-index. Finally in section 11 we use this result to classify the admissible
(0, θ)-indices (i.e. the admissiblek-involutions) fork the real numbers,p-adic
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numbers, a finite field or a number field. This includes a classification of the
root systems for the corresponding symmetrick-varieties.

A brief outline of this paper follows. In section 2 we set the notation and
review some basic facts about symmetrick-varieties. This includes a discus-
sion of the natural root system of a symmetrick-variety. Section 3 is devoted
to a characterization of theHk-conjugacy classes of maximal(θ, k)-split tori
by analyzing theZGk(A)×Gθ(k)-orbits in the set(ZG(A)Gθ)k for a maximal
k-split torus A of G. These conjugacy classes play a fundamental role in the
classification. In section 4 we discuss the interplay of the fine structures of the
symmetric variety (i.e. action ofθ), thek-group (i.e. the action of the Galois
group0 = Gal(K/k) of a splitting extension of the maximal torus) and the
symmetrick-variety (i.e. action ofθ and0). In the next section we define the
θ-index,0-index and(0, θ)-index corresponding to these actions and show that
they are uniquely determined by their respective isomorphy classes. In section
6 we prove a number of results aboutk-automorphisms which will be needed
for the classification and in section 7 we briefly review the characterization of
isomorphy classes of involutions of semisimple groups defined over an alge-
braically closed field and the characterization of isomorphy classes of semisim-
ple k-groups. Both these characterization are needed for the characterization
of k-involutions, which is finally discussed in section 8. Section 9 discusses
the Gk-isomorphy classes of the involutionsθ Int(a) for the k-inner elements
a ∈ Ik(A−θ ). The last 2 sections deal with the classification of the admissible
k-involutions of (X∗(T),8(T)). In section 10 we give a characterization of
the corresponding(0, θ)-indices and in section 11 we give a classification of
these fork the real numbers,p-adic fields, finite fields and number fields.

Some of the results in this paper were announced in [Hel94].

2. Preliminaries and Recollections

In this section we set the notations and recall a few results from [HW93]
and [Hel88]. We will also discuss the relation between the orbits of minimal
parabolick-subgroup acting on a symmetrick-variety and theHk-conjugacy
classes ofθ-stable maximalk-split tori. For this we will rephrase the charac-
terization of these orbits in [HW93] by giving another characterization of the
orbits, which is geared more toward the conjugacy classes ofθ-stable maxi-
mal k-split tori. Our basic reference for reductive groups will be the papers of
Borel and Tits [BT65, BT72] and also the books of Borel [Bor91], Humphreys
[Hum75] and Springer [Spr81]. We shall follow their notations and terminol-
ogy. All algebraic groups and algebraic varieties are taken over an arbitrary
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field k (of characteristic6= 2) and all algebraic groups considered are linear
algebraic groups.

2.1. Notations. Given an algebraic groupG, the identity component is denoted
by G0. We useL(G) (resp.g, the corresponding lower case German letter) for
the Lie algebra ofG. If S is a subset ofG andH a closed subgroup ofG, then
we write NH (S) (resp.ZH (S)) for the normalizer (resp. centralizer) ofS in H.
We write Z(G) for the center ofG. The commutator subgroup ofG is denoted
by D(G) or [G, G].

Let k be a field. An algebraic group defined overk shall also be called an
algebraick-group. For an extensionK of k, the set ofK-rational points ofG is
denoted byGK or G(K ).

If G is a reductivek-group andA a torus ofG then we denote byX∗(A)

(resp. X∗(A)) the group of characters ofA (resp. one-parameter subgroups of
A) and by8(A) = 8(G, A) the set of the roots ofA in G. The groupX∗(A)

can be put in duality withX∗(A) by a pairing〈 · , · 〉 defined as follows: if
χ ∈ X∗(A), λ ∈ X∗(A), thenχ(λ(t)) = t〈χ,λ〉 for all t ∈ k∗.

For a closed subgroupH of G we denote the Weyl group ofH relative to
A by WH (A) = NH (A)/ZH (A). If H = G, then we will also writeW(A) =
W(G, A) = NG(A)/ZG(A). If α ∈ 8(G, A), then letUα denote the unipotent
subgroup ofG corresponding toα. If A is a maximal torus, thenUα is one-
dimensional. Given a quasi-closed subsetψ of 8(G, A), the groupGψ (resp.
G∗ψ) is defined in [BT65, 3.8]. IfG∗ψ is unipotent,ψ is said to be unipotent and
often one writesUψ for G∗ψ.

If T is a torus ofG defined overk, then there are subtoriTa and Td of T,
whereTa is the largest anisotropic subtorus ofT and Td is the largestk-split
subtorus ofT defined overk. These tori satisfy:T = Ta · Td and Ta ∩ Td is
finite (see [Bor91, 8.15]).

Throughout the paperG will denote a connected reductive algebraick-group.

2.2. k-automorphisms. A mappingφ : G→ G is called ak-automorphism
if φ is a bijective rationalk-homomorphism whose inverse is a rationalk-
homomorphism as well. The group ofk-automorphisms ofG will be denoted by
Autk(G). If k is algebraically closed we will also write Aut(G) instead. Forg∈
G write Int(g) for the inner automorphism ofG defined by Int(g)(x) := gxg−1.
Denote the group of inner automorphisms ofG by Int(G) and the group of in-
ner k-automorphisms ofG by Intk(G). Then Intk(G) = Int(G) ∩ Autk(G).
Note that Intk(G) ) Int(Gk) = {Int(g) | g ∈ Gk}. For a subsetR⊂ G we will
write Int(R) for {Int(x) | x ∈ R}.
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For a subgroupS⊂ G let

Autk(G, S) = {φ ∈ Autk(G) | φ(S) ⊂ S},
Intk(G, S) = {φ ∈ Intk(G) | φ(S) = S} = Intk(G) ∩ Autk(G, S) and

Int(Gk, S) = {φ ∈ Int(Gk) | φ(S) = S} = Int(Gk) ∩ Autk(G, S).

Note that{x ∈ Gk | Int(x) ∈ Int(Gk, S)} = NGk(S) and {x ∈ G | Int(x) ∈
Intk(G, S)} ( NG(S). If k is algebraically closed we will also write Aut(G, S)

for Autk(G, S).
If T is a maximal torus ofG defined overk, then by Chevalley’s restriction

Theorem (see [Che58]) we have Intk(G, T)= Int(Gk, T).(Int(T)∩ Intk(G, T)).

2.3. Involutions of G. Let k be a field of characteristic not two,G a connected
algebraick-group,θ an automorphism ofG of order two andGθ = {g ∈ G |
θ(g) = g} the set of fixed points ofθ. This is a subgroup ofG which is re-
ductive if G is reductive. IfG is semisimple and simply connected, thenGθ is
connected, but in generalGθ is not necessarily connected. WhenG andθ are
defined overk, the automorphismθ will also be called ak-involution of G.

If G is reductive andH a k-open subgroup ofGθ, then we call the variety
G/H a symmetric varietyand the varietyGk/Hk a symmetric k-variety. Sym-
metric varieties are spherical.

Given g, x ∈ G, the twisted actionassociated toθ is given by (g, x) 7→
g ∗ x = gxθ(g)−1. This action will also be called theθ-twisted action. Let
Q= {g−1θ(g) | g∈ G} andQ′ = {g∈ G | θ(g)= g−1}. The setQ is contained
in Q′. Both Q and Q′ are invariant under the twisted action associated toθ.
There are only a finite number of twistedG-orbits in Q′ and each such orbit is
closed (see [Ric82]). In particular,Q is a connected closedk-subvariety ofG.
Define a morphismτθ : G→ G by

τθ(x) = θ(x)x−1, (x ∈ G).(2.3.1)

We will omit the subscriptθ from this map if there is no ambiguity about the
involution involved. The imageτ(G) = Q is a closedk-subvariety ofG andτ

induces an isomorphism of the coset spaceG/Gθ ontoτ(G). Note thatτ(x) =
τ(y) if and only if y−1x ∈ Gθ andθ(τ(x)) = τ(x)−1 for x ∈ G.

2.4. If T ⊂ G is a torus andσ ∈ Aut(G, T) an involution, then we writeT+σ =
(T ∩Gσ )0 andT−σ = {x∈ T | σ(x) = x−1}0. It is easy to verify that the product
map

µ : T+σ × T−σ → T, µ(t1, t2) = t1t2
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is a separable isogeny. In particularT = T+σ T−σ andT+σ ∩ T−σ is a finite group.
(In fact it is an elementary abelian 2-group.) The automorphisms of8(G, T)

andW(G, T) induced byσ will also be denoted byσ. If σ = θ we reserve the
notationT+ andT− for T+θ andT−θ respectively. For other involutions ofT,
we shall keep the subscript.

Recall from [Hel88] that a torusA is calledθ-split if θ(a) = a−1 for every
a ∈ A. If A is a maximalθ-split torus ofG, then8(G, A) is a root system with
Weyl groupW(A) = NG(A)/ZG(A) (see [Ric82]). This is the root system
associated with the symmetric varietyG/H. To the symmetrick-variety Gk/

Hk one can also associate a natural root system. To see this we consider the
following tori:

Definition 2.5. A k-torus A of G is called(θ, k)-split if it is both θ-split and
k-split.

Consider a maximal(θ, k)-split torusA in G. In [HW93, 5.9] it was shown
that8(G, A) is a root system andNGk(A)/ZGk(A) is the Weyl group of this
root system. We can also obtain this root system by restricting the root system
of Gk. Namely letA0 ⊃ A be aθ-stable maximalk-split torus ofG. ThenA=
(A0)−θ and8(G, A) can be identified with̄8θ = {α|A 6= 0 | α ∈ 8(G, A0)}.

We will need several properties of the centralizer of a maximal(θ, k)-split
torus. The key result in the study of these is the following result (see [HW93,
4.5]).

Proposition 2.6. Let A be a maximal(θ, k)-split torus of G. Let C, L1, L2 de-
note the central, anisotropic and isotropic factors of ZG(A) over k respectively.
Then we have the following conditions:

(1) A is the unique maximal(θ, k)-split torus of ZG(A).
(2) L2 ⊂ H.
(3) If A0 is any maximal k-split torus of ZG(A), then A0 is θ-stable and

moreover CL1 ⊂ ZG(A0).

Corollary 2.7. Let A be a maximal(θ, k)-split torus of G, A0 ⊃ A a maximal
k-split torus and S⊃ A a maximalθ-split k-torus of G. Then A0 and S com-
mute. In particular there exists a maximal torus T⊂ ZG(A) with A0 ⊂ T and
S⊂ T.

Proof. Let C, L1, L2 denote the central, anisotropic and isotropic factors of
ZG(A) overk respectively. ThenS⊂ CL1. Since by Proposition 2.6(3)CL1 ⊂
ZG(A0) the result follows.
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Remark2.8. If A is a maximal(θ, k)-split torus ofG, then we will we will call
a maximalk-torusT ⊂ ZG(A) a θ-standard maximal k-torusif T is θ-stable,
contains a maximalk-split torus ofG andT−θ is a maximalθ-split k-torus of
G. These maximalk-tori will play an important role in the classification of
k-involutions.

2.9. Pk-orbits on Gk/Hk. Let P be a minimal parabolick-subgroup ofG.
The double cosetsPk\Gk/Hk play an important role in the classification of
k-involutions. In this subsection we briefly review some results about these
double cosets from [HW93]. There are several way’s in which one can charac-
terize the double cosetsPk\Gk/Hk. One can characterize them as thePk-orbits
on the symmetrick-variety Gk/Hk (using theθ-twisted action), one can take
the Hk-orbits on the flag varietyGk/Pk or one can consider thePk× Hk-orbits
on Gk. All these characterizations are essentially the same. For more details
see [HW93]. We will use thePk× Hk-orbits onGk to characterizePk\Gk/Hk.

Let A be aθ-stable maximalk-split torus ofP, N = NG(A), Z= ZG(A) and
W = W(A) = NG(A)/ZG(A) the corresponding Weyl group. As in [HW93,
6.7] setVk = {x ∈ Gk | τ(x) ∈ Nk}. The groupZk× Hk acts onVk by (x, z) ·
y= xyz−1, (x, z) ∈ Zk× Hk, y ∈ Vk. Let Vk be the set of(Zk× Hk)-orbits on
Vk. If v ∈ Vk, we let x(v) ∈ Vk be a representative of the orbitv in Vk. The
setVk is essential in the study of orbits of minimal parabolic subgroups on the
symmetrick-variety Gk/Hk. The inclusion mapVk→ Gk induces a bijection
of the setVk of (Zk × Hk)-orbits onVk onto the set of(Pk × Hk)-orbits on
Gk (see [HW93]). The setVk is in general infinite. In a number of cases one
can show that there are only finitely many(Pk × Hk)-orbits onGk. If k is
algebraically closed, the finiteness ofVk was proved by Springer [Spr84]. The
finiteness of the orbit decomposition fork= R was discussed by Wolf [Wol74],
Rossmann [Ros79] and Matsuki [Mat79]. For general local fields this result can
be found in Helminck-Wang [HW93]. An example that in most cases the setVk
is infinite can be found in [HW93, 6.12].

2.10. W-action on Vk. The Weyl groupW acts onVk. This action is defined
as follows. Letv ∈ Vk and letx= x(v). If n ∈ Nk, thennx∈ Vk and its image
in Vk depends only on the image ofn in W. We thus obtain a (left) action ofW
on Vk, denoted by(w, v)→ w · v (w ∈ W, v ∈ Vk).

Let Ak denote the set of maximalk-split tori of G and letAθ
k be the fixed

point set ofθ i.e., the set ofθ-stable maximalk-split tori. The groupHk acts on
Aθ

k by conjugation.
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If x ∈ Vk, thenx−1Ax is again a maximalk-split torus and conversely any
θ-stable maximalk-split torus inAθ

k can be written asx−1Ax for somex ∈ Vk.
If v ∈ Vk, thenx(v)−1Ax(v) ∈ Aθ

k. This determines a mapζ of Vk to the
orbit setAθ

k/Hk. It is easy to check that this map is independent of the choice
of the representativex(v) for v and is constant onW-orbits. So we also get a
map of orbit sets:γk : Vk/W→ Aθ

k/Hk. In fact we have a bijection:

Proposition 2.11([Hel97, 1.9]). Let G,Aθ
k andγk be as above. Thenγk : Vk/

W→ Aθ
k/Hk is bijective.

Remark2.12. The characterization of the isomorphy classes ofk-involutions
as given in this paper holds for any fieldk with only the restriction that the
characteristic ofk is not 2. For the classification of the irreducible indices
corresponding to the isomorphy classes of thek-involutions we will restrict
to the case thatk is a perfect field. In fact we only give a classification of
these indices fork the real numbers,p-adics fields, finite fields and number
fields. The corresponding symmetrick-varieties are also mainly studied for
these fields. So to avoid unnecessary technical difficulties we will assume for
the remainder of this paper thatk is a perfect field of characteristic not 2. We
leave it to the reader to check that this restriction is not needed in section 8,
where we give the characterization of the isomorphy classes ofk-involutions.

3. Hk-conjugacy classes of maximal (θ, k)-split tori

The Hk-conjugacy classes of maximal(θ, k)-split tori will play an important
role in the classification of the isomorphy classes ofk-involutions. In this sec-
tion we will prove a few facts about these conjugacy classes. Recall that a first
characterization of the conjugacy classes of maximal(θ, k)-split tori was given
in [HW93, 10.3]. This result is the following.

Proposition 3.1([HW93, 10.3]). Let A1 and A2 be maximal(θ, k)-split tori
of G and A a maximal k-split torus of G containing A1. Then there exists
g ∈ (ZG(A)H0)k such that g−1A1g= A2.

We note that one can replace(ZG(A)H0)k in the above result by(H0ZG(A))k
and letg ∈ (H0ZG(A))k act onA via: gAg−1 (instead ofg−1Ag).

The maximalk-split tori containing the maximal(θ, k)-split tori are conju-
gate under(ZG(A)H0)k as well as follows from the following result.

Corollary 3.2. Let A1 and A2 be maximal(θ, k)-split tori of G andÃ1 ⊃ A1

and Ã2 ⊃ A2 maximal k-split tori of G. Then there exists g∈ (ZG( Ã1)H0)k

such that g−1A1g= A2 and g−1 Ã1g= Ã2.
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Proof. By Proposition 3.1 there existsg ∈ (ZG( Ã1)H0)k such thatg−1A1g=
A2. Leth∈ H0 andz∈ ZG( Ã1) such thatg= zh. Theng−1 Ã1g= h−1 Ã1h and
Ã2 areθ-stable maximalk-split tori of ZG(A2). Let G0 = [ ZG(A2), ZG(A2)].
By Proposition 2.6g−1 Ã1g∩G0 and Ã2 ∩G0 are maximalk-split tori of G0 ∩
H, hence there existsh1 ∈ (G0 ∩ H)k such thath1(g−1 Ã1g∩G0)h−1

1 = Ã2 ∩
G0. But then alsoh1g−1 Ã1gh−1

1 = Ã2. Clearlygh−1
1 ∈ (ZG( Ã1)H0)k.

It follows from the above results that to characterize theHk-conjugacy classes
of the maximal(θ, k)-split tori one needs to analyze theHk × Zk-orbits in
(H0ZG(A))k (or equivalently theZk× Hk-orbits in (ZG(A)H0)k). Before we
characterize these orbits we first note the following:

Lemma 3.3. Let g= zh∈ (ZG(A)H0)k, where z∈ ZG(A) and h∈ H. Then
τ(z) ∈ τ(Zk) if and only if there is a h1 ∈ Hk and z1 ∈ Zk such that zh= z1h1.

Proof. If τ(z) ∈ τ(Zk) then there existsz1 ∈ Zk such thatτ(z) = τ(z1). But
thenz−1

1 z∈ H. Takeh1 = z−1
1 zh. Thenzh= z1h1 ∈ (ZG(A)H0)k and since

z1 ∈ Zk it follows thath1 ∈ Hk. The opposite statement is immediate.

3.4. LetV1 be the set of representatives of the double cosetsZk\(ZG(A)H0)k/Hk.
This set basically consists out of a set of representatives for theHk-conjugacy
classes of maximal(θ, k)-split tori and the Weyl group cosetW(A, H)/W(A, Hk).
In the following we make this all a bit more explicit.

Let A1 ⊂ Aθ
k be the set ofθ-stable maximalk-split tori containing a maxi-

mal (θ, k)-split torus. From Corollary 3.2 it follows thatA1 = {g−1Ag | g ∈
(ZG(A)H0)k}. The groupHk acts onA1 by conjugation. LetA1/Hk de-
note the orbit set. Letζ : Vk→ Aθ

k/Hk be as in 2.10. Thenζ(V1) = A1/Hk.
In the following we show that the fiber ofζ restricted toV1 corresponds to
W(A, H)/W(A, Hk). First we need the following:

Proposition 3.5. Let g= zh∈ (ZG(A)H0)k, where z∈ ZG(A) and h∈ H. If
zh∈ (ZG(A)H)k ∩ NGk(A) then h∈ NH (A). Conversely if h∈ NH (A), then
there exists z∈ ZG(A) such that zh∈ (ZG(A)H)k ∩ NGk(A).

Proof. SinceNG(A) = NGk(A).ZG(A) the first statement is clear.
Let h ∈ NH (A). SinceW(A) has representatives inNGk(A), there exitsz∈

ZG(A) such thatzh∈ NGk(A). It follows thatzh∈ (ZG(A)H)k∩ NGk(A).

Corollary 3.6. W(A, H) has representatives in(ZG(A)H)k.
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3.7. W(A, H) act onVk andV1 is W(A, H)-stable. This can be seen as fol-
lows. Let w ∈ W(A, H), h ∈ NH (A) a representative. By Proposition 3.5
there existsz ∈ ZG(A) such thatzh∈ (ZG(A)H)k ∩ NGk(A). Let x(v) =
z1h1 be a representative ofv ∈ V1. Thenw · x(v) = zhz1h1 = zhz1h−1hh1 ∈
(ZG(A)H)k. It is easy to verify that this is independent of the representatives
z andh for w and also independent of the representativex(v) of v.

Note that the setZG(A)H ∩ NGk(A) consists of representatives for the el-
ements ofW(A, H). The Zk × Hk orbits of these elements give a set of rep-
resentatives isomorphic toW(A, H)/W(A, Hk) as follows from the following
result:

Proposition 3.8. The mapγ1 : V1/W(A, H)→ A1/Hk is a bijection.

Proof. Surjectivity follows from Proposition 3.1. As for injectivity letg1, g2 ∈
(ZG(A)H)k and A1 = g−1

1 Ag1 and A2 = g−1
2 Ag2. Then ζ(g1) = ζ(g2) if

and only if A1 and A2 are Hk-conjugate. Sayh ∈ Hk such thath−1A1h =
A2. We may assumeA1 = A2 Then x := g2g−1

1 ∈ NGk(A). Let z1, z2 ∈
ZG(A) andh1, h2 ∈ H such thatg1 = z1h1 andg2 = z2h2. Thenx= g2g−1

1 =
z2h2h−1

1 z−1
1 hh−1

2 h2h−1
1 ∈ (ZG(A)H)k ∩ NGk(A). If w is the Weyl group ele-

ment corresponding tox, theng2 = w · g1. From Proposition 3.5 it follows now
thatw ∈ W(A, H), which proves the result.

Corollary 3.9. Let{x(v) | v ∈ V1} be a set of representatives of V1 in (ZG(A)H)k.
Write x(v)= zvhv, where hv ∈ H and zv ∈ ZG(A). Then{x(v) · A= x(v)−1Ax(v)=
h−1

v Ahv | v ∈ V1} is a set of representatives for the Hk-conjugacy classes ofθ-
stable maximal k-split tori containing a maximal(θ, k)-split torus.

Remark3.10. If all maximal (θ, k)-split tori of G areHk-conjugate, thenV1 '
W(A, H)/W(A, Hk). This happens for example for any pair(G, θ) in the case
thatk = R and for many pairs(G, θ) in the case thatk is thep-adic numbers.
The classification of thek-involutions ofG is considerably simpler when this
happens. Therefor we define these pairs as follows.

Definition 3.11. Let G be a reductivek-group as above andθ ∈ Autk(G) a k-
involution. The pair(G, θ) is called aspecial pairif all maximal k-split tori of
G containing a maximal(θ, k)-split torus areHk-conjugate. If allk-involutions
of G are special, then we will also callG special.

Corollary 3.12. Assume(G, θ) is special. Then V1 ' W(A, H)/W(A, Hk).

Remark3.13. For many special pairs(G, θ) it also happens thatWG(A) has
representatives inHk. (Here A is a maximalk-split torus ofG containing a
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maximal(θ, k)-split torus). This implies thatW(A, H)=W(A, Hk) and hence
V1 ' {id}. This happens for example whenHk is k-anisotropic and for many
pairs(G, θ) in the case thatk = R (see [Hel88]) and for many pairs(G, θ) in
the case thatk is thep-adic numbers (see also 9.23). However even in these
cases it is not true in general as can be seen from the following example.

Example3.14. Let k = R, G= SL2(C), θ ∈ Aut(G) defined byθ(g) = tg−1,
g ∈ G and letA = {( a 0

0 a−1

) | a ∈ C} be the set of diagonal matrices. ThenA
is a maximalk-split torus ofG, which is a maximal torus as well. Moreover
A = A−θ . Both G and θ are defined overR, GR = SL2(R) and H = Gθ =
SO2(k) = {( a b−b a

) | a, b ∈ k, a2+ b2 = 1}. Note that in factθ = Int(x) where
x = (

0 −1
1 0

)
. Let σ = Int(y), where y = (

0 1
1 0

)
. Then σ = θ Int(b), where

b = (
i 0
0 −i

) ∈ A. The involutionσ is also defined overR and Gσ = {
(

a b
b a

) |
a, b∈ k, a2−b2= 1}. If g= (

a b
b a

) ∈ Gσ and
( r 0

0 r−1

) ∈ A, theng
( r 0

0 r−1

)
g−1=(

a2r−b2r−1 abr−1−abr
abr−abr−1 a2r−1−b2r

)
, sog ∈ NG(A) if and only if ab= 0. If b= 0, theng ∈

A= ZG(A) and if a= 0 thenb= ±i. It follows thatW(A, Gσ(R)) = {id} (
W(A, Gσ ) = W(A). A similar computation givesW(A, Gθ(R)) = W(A).

Remark3.15. Note that in general we do not need to have thatWG(A) =
WH (A). However in a few cases we can actually show that these groups are
equal. Examples are the case thatH is anisotropic overk (see [HW93, 10.6])
and the case thatk= R (see [Hel88, 6.16]). In general we can show the follow-
ing:

Lemma 3.16. Let A1 ⊃ A be a maximal k-split torus and T⊃ A1 a maximal
k-torus of G such that A0 = T−θ is maximalθ-split. Any element of WG(A) has
a representative in NGk(A) ∩ NGk(A1) or NG(A) ∩ NG(A1) ∩ NG(T)

Proof. Let A1⊃ A be a maximalk-split torus,W1(A1)= {w ∈W(A1) |w(A)⊂
A} and W0(A1) = {w ∈ W(A1) | w(a) = a, for all a ∈ A}. ThenW(A) '
W1(A1)/W0(A1). Namely if w ∈ WG(A), n ∈ NGk(A) a representative, then
A2 = nA1n−1 ⊂ ZG(A) a maximalk-split torus. So there existsz ∈ ZGk(A)

such thatznA1n−1z−1 = A1, hencezn∈ NGk(A) ∩ NGk(A1).
The second statement follows with a similar argument.

4. Group actions on root data

In 2.5 we saw that there is a natural fine structure of a restricted root system
associated with a symmetrick-variety (or equivalently ak-involutionθ) coming
from a maximal(θ, k)-split torus. The underlying symmetric variety and the
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semisimplek-group have a similar fine structure of restricted root systems. In
those cases the restricted root systems are related respectively to maximalθ-
split and maximalk-split tori. The restricted root system of a maximal(θ, k)-
split torus can be obtained as restrictions from either of these. All three of these
restricted root systems can be obtained by group actions on the underlying root
data. In this section we study these group actions on these root data and the
relation between all the restricted root systems involved.

4.1. Root Data. To deal with the notion of root system in reductive groups it
is quite useful to work with the notion of root datum. First we review a few
facts about root data. These results can be found in [Spr79,§1].

4.1.1. Aroot datumis a quadruple9= (X,8, X∨,8∨), whereX andX∨ are
free abelian groups of finite rank, in duality by a pairingX× X∨ → Z, denoted
by 〈 · , · 〉, 8 and8∨ are finite subsets ofX and X∨ with a bijectionα→ α∨
of 8 onto8∨. If α ∈ 8 we define endomorphismssα andsα∨ of X and X∨,
respectively, by

sα(χ) = χ− 〈χ, α∨〉α, sα∨ (λ) = λ− 〈α, λ〉α∨.(4.1.1)

The following two axioms are imposed:

(1) If α ∈ 8, then〈α, α∨〉 = 2;
(2) if α ∈ 8, thensα(8) ⊂ 8, sα∨ (8∨) ⊂ 8∨.

It follows from (4.1.1), thats2
α = 1, sα(α) = −α and similarly fors∨α . Put

E = X⊗Z R. For a subsetÄ of X we denote the subgroup ofX generated by
Ä by ÄZ and writeÄQ := ÄZ ⊗Z Q andÄR := ÄZ ⊗Z R. We considerÄQ

andÄR as linear subspaces ofE. Let Q := 8Z be the subgroup ofX generated
by 8 and putV = 8R = Q⊗Z R. We considerV as a linear subspace ofE.
Define similarly the subgroupQ∨ of X∨ and the vector spaceV∨. If 8 6= ∅,
then8 is a not necessarily reduced root system inV in the sense of Bourbaki
[Bou81, Ch.VI, no. 1]. The rank of8 is by definition the dimension ofV. The
root datum9 is called semisimple ifX ⊂ V. We observe thatsα∨ = tsα and
sα(β)∨ = sα∨ (β∨) as follows by an easy computation (c.f. Springer [Spr79,
1.4]). Let ( · , · ) be a positive definite symmetric bilinear form onE, which is
Aut(8) invariant. Now thesα(α ∈ 8) are Euclidean reflections, so we have

〈χ, α∨〉 = 2(α, α)−1.(χ, α) (χ ∈ E,α ∈ 8).

Consequently, we can identify8∨ with the set{2(α, α)−1α | α ∈ 8} andα∨
with 2(α, α)−1α. If φ ∈ Aut(X,8), then its transposetφ induces an auto-
morphism of8∨, so8 induces a unique automorphism in Aut(9), the set of
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automorphisms of the root datum9. We shall frequently identify Aut(X,8)

and Aut(9).
For any closed subsystem81 of 8 let W(81) denote the finite group gener-

ated by thesα for α ∈ 81.

Example4.2. If T is a torus in a reductive groupG, such that8(T) is a root
system with Weyl groupW(T), then the root datum associated to the pair
(G, T) is: (X∗(T), 8(T), X∗(T), 8∨(T)), whereX∗(T), 8(T), X∗(T) and
8∨(T) are as defined in 2.1. So in each of the cases thatT is either a maxi-
mal torus ofG, a maximalk-split torus ofG, a maximalθ-split torus ofG or a
maximal(θ, k)-split torus ofG, then the above root datum exists.

Remark4.3. If T1 andT2 are tori andφ is a homomorphism ofT1 into T2, then
the mappingtφ of X∗(T2) into X∗(T1), defined by

tφ(χ2) = χ2 ◦ φ, χ2 ∈ X∗(T2)(4.3.1)

is a module homomorphism. Ifφ is an isomorphism, thentφ−1 is a module
isomorphism from(X∗(T1),8(T1)) onto (X∗(T2),8(T2)).

4.4. Actions on root data. In the study ofk-involutions one has to combine
thek-structure of the group with the structure of the involution. For this one has
to combine the actions on the related root data. This can be seen as follows. Let
G be a reductivek-group,T a maximalk-torus ofG, X = X∗(T), 8 = 8(T),
K a finite Galois extension ofk which splitsT and0 = Gal(K/k) the Galois
group ofK/k. If φ ∈ Aut(G, T) is defined overk, thenφ? := t(φ|T)−1 satisfies
φ?σ = φ?, i.e.

σφ? = φ?σ for all σ ∈ 0.(4.4.1)

If θ ∈ Aut(G, T) is ak-involution, then we will also writeθ for θ? := t(θ|T)−1 ∈
Aut(X,8). Both 0 andθ act on(X,8). Let Eθ = {1,−θ} ⊂ Aut(X,8) be
the subgroup spanned by−θ|T. Let E0 ⊂ Aut(X,8) be the subgroup cor-
responding to the action of0 on (X,8) and let0θ = E0.Eθ be the subgroup
of Aut(X,8) generated byE0 andEθ. By (4.4.1)0θ is a finite subgroup of
Aut(X,8). The actions of0, θ, resp. 0θ on (X,8) all lead to natural re-
stricted root systems and as it turns out these are precisely the restricted root
systems related to a maximalk-split, θ-split resp. (θ, k)-split torus. Since all
three these actions on the root datum can be described in a similar manner we
will consider in the remainder of this section the action of a finite groupE on
(X,8).
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4.5. Let9 be a root datum with8 6= ∅, as in 4.1.1 and letE be a finite group
acting on9. Forσ ∈ E andχ ∈ X we will also writeχσ or σ(χ) for the element
σ.χ ∈ X. Write W=W(8) for the Weyl group of8. Now define the following:

X0 = X0(E ) =
{

χ ∈ X |
∑
σ∈E

χσ = 0

}
(4.5.1)

Then X0 is a co-torsion free submodule ofX, invariant under the action ofE .
Let 80 = 80(E ) = 8 ∩ X0. This is a closed subsystem of8 invariant under
the action ofE . Denote the Weyl group of80 by W0 and identify it with
the subgroup ofW(8) generated by the reflectionssα, α ∈ 80. Put WE =
{w ∈ W | w(X0) = X0}, X̄E = X/X0(E ) and letπ be the natural projection
from X to X̄E . If we take A = {t ∈ T | χ(t) = e for all χ ∈ X0} to be the
annihilator ofX0 andY = X∗(A), thenY may be identified withX̄E = X/X0.
Let 8̄E = π(8−80(E )) denote the set ofrestricted roots of8 relative toE .

Remark4.6. In the case thatE = 0, thenX0 is the annihilator of a maximalk-
split torusA of T. Similarly in the case thatE = Eθ, thenX0 is the annihilator
of a maximalθ-split torusA of G. In both these cases ifA is maximalk-split
resp.θ-split in G then8̄E is the root system of8(A) with Weyl groupW̄E .

We define now an order on(X,8) related to the action ofE as follows.

Definition 4.7. A linear order onX which satisfies

if χ � 0 and χ 6∈ X0, then χσ � 0 for all σ ∈ E(4.7.1)

is called aE -linear order. A fundamental system of8 with respect to aE -linear
order is called aE -fundamental system of8 or aE -basis of8.

A E -linear order onX induces linear orders onY = X/X0 andX0, and con-
versely, given linear orders onX0 and onY, these uniquely determine aE -linear
order onX, which induces the given linear orders (i.e., ifχ 6∈ X0, then define
χ � 0 if and only ifπ(χ) � 0). Instead of the aboveE -linear order one can give
a more general definition of a linear order onX, using only the fact thatX0 is a
co-torsion free submodule ofX (see [Sat71,§2.1]).

In the following we give a number of properties of anE -linear order onX.

4.8. Restricted fundamental system.Fix a E -linear order� on X, let 1 be
a E -fundamental system of8 and let10 be a fundamental system of80 with
respect to the induced order onX0. Let A= {t ∈ T | χ(t) = e for all χ ∈ X0} be
the annihilator ofX0 and define1̄E = π(1−10). This is called arestricted
fundamental systemof 8 relative toA or also arestricted fundamental system
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of 8̄E . The following proposition lists some properties of these fundamental
systems.

Proposition 4.9. Let X, X0, 8, 80, 8̄E , etc. be defined as above and let1, 1′
beE -fundamental systems of8. Then we have the following

(1) 10 = 1 ∩80.
(2) 1 = 1′ if and only if10 = 1′0 and1̄E = 1̄′E .
(3) If 1̄E = 1̄′E , then there exists a uniquew0 ∈ W0 such that1′ = w01.

Proof. (1). Assumerank8 = n, 1 = {α1, . . . , αn} and10 = {α1, . . . , αm},
m≤ n. It suffices to show that eachα ∈ 80 is a linear combination of theαi ’s
in 10. Write α =∑n

i=1 riαi , ri ∈ Z. We may assumeα � 0, i.e. ri ≥ 0. Since
α ∈ 80 we have

∑
σ∈E ασ = 0. Sinceα1, . . . , αm ∈ 10 we get:

∑
σ∈E ασ =∑

σ∈E (rm+1αm+1+ . . . rnαn)σ. By the definition ofE -linear orderασ
j � 0 for

m+ 1 ≤ j ≤ n and σ ∈ E . So if any of ther j 6= 0, m+ 1 ≤ j ≤ n, then∑
σ∈E ασ � 0, what contradicts the fact thatα ∈ 80.
(2). It suffices to show⇐=. Let� be theE -linear order defining1 and�′

theE -linear order defining1′. Let 8+ = {α ∈ 8 | α � 0} and8+�′ = {α ∈ 8 |
α �′ 0}. We will show that8+ = 8+�′ , what implies the result. Letα ∈ 1. If
α ∈ 10 = 1′0, thenα �′ 0. If α 6∈ 10, thenπ(α) ∈ 1̄ = 1̄′, hence alsoα �′ 0.
Since1 determines8+, it follows that8+ ⊂ 8+�′ . The same argument shows
8+�′ ⊂ 8+, hence8+ = 8+�′ .

(3). Since10 and1′0 are fundamental systems of80, there exists a unique
w0 ∈W0 such thatw010=1′0(0). But thenw01∩80=1′0(0) andπ(w01)=
1̄E = 1̄′E . So by (2)1′ = w01.

4.10. Restricted Weyl group. There is a natural (Weyl) group associated with
the set of restricted roots, which is related toWE/W0. SinceW0 is a normal
subgroup ofWE , everyw ∈WE induces an automorphism ofX̄E = X/X0 = Y.
Denote the induced automorphism byπ(w). Thenπ(wχ) = π(w)π(χ) (χ ∈
X). DefineW̄E = {π(w) | w ∈ WE }. We call this therestricted Weyl group,
with respect to the action ofE on X. It is not necessarily a Weyl group in the
sense of Bourbaki [Bou81, Ch.VI,no.1]. However we can show the following.

Proposition 4.11. Let X, X0, 8, 80, 8̄E , 1, 10, 1̄E , W0, WE , W̄E be
defined as above and let A be the annihilator of X0. Then we have the following:

(1) If w ∈ WE , thenw(1) is anE -fundamental system.
(2) Letw ∈ WE . Thenw ∈ W0 iff π(w) = 1 iff π(w)1̄E = 1̄E .
(3) W̄E

∼= WE/W0.
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(4) WE/W0
∼= NG(A)/ZG(A), where NG(A) and ZG(A) are, respectively,

the normalizer and centralizer of A in G.

Proof. (1). Forw ∈ WE define an order�w on X as follows:

if χ ∈ X and χ 6∈ X0, then χ �w 0 if and only if w(χ) � 0.

Sincew(X0) = X0 the order�w is anE -linear order onX andw(1) is an
E -fundamental system of8 with respect to this order.

(2). If w ∈ W0, then from the definition ofπ(w) it follows that π(w) =
1, which implies thatπ(w)1̄E = 1̄E . So it suffices to show that the latter
condition implies thatw ∈ W0. Sincew(1) and1 are bothE -fundamental
systems it follows from Proposition 4.9(3) that there existsw0 ∈ W0 such that
w0w(1) = 1, what implies thatw = w−1

0 ∈ W0.
(3) is immediate from (1) and (2).
(4). Let n ∈ NG(T) andw ∈ W(T) the corresponding Weyl group element.

Thenw(X0) = X0 if and only if n ∈ NG(A). It follows thatw ∈ WE if and
only if n ∈ NG(A). By (2) w ∈ W0 if and only if π(w) = 1. This is true if
and only ifn ∈ ZG(A). SinceNG(A) = (NG(A) ∩ NG(T)) · ZG(A) the result
follows.

Remarks4.12. (1) In the case thatA is a maximalk-split, θ-split or (θ, k)-split
torus, then8̄E is actually a root system with Weyl group̄WE . The general
question when̄8E is a root system inY = X/X0 was studied in [Sch69].

(2) In the remainder of this section we will also writē8, 1̄, W̄ instead of
8̄E , 1̄E , W̄E whenever it causes no confusion.

4.13. Action of E on1. From Proposition 4.11 it follows thatWE acts on the
set ofE -fundamental systems of8. There is also a natural action ofE on this
set. If1 is aE -fundamental system of8, andσ ∈ E , then theE -fundamental
system1σ = {ασ | α ∈ 1} gives the same restricted basis as1, i.e. 1̄σ = 1̄.
This follows from the fact thatαi ≡ ασ

i mod X0) for all αi ∈ 1, σ ∈ E . From
Proposition 4.9 it follows that there is a unique elementwσ ∈ W0 such that
1σ = wσ1. This means we can define a new operation ofE on X as follows:

χ[σ] = w−1
σ χσ, χ ∈ X, σ ∈ E .(4.13.1)

It is easily verified thatχ→ χ[σ] is an automorphism of the triple(X,8,1)

and thatχ[σ][γ] = χ[σγ] for all σ, γ ∈ E , χ ∈ X.
In the following we prove some properties of the action ofE on 1 which

will be needed lateron. We will assumeX0 is as defined in (4.5.1) and� is an
E order onX.
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Lemma 4.14. Letλ j ∈ 1̄ andαi ∈ 1 such thatπ(αi ) = λ j . If σ ∈ E , then we
have the following:

(1) ασ
i = αp+∑

αr∈10
ci,r (σ)αr for someαp ∈ π−1(λ j ), ci,r (σ) ∈ Z.

(2) α
[σ]
i = αp+∑

αr∈10
bi,r (σ)αr for someαp ∈ π−1(λ j ), bi,r (σ) ∈ Z.

Proof. Let rank(8)= n. Writeασ
i =

∑n
r=1 ci,r (σ)αr , whereci,r (σ) ∈ Z. Since

αi ∈ 1 and1 is aE -fundamental system of8 we may assume thatci,r (σ) ≥ 0
if αi 6∈ 10, andci,r (σ) = 0 if αi ∈ 10 andαr 6∈ 10. Reorder the fundamental
roots, if necessary, so that1−10 = {α1, . . . , αm} and10 = {αm+1, . . . , αn}.
Then the matrices(cij (σ))1≤i, j≤n are integral, and of the form

(
Aσ Bσ
0 Dσ

)
, where

all entries ofAσ and Bσ are≥ 0. Since the product of the matrices(cij (σ))

and(cij (σ
−1)) is the identity matrix, it follows thatAσ is necessarily a permu-

tation matrix, hence ifαi 6∈ 10, ασ
i = αp+∑

αr∈10
ci,r (σ)αr . Sinceπ(αi ) =

π(ασ
i ) = λ j it follows thatαp ∈ π−1(λ j ).

(2). Forσ ∈ E let wσ ∈ W0 such thatα[σ]
i = w−1

σ ασ
i . Let ci,r (σ) ∈ Z and

αp ∈ π−1(λ j ) such thatασ
i = αp+∑

αr∈10
ci,r (σ)αr . Then

α
[σ]
i = w−1

σ (αp+
∑

αr∈10

ci,r (σ)αr ) = w−1
σ (αp)+w−1

σ (
∑

αr∈10

ci,r (σ)αr ).

Sincew−1
σ ∈ W0 it follows that w−1

σ (
∑

αr∈10
ci,r (σ)αr ) = ∑

αr∈10
di,r (σ)αr

for somedi,r (σ) ∈ Z. Similarly w−1
σ (αp) = αp+∑

αr∈10
ei,r (σ)αr for some

ei,r (σ) ∈ Z. Letbi,r (σ)= di,r (σ)+ei,r (σ). Thenα
[σ]
i = αp+∑

αr∈10
bi,r (σ)αr .

Lemma 4.15. Let Ä = 10(E ) ∪ {α[σ] − α | α ∈ 1 − 10(E ) andα[σ] 6= α}.
Then X0(E )Q = ÄQ andcardÄ = rankX0(E ).

Proof. Clearly Ä is a linear independent set andrankX0(E ) ≥ cardÄ. So it
suffices to show thatÄ generatesX0(E ). From the definition ofX0(E ) and
XE (E ) it is clear thatX0(E )Q is generated overQ by the set{ασ − α | σ ∈
0, α ∈ 1}. If α ∈ 10(E ), thenασ ∈ 8 ∩ X0(E ) = 80(E ). Since10(E ) is
a fundamental system of80(E ) it follows that ασ − α ∈ 10(E )Z ⊂ ÄZ. If
α ∈ 1 − 10(E ), then for allσ ∈ 0 we haveπ(α) = π(ασ) = λ for some
λ ∈ 1̄E . By Lemma 4.14 we getα[σ] ∈ γ−1(λ) andασ = α[σ] + γ for some
γ ∈ 10(E )Z. But thenασ − α = α[σ] − α+ γ ∈ ÄZ.

Corollary 4.16. Let X, X0(E ), 8, 80(E ), 8̄E , 1, 10 be defined as above
and let1̄E = {λ1, . . . , λr } be a restricted fundamental system of8̄E , with the
(λi mutually distinct). Thenλ1, . . . , λr are linearly independent.
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Proof. Since1 spansX it follows that1̄E spansX̄E , so rankX̄E ≤ r . But since
rankX = rankX0(E )+ rankX̄E it follows from Lemma 4.15 that rank̄XE = r ,
henceλ1, . . . , λr are linearly independent.

The diagram automorphism [σ] relates the simple roots in1, which are lying
above a restricted root in̄1E :

Lemma 4.17. Let 1 be a (0, θ)-basis of8 and α, β ∈ 1, α 6= β such that
π(α) = π(β) 6= 0. Then there is aσ ∈ E such thatβ = α[σ] .

Proof. For eachσ ∈ E let wσ ∈ W0 such that [σ] = w−1
σ σ. Sinceπ(α) =

π(β) 6= 0 we haveα ≡ β mod X0(E ). But then
∑

σ∈E ασ =∑
σ∈E βσ. On the

other hand
∑

σ∈E ασ =∑
σ∈E wσα[σ] =∑

σ∈E α[σ] + δ1 with δ1 ∈ Span(10(E )).
Similarly

∑
σ∈E βσ =∑

σ∈E β[σ] + δ2 with δ2 ∈ Span(10(E )). But then we
have

∑
σ∈E (α[σ] − β[σ] ) = δ1 − δ2. It follows that δ1 = δ2 andβ = α[σ] for

someσ ∈ E .

5. (0, θ)-indices

The actions of0 and θ on the root datum can be described by an index.
These indices not only determine the fine structure of restricted root systems
with multiplicities etc. of the correspondingk-group and symmetric variety,
but also play an important role in the classifications ofk-groups and symmetric
varieties (or equivalently involutions of reductive groups). In this section we
extend these indices to get an index which describes the action of ak-involution.
Similar as fork-groups and symmetric varieties this index describes the fine
structure of restricted root systems with multiplicities etc. of the corresponding
symmetrick-variety, but also plays again an important role in the classification
of k-involutions in section 8.

5.1. The index ofE . Throughout this section let9 be a semisimple root datum
with 8 6= ∅, as in (4.1.1),E a (finite) group acting on9, like in 4.5,1 a E -
basis of8 and10 = 10(E ) = 1 ∩ X0(E ). In equation (4.13.1) we defined an
action ofE on 1, which we denote by [σ]. The action ofE on 9 is essentially
determined by1, 10 and [σ]. Following Tits [Tit66] we will call the quadruple
(X, 1, 10, [σ] ) an index ofE or anE -index. We will also use the nameE -
diagram, following the notation in Satake [Sat71, 2.4].

5.2. As in [Tit66] we make a diagrammatic representation of the index ofE
by coloring black those vertices of the ordinary Dynkin diagram of8, which
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represent roots in10(E ) and indicating the action of [σ] on 1 by arrows. An
example in typeDl is:

u e u u e�� u
@@ u [σ]

�

]

To use theseE -indices in the characterization of isomorphy classes of reduc-
tive k-groups or involutions, we need a notion of isomorphism between these
indices.

Definition 5.3. Let 9 and9′ be semisimple root data andE a group acting on
them. Acongruenceϕ of theE -index (X,1,10, [σ] ) of 9 onto theE -index
(X′,1′,1′0, [σ] ′) of 9′ is an isomorphism which maps(X, 1, 10)→ (X′,
1′, 1′0), and satisfies [σ] ′ = ϕ[σ]ϕ−1.

For k-involutions it suffices to consider two actions ofE on the same root
datum. In that case we will also use the termisomorphicE -indices instead of
congruentE -indices. In this case one can differentiate between inner and outer
automorphisms.

Definition 5.4. Let 9 be a root datum andE1, E2 ⊂ Aut(9) the subgroups of
Aut(9) corresponding to actions ofE on9. Two indices(X,1,10(E1), [σ]1)

and(X,1′,1′0(E2), [σ]2) are said to beW(8)- (resp. Aut(8))-isomorphicif
there is aw ∈ W(8) (resp. w ∈ Aut(8)), which maps(1,10(E1)) onto
(1′,1′0(E2)) and satisfiesw[σ]1w

−1 = [σ]2. Instead ofW(8)-isomorphic
we will also use the termisomorphic.

Remark5.5. An index ofE may depend on the choice of theE -basis of8, i.e.
for two E -bases1, 1′, the corresponding indices(X,1,10(E ), [σ] ) and(X,
1′, 1′0(E ), [σ] ′) need not be isomorphic. However this cannot happen if8̄E

is a root system with Weyl group̄WE :

Proposition 5.6. Let 9 be a semisimple root datum andE ⊂ Aut(9) a group
acting on9 such that8̄E is a root system with Weyl group̄WE . If 1, 1′ areE -
bases of8, then(X,1,10(E ), [σ] ) and(X,1′,1′0(E ), [σ] ′) are isomorphic.

Proof. Let 1̄E and1̄′E be restricted fundamental systems of8̄E induced by1
and1′ and letw̄ ∈ W̄E such thatw̄(1̄′E ) = 1̄E . Since by Proposition 4.11(3)
W̄E = WE/W0 there existsw1 ∈ WE such thatπ(w1) = w̄. By Proposition
4.11(1)w1(1

′) ∩ 80 is a basis of80, hence there existsw0 ∈ W0 such that
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w0w1(1
′) ∩80 = 10(E ). Let w = w0w1. Then from Proposition 4.11(2) it

follows thatw(1′) = 1 andw(1′0(E )) = 10(E ).
It remains to show thatw satisfies [σ] = w[σ] ′w−1. Let σ ∈ E and wσ,

w′σ ∈ W0 such thatσ(1) = wσ(1) andσ(1′) = w′σ(1′). Then [σ] = w−1
σ σ

and [σ] ′ = (w′σ )−1σ. Now

wσ(1) = wσw(1′) = σ(1) = σw(1′)(5.6.1)

= σwσ−1σ(1′) = σwσ−1w′σ(1′).

It follows thatwσw(1′)= σwσ−1w′σ(1′), henceσw−1σ−1wσw(1′)=w′σ(1′).
Since bothσw−1σ−1wσw andw′σ ∈ W it follows from (5.6.1) that

σw−1σ−1wσw = w′σ.(5.6.2)

Now if χ ∈ X, then

w[σ] ′w−1(χ) = w(w′σ )−1σw−1(χ) = ww−1w−1
σ σwσ−1σw−1(χ)(5.6.3)

= w−1
σ σ(χ) = [σ](χ),

what proves the result.

Remark5.7. In the case that̄8E is a root system with Weyl group̄WE , then the
restricted root system together with the multiplicities of the roots can be easily
determined from theE -index. See for example [Hel88].

For the general congruence of theE -indices we will use the following result:

Theorem 5.8. Let G1, G2 be connected semisimple groups defined over k. For
i = 1, 2 let Ti be a maximal k-torus of Gi, 9i = (X∗(Ti ), 8(Ti ), X∗(Ti ),
8∨(Ti )) the root datum corresponding to(Gi , Ti ), E a (finite) group acting on
9i , X0(E , Ti )= {χ ∈ X∗(Ti ) |∑σ∈E χσ = 0}, Ai = {t ∈ Ti | χ(t)= e for allχ ∈
X0(E , Ti )} the annihilator of X0(E , Ti ), 1(Ti ) a E -basis of8(Ti ), 10(Ti ) =
1(Ti ) ∩ X0(E ) and [σ] i the action ofE on 1(Ti ). If ϕ : (G1, T1, A1) →
(G2, T2, A2) is a k-isomorphism andϕ? = t(ϕ|T1)−1 is as in (4.3.1), then
there exists a uniquew ∈ WE (T2) such thatw(ϕ?(1(T1))) = 1(T2) and
ϕ[?] := wϕ? is a congruence from(X∗(T1),1(T1),10(T1), [σ]1) to (X∗(T2),
1(T2), 10(T2), [σ]2).

Proof. Sinceφ : (G1, T1, A1) → (G2, T2, A2) is a k-isomorphism it follows
that the induced mapϕ? : (X∗(T1), 8(T1), X0(T1))→ (X∗(T2), 8(T2), X0(T2))

is an isomorphism as well. Sinceϕ?(8+(T1)) is a set of positive roots with
respect to aE -linear order on8(T2) it follows that ϕ?(1(T1)) is a E -basis
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of 8(T2). Since8(A2) is a root system with Weyl groupW(A2) it fol-
lows from Proposition 4.11 that there exists a uniquew ∈ WE (T2) such that
w(ϕ?(1(T1))) = 1(T2). From Proposition 5.6 it follows now that theE -
indices(X∗(T2), 1(T2), 10(T2), φ?[σ]1(φ

?)−1) and(X∗(T2), 1(T2), 10(T2),
[σ]2) are congruent. Letϕ[?] := wϕ?. With a similar argument as in (5.6.1)
and (5.6.3) it follows now thatϕ[?] is a congruence of theE -indices(X∗(T1),
1(T1), 10(T1), [σ]1) and(X∗(T2), 1(T2), 10(T2), [σ]2).

Definition 5.9. If φ : (G1, T1, A1)→ (G2, T2, A2) is a k-isomorphism as in
Theorem 5.8, then we will call the congruenceϕ[?] := wϕ? of the E -indices
(X∗(T1), 1(T1), 10(T1), [σ]1) and(X∗(T2), 1(T2), 10(T2), [σ]2) thecon-
gruence associated withϕ.

In the cases ofE = Eθ andE = 0 we get the well knownθ-index and0-index,
which are essential in the respective classifications. Since the classification of
k-involutions depends on a classification of these, we will briefly review these in
the next subsections. First we need still a notion of irreducibility forE -indices.

Definition 5.10. Let E ⊂ Aut(X,8) be a subgroup and1 aE -basis of8. An
indexD = (X,1,10, [σ] ) is E -irreducible if 1 is not the union of two mutu-
ally orthogonal [σ]-invariant (non-empty) subsystems1′, 1′′. The systemD
is absolutely irreducibleif 1 is connected. In the caseE = E0 (resp. Eθ) we
will also call anE -irreducible index ank-irreducible index (resp.θ-irreducible
index).

5.11. θ-index. In this subsection we discuss the index associated with an in-
volutorial automorphism of a reductive algebraic group. LetG be a reductive
algebraic group,θ ∈ Aut(G) an involution andT a θ-stable maximal torus of
G. Write X = X∗(T), 8 = 8(T) and letEθ = {1,−θ} ⊂ Aut(X,8) be the
subgroup spanned by−θ|T. In this case we will also writeX0(θ), X̄θ, 80(θ),
8̄θ, W1(θ), W̄θ, 10(θ), 1̄θ instead of, respectively,X0(Eθ), X̄Eθ

, 80(Eθ), 8̄Eθ
,

W0(Eθ), W1(Eθ), W̄Eθ
, 10(Eθ), 1̄Eθ

. A Eθ-order onX will also be called a
θ-orderon X, aEθ-basis of8 a θ-basisof 8 and aEθ-index aθ-index.

Let 1 be aθ-basis of8. To find theθ-index we need to find the action of
[−θ] on (X,8,1). Sinceθ(−1) is also aθ-basis of8 with the same restricted
basis, it follows from Proposition 4.9 that there isw0(θ) ∈ W0(θ) such that
w0(θ)θ(1) = −1. Putθ∗ = θ∗(1) = −w0(θ)θ. Thenθ∗ = [−θ]. Note that
θ∗(1) ∈ Aut(X,8,1) = {φ ∈ Aut(X,8) | φ(1) = 1}, θ∗(1)2 = id and
θ∗(10(θ)) = 10(θ).

Remarks5.12. (1) θ∗ = [−θ] can be described by its action on the Dynkin
diagram of1. Notice that
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(a) if 8 is irreducible, thenθ∗ is either the identity or a diagram automor-
phism of order 2. The latter happens only if8 is either of typeAl (l (≥ 2),
D2l+1(l (≥ 2) or E6.

(b) if 8 = 81 ∪82 with 81,82 irreducible andθ(81) = 82, thenθ∗ ex-
changes the Dynkin diagrams of81 and82. In particular80(θ) = ∅, so
w0(θ) = id andθ = −θ∗.

(2) If θ = id and1 is a basis of8, thenθ∗(1) = −w0(id) is called the
opposition involutionof 1. In this case we shall also write id∗(1) for θ∗(1).
For 8 irreducible the opposition involution is non-trivial if and only if8 is
either of typeAl (l (≥ 2), D2l+1(l (≥ 2) or E6.

(3) The action ofθ∗ on10(θ) is determined by10(θ), becauseθ∗|10(θ) =
−w0(θ) is the opposition involution of10(θ), which is uniquely determined
on each irreducible component of80(θ) by the type of the root system80(θ).
So for theθ-index we can omit the action ofθ∗ on10(θ).

(4) For8 irreducible, the action ofθ∗ can only be non-trivial if8 is of type
Al (l ≥ 2), Dl (l ≥ 4) or E6.

(5) The involutionθ is determined by itsθ-index, sinceθ = −θ∗w0(θ) and
w0(θ) is completely determined by the type ofW0(θ).

The indices of involutions of(X,8) can be easily determined using the fol-
lowing result from [Hel88]:

Lemma 5.13([Hel88, Lemma 2.14]). Let 1 be a basis of8, 10 ⊂ 1 a sub-
set andθ∗ ∈ Aut(X,8,1) such thatθ∗(10) = 10, (θ∗)2 = id. Let X0 be
the Z-span of10 in X and 8(10) = 8 ∩ X0. Then there is an involution
θ ∈ Aut(X,8) with index(X,1,10, θ

∗) if and only ifθ∗|10 = id∗(10) (the
opposition involution of10 with respect to8(10)).

Remark5.14. The aboveθ-index may depend on the choice of theθ-basis.
However ifT−θ is a maximalθ-split torus, then by [Ric82, 4.7]̄8θ = 8(T−θ ) is
a root system and by Proposition 5.6 theθ-index does not depend on theθ-basis.
Combined with the conjugacy of the maximalθ-split tori underG0

θ it follows
now that theθ-index is uniquely determined by theG-isomorphism class ofθ:

Proposition 5.15. Let A be a maximalθ-split torus of G, T⊃ A a maximal
torus and1 a θ-basis of8(T). Theθ-index(X, 1, 10, θ∗) is uniquely deter-
mined (up to congruence) by the isomorphy class ofθ.

Proof. Let θ1, θ2 ∈ Aut(G) be involutions and assumeφ ∈ Aut(G) such that
φθ2φ

−1 = θ1. For i = 1, 2 let Ti be aθi-stable maximal torus with(Ti )
−
θi

a
maximal θi-split torus of G and let1(Ti ) be aθi-basis of(X∗(Ti ),8(Ti ))
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with respect toθi . Now T3 = φ(T2) is aθ1-stable maximal torus with(T3)−θ1
a

maximalθ1-split torus ofG. By Richardson [Vus74,§1] there existsh ∈ G0
θ1

such thathT3h−1 = T1. Replacingφ by Int(h)φ we may assume thatφ(T2) =
T1 andφ((T2)−θ2

) = (T1)−θ1
. Now the result follows from Theorem 5.8.

Remark5.16. We will see in 7.1 that for involutions there is in fact a bijective
correspondence between conjugacy classes ofθ-indices and isomorphy classes
of involutions. For isomorphy classes of reductivek-groups ork-involutions,
the respective indices do not characterize the isomorphism classes.

5.17. 0-index. In this subsection we introduce the index related to the isomor-
phy classes of semisimplek-groups. For the remainder of this section letG
be a reductivek-group, A a k-split torus ofG, T ⊃ A a maximalk-torus, K
the smallest Galois extension ofk which splitsT, 0 = Gal(K/k) the Galois
group ofK/k, X = X∗(T), 8 = 8(T), X0 = X0(0), 80 = 80(0), etc. Let
G0 = G(80) denote the connected semisimple subgroup ofG generated by
{Uα | α ∈ 80}. The groupG0 is the semisimple part ofZG(A). If A is a maxi-
mal k-split torus, thenG0 is anisotropic overk and is uniquely determined (up
to k-isomorphy) by thek-isomorphism class ofG. In that caseG0 is also called
thek-anisotropic kernel ofG.

5.18. Let1 be a0-basis of8, and let10 = 1 ∩ X0. As in (4.13.1) we have
an action of0 on 1, which we denote by [σ]. The 4-tuple(X, 1, 10, [σ] )
is called the0-index of(G, T, A). If A is a maximalk-split torus ofG, then
we will also call this the0-index of G. It was shown by Tits [Tit66] that the
k-isomorphism class ofG uniquely determines, up to congruence, the0-index
of G. Using Proposition 5.6 this can also be seen easily as follows.

Let G1, G2 be connected semisimple groups defined overk andφ : G1→ G2
ak-isomorphism. Fori = 1, 2 let Ai ⊂ Gi be a maximalk-split torus,Ti ⊃ Ai a
maximalk-torus ofGi and1(Ti ) a0-basis of8(Ti ). Now φ(A1) is a maximal
k-split torus ofG2, hence there exists ag ∈ Gk such that Int(g)φ(A1) = A2.
Then Int(g)φ(T1) ⊃ A2 is a maximalk-torus. LetK be the smallest Galois
extension ofk which splits T1 and T2. Then there existsx ∈ GK such that
Int(x) Int(g)φ(T1) = T2. Let φ1 = Int(x) Int(g)φ. Thenφ1 : (G1, T1, A1)→
(G2, T2, A2) is a K-isomorphism and by Theorem 5.8ϕ?

1 = t(ϕ1|T1)−1 as in
(4.3.1) (modulo a Weyl group element ofW(T2)) is a congruence from the0-
index of (G1, T1, A1) onto the0-index of (G2, T2, A2). Summarized we have
now the following result:

Proposition 5.19([Tit66]). The k-isomorphism class of G uniquely determines
(up to congruence) the0-index(X, 1, 10(0), [σ] ) of G.
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Remark5.20. In the special case thatG is k-anisotropic(G = G0), one has
1 = 10(0), so the0-index of G may be abbreviated by(X,10(0), [σ] ).
Applying this to thek-anisotropic kernelsG0, G′0 of G, G′ it is easily seen
that a congruenceφ : (X,1, 10(0), [σ] )→ (X′, 1′, 1′0(0), [σ] ′) induces a
congruenceφ0 : (X0,10(0), [σ]|X0)→ ((X′0,1′,1′0(0), [σ] ′|X′0) of the0-
index of G0 onto the0-index of G′0. The mapφ0 is called therestrictionof φ

to (X0,10(0), [σ]|X0).

5.21. 0θ-index. In this subsection we discuss indices related to the isomorphy
classes ofk-involutions.

Let G be a connected semisimplek-group,θ ∈ Aut(G) an k-involution, A
a (θ, k)-split torus of G, T ⊃ A a θ-stable maximalk-torus of G and X =
X∗(T), 8 = 8(T). Let K be a finite Galois extension ofk which splitsT, 0 =
Gal(K/k) the Galois group ofK/k as in subsection 5.17 andEθ = {1,−θ} ⊂
Aut(X,8) be the subgroup spanned by−θ|T as in 5.11. LetE0 ⊂ Aut(X,8)

be the subgroup corresponding to the action of0 on (X,8) and let0θ = E0.Eθ

the subgroup of Aut(X,8) generated byE0 and Eθ. As in 4.5.1 letX0 =
X0(0θ), 80 = 80(0θ), etc. We will also use the notation80(0, θ) (resp.
10(0, θ)) for 80(0θ) (resp. 10(0θ)). In addition, letG0 = G(80) denote
the connected semisimple subgroup ofG generated by{Uα | α ∈ 80}. The
groupG0 is the semisimple part ofZG(A). Moreover8̄0θ

= 8(A) is the set of
restricted roots ofA, which, by [HW93, 5.9] is a root system ifA is a maximal
(θ, k)-split torus ofG. Let1 be a0θ-bases of8, and let10 =1∩ X0. Similar
as in (4.13.1) we have an action of0θ on 1, which we denote by [σ]. The 4-
tuple(X, 1, 10, [σ] ) is calledthe0θ-index of(G, T, A, θ). If A is a maximal
(θ, k)-split torus ofG, then we will also call thisthe0θ-index of(G, T, θ).

In the case ofθ-indices or0-indices the indices did not depend on the choice
of the maximal torus, when one choose the torusA involved to be maximal. The
above0θ-index of(G, T, θ) depends on the choice ofT ⊃ A. For example one
can chooseT such thatT−θ is maximalθ-split or one can chooseT such thatT+θ
is a maximal torus ofZG(A)∩ H. In most cases this leads to non congruent0θ-
indices. We can obtain a0θ-index uniquely determined by the isomorphy class
of the k-involution by takingA maximal (θ, k)-split andT ⊃ A a θ-standard
maximalk-torus ofZG(A) as in 2.8, i.e.T contains a maximalk-split torus and
T−θ is a maximalθ-split k-torus ofG. We will call a 0θ-index of (G, T, A, θ)

a 0θ-index of (G, θ) if A is a maximal(θ, k)-split andT ⊃ A a θ-standard
maximal k-torus of G. This index is uniquely determined by the isomorphy
class of thek-involution θ:
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Proposition 5.22. Let θ1 be a k-involution of G. The k-isomorphism class of
θ1 uniquely determines (up to congruence) the0θ-index (X,1,10(0θ), [σ] )
of (G, θ1).

Proof. Assumeθ2 ∈ Autk(G) a k-involution andφ ∈ Autk(G) a k-automor-
phism such thatφθ2φ

−1 = θ1. Let A1 be a maximal(θ1, k)-split torus ofG,
Ã1 ⊃ A1 a maximalk-split torus ofG andT1 ⊃ Ã1 a θ1-standard maximalk-
torus ofG. Similarly let A2 be a maximal(θ2, k)-split torus ofG, Ã2 ⊃ A2 a
maximalk-split torus ofG andT2 ⊃ Ã2 a θ2-standard maximalk-torus ofG.
Let 11 be a0θ-basis of8(T1) and12 a 0θ-basis of8(T2). By Corollary 3.2
there exists ah ∈ Gθ such that Int(h)φ(A2) = A1 and Int(h)φ( Ã2) = Ã1. Let
K be the smallest Galois extension ofK1 which splitsT1 andT2 and letT =
Int(h)φ(T2). Now T−θ1

and (T1)−θ1
are maximal(θ1, K )-split tori of ZG( Ã1).

Again by Corollary 3.2 there exists ah1 ∈ Gθ such that Int(h1)(T−θ1
) = (T1)−θ1

and Int(h1)(T) = T1. Letφ1 = Int(h1) Int(h)φ. Thenφ1 maps(G, T2, A2, θ2)

onto (G, T1, A1, θ1) and preserves the0θ-action. Now the result follows from
Theorem 5.8.

Remark5.23. Similar as for theθ-index and0-index one easily determines the
restricted root system of a maximal(θ, k)-split torus ofG from the0θ-index
(X, 1, 10, [σ] ) of (G, θ).

5.24. (0, θ)-order. The0θ-index of (G, θ), as defined above, corresponds to
a 0θ-order on(X,8). However there is a lot of additional structure present,
which is not represented in the0θ-index. We also have aθ-index and a0-
index. This can be seen as follows. AssumeA is a maximal(θ, k)-split torus
of G, Ã ⊃ A a maximalk-split torus ofG and T ⊃ Ã a θ-standard maximal
k-torus. LetX = X∗(T) and8 = 8(T). Then we have the usual0-order on
(X,8). On the other hand sinceT−θ is a maximalθ-split torus ofG, we also
have aθ-order on(X,8). Finally sinceA is maximal(θ, k)-split we also have
a0θ-order. All these can be defined simultaneously on(X,8) as follows.

Definition 5.25. Let 9 be a semisimple root datum and let0, θ act on(X,8)

as in 5.21. A linear order onX which is simultaneously a0-, θ- and0θ-order is
called a(0, θ)-order. A fundamental system of8 with respect to a(0, θ)-order
is called a(0, θ)-fundamental system of8.

From the above remarks it follows that ifA, A1, S, T are as above, then a
(0, θ)-order on(X,8) exists. However not every0θ-order is a(0, θ)-order.
Another characterization of a(0, θ)-order is given in the following result.
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Proposition 5.26. Let 9 be a semisimple root datum and assume0, θ act on
(X,8) as in 5.21. The following are equivalent:

(1) (X,8) has a(0, θ)-order.
(2) 80(0, θ) = 80(0) ∪80(θ).
(3) If 81 ⊂ 80(0, θ) irreducible component then81 ⊂ 80(θ) or 81 ⊂

80(0).

Proof. (1) =⇒ (2). Assume� is a (0, θ)-order on(X,8) and let8+ be the
set of positive roots with respect to this order. Then� induces an order on
80(0, θ) which is both a0-order and aθ-order of80(0, θ). Namely suppose
that there is anα ∈8+ ∩80(0, θ) such thatθ(α) 6= α and

∑
σ∈0 ασ 6= 0. Then

α � 0,−θ(α) � 0 and for allσ ∈ 0: σ(α) � 0 and−σθ(α) � 0. It follows that
for eachσ ∈ 0θ we haveασ � 0, hence

∑
σ∈0θ

ασ � 0. But sinceα ∈ 80(0, θ)

we have
∑

σ∈0θ
ασ = 0, what contradicts the assumption.

(2)=⇒ (3). Assume80(0, θ) = 80(0) ∪80(θ). Let 81 ⊂ 8(0, θ) be an
irreducible component and let1 be a basis of81. Assume81 6⊂ 8(0) and
81 6⊂ 8(θ). Then there existsα ∈ 1 such thatα 6∈ 8(0), i.e.

∑
σ∈0 ασ 6= 0

and there existsβ ∈ 1 such thatβ 6∈ 8(θ), i.e. θ(β) 6= β. Since80(0, θ) =
80(0) ∪ 80(θ) it follows that α ∈ 8(θ) andβ ∈ 80(0). Since81 is irre-
ducible, there exists a string of simple rootsλ1 = α, λ2, . . . , λr = β connecting
α andβ. Moreover we can chooseα, β ∈ 1 such that fori = 2, . . . , r − 1 we
haveλi ∈ 80(0) ∩80(θ). Let λ = λ1+ · · · + λr ∈ 81. Then∑

σ∈0
λσ =

∑
σ∈0

λσ
1 =

∑
σ∈0

ασ 6= 0,

soλ 6∈ 80(0). Similarθ(λ) = λ1+ · · · + λr−1+ θ(β) 6= λ, soλ 6∈ 80(θ). But
thenλ 6∈ 80(θ) ∪80(0) = 80(0, θ), what contradicts the assumption.

(3)=⇒ (1). The condition implies that80(0, θ) has an order�1, which is
both a0-order and aθ-order. By choosing any order on̄80θ

this order extends
to a0θ-order on8, which is then also a0-order and aθ-order.

Using similar arguments as in the result above we can also prove the follow-
ing result which is useful in the study of the(0, θ)-indices.

Lemma 5.27. Let9 be a semisimple root datum and assume0, θ act on(X,8)

as in 5.21. Assume X= X0(0, θ) and� is an order on(X,8), which is both
a 0-order and aθ-order. Then we have the following:

(1) If χ ∈ X withσ(χ) = χ for all σ ∈ 0 andθ(χ) = −χ, thenχ = 0.
(2) If α ∈ 8 = 80(0, θ), then

∑
σ∈0 ασ = 0 or θ(α) = α.
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Proof. (1). Letχ ∈ X with σ(χ) = χ for all σ ∈ 0 andθ(χ) = −χ, then for all
σ ∈ 0θ we haveσ(χ) = χ. But sinceX = X0(0, θ) we have 0=∑

σ∈0θ
χσ =∑

σ∈0θ
χ, henceχ = 0.

(2). Let α ∈ 8. Assume
∑

σ∈0 ασ 6= 0 andθ(α) 6= α. Since
∑

σ∈0θ
ασ =∑

σ∈0(σ(α)− σθ(α)) = 0 it follows that∑
σ∈0

σ(α) =
∑
σ∈0

σθ(α) = θ(
∑
σ∈0

σ(α)).

We may assume thatα ∈8+. Since� is a0-order it follows that
∑

σ∈0 σ(α) �
0. Similarly since� is aθ-order it follows thatθ(

∑
σ∈0 σ(α)) ≺ 0. It follows

that either
∑

σ∈0 ασ = 0 or θ(α) = α.

Remarks5.28. (1) A (0, θ)-order, as above, is completely determined by the
sextuple

(X, 1, 10(0), 10(θ), [σ], θ∗).(5.28.1)

We will call this sextuple anindex of(0, θ) or an (0, θ)-index. This termi-
nology follows again Tits [Tit66]. We will also use the name(0, θ)-diagram,
following the notation in Satake [Sat71, 2.4].

(2) The above index of(0, θ) determines the indices of both0 andθ and
vice versa.

(3) We can make a diagrammatic representation of the(0, θ)-index by col-
oring black those vertices of the ordinary Dynkin diagram of8, which rep-
resent roots in10(0, θ) and giving the vertices of10(0) ∪10(θ) which are
not in 10(0) ∩10(θ) a label0 or θ if α ∈ 10(0) −10(0) ∩10(θ) or α ∈
10(θ)−10(0) ∩10(θ) respectively. The actions of [σ] andθ∗ are indicated
by arrows. Here is an example with8 of type D10:

u
θ

e u
θ

e u u
0

u u
0

��
u

@@u [σ]

�

]

This (0, θ)-index is obtained by gluing together the indices

u e u e u e u e��u
@@u [σ]

�

]
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e e e e u u u u��u
@@u

of 0 resp.θ with the above recipe.
(4) A (0, θ)-index of0θ may depend again on the choice of the(0, θ)-basis

of 8. However if80θ
is a root system, then it follows similar as in Proposition

5.6 that the(0, θ)-index is independent of the choice of the(0, θ)-basis.

The congruence between these indices is defined similar as in 5.3:

Definition 5.29. Let 9 = (X,8, X∨,8∨) and 9′ = (X′,8′, X′∨,8′∨) be
semisimple root data on which0 acts as in 5.21. Letθ1 ∈ Aut(X,8) and
θ2 ∈ Aut(X′,8′) be involutions. Acongruenceϕ of the (0, θ)-index (X, 1,
10(0), 10(θ1), [σ], θ∗1(1)) of (0, θ1) onto the(0, θ)-index (X′, 1′, 1′0(0),
10(θ2), [σ] ′, θ∗2(1′)) of (0, θ2) is an isomorphism which maps(X, 1, 10(0),
10(θ1)) onto (X, 1, 1′0(0), 1′0(θ2)) and which satisfies:

wθ∗1(1)w−1 = θ∗2(1′) andw[σ]w−1 = [σ] ′.(5.29.1)

If 9 = 9′, then we will call the(0, θ)-indices Aut(X,8)-isomorphic re-
spectivelyW(8)-isomorphic ifϕ ∈ Aut(X,8) respectivelyW(8). In the lat-
ter case we will also call the indices isomorphic.

6. k-automorphisms and k-structure

In the previous section we analyzed the actions of the involution and the
Galois group on(X,8). We need to extend this to the whole group. For this
we will use among other thingsK/k-forms of the related Chevalley group and
a realization of the root system8 in G.

6.1. The fundamental/existence theorems due to Chevalley [Che58] show the
existence of a group̃G (called Chevalley group), unique up tok-isomorphy,
corresponding to a pair(G, T), whereT ⊂ G is a maximal torus. This result
enables us to consider anyk-group as aK/k-form of the related Chevalley
group. This is a powerful tool in the study ofk-groups. In the following we
introduce the notation and briefly review some of the results needed.

Let T be a maximal torus ofG, X = X∗(T) and8 = 8(T). By Chevalleys
existence Theorem [Che58] the pair(X, T) (or (G, T)) determines unique up to
k-isomorphy a semisimple connected algebraick-groupG̃ := G(X,8), which
is k-split (i.e., G̃ contains a maximal torus̃T, which is k-split). Let K be a
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splitting field for T and0 = Gal(K/k) the Galois group. ThenG is a K/k-
form of G̃. In particular there exists aK-isomorphismφ : (G, T)→ (G̃, T̃)

(see also Theorem 7.10). The Galois group0 acts on the coefficients of the
polynomial mappingφ. For σ ∈ 0 let ϕσ = φσ ◦ φ−1. Then the system of
isomorphisms(ϕσ )σ∈0 is a one cocycle, i.e. it satisfies the condition

ϕσ
γ ◦ ϕγ = ϕσγ σ, γ ∈ 0.(6.1.1)

The converse is also true by the following well known result:

Proposition 6.2. The one cocycle(ϕσ )σ∈0 of 0 in AutK (G̃, T̃) uniquely deter-
mines the mapφ as above.

6.3. Let X = X∗(T) and X̃ = X∗(T̃) be the character modules ofT and T̃
respectively, and8 = 8(T) and8̃ = 8(T̃) the root systems inX and X̃ with
respect toT andT̃. ThenX is a0-module,X̃ is a trivial0-module and8 is 0-
invariant. Ifϕσ = φσ ◦ φ−1 ∈ AutK (G̃, T̃) is as above, thentϕσ ∈ Aut( X̃, 8̃),
and if tφ(χ̃) = χ, for χ̃ ∈ X̃, χ ∈ X, thentφ ◦ tϕσ(χ̃) = χσ. Thus the automor-
phismstϕσ transpose the action of0 on X to an action of0 on X̃. We will often
identify X and X̃ via the isomorphismtφ. In that case, whenX is regarded
as the character module ofT, the action of0 is non-trivial, and we identify
χσ = tϕσ( X̃), whereχ = χ̃ under the identification. WhenX is regarded as the
character module of̃T, 0 acts trivially.

The mapsϕσ ∈ AutK (G̃, T̃) and in fact any automorphism in Aut(G̃, T̃) can
be described by their action on a realization of8 in G. We discuss this in the
following.

6.4. Realization of 8(T) in G. Let G be a reductive algebraic group,T a
maximalk-torus ofG, X = X∗(T) and8 = 8(T). Let k̄ denote the algebraic
closure ofk. Forα ∈ 8(T), let xα be the corresponding one-parameter additive
subgroup ofG defined byα. This is an isomorphism of the additive subgroup
onto a closed subgroupUα of G, normalized byT, such that

txα(ξ)t−1 = xα(α(t)ξ), (t ∈ T, ξ ∈ k̄)(6.4.1)

Thexα may be chosen such that

nα = xα(1)x−α(−1)xα(1)(6.4.2)

lies in NG(T) for all α ∈ 8(T), as can be derived using aSL2-computation. In
that case we have

xα(ξ)xα(−ξ−1)xα(ξ) = α∨(ξ)nα, (ξ ∈ k̄),(6.4.3)
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hereα∨ ∈ X∗(T) is the coroot ofα. MoreovernαT is the reflectionsα ∈ W(T)

defined byα andtα := n2
α = α∨(−1), n−α = tαnα, t−α = tα.

A family {xα}α∈8(T) with the above properties (6.4.1), (6.4.2) is called a
realization of8(T) in G. Similarly the set of root vectorsXα = dxα(1) ∈ gα is
called arealization of8(T) in g. We then have Ad(t)Xα = α(t)Xα, (t ∈ T).
For these facts see Springer [Spr81, 11.2].

6.5. Assume now thatT is a maximalk-torus. The Galois group Gal(k̄/k)

acts on the one-parameter additive subgroupsxα, which are unique up to a
scalar multiple. So if we applyσ ∈ Gal(k̄/k) to both sides of equation (6.4.1)
we get for allξ ∈ k̄:

xσ
α(ξ) = xασ (dα,σξ),(6.5.1)

with dα,σ ∈ k̄∗. From (6.5.1), we see that ifγ ∈ Gal(k̄/k), then

xσγ
α (ξ) = xγ

ασ (d
γ
α,σξ) = xασγ (dγ

α,σdασ,γξ),

hence the system{dα,σ} satisfies the condition

dα,σγ = dγ
α,σdασ,γ .(6.5.2)

Let K be the smallest Galois extension ofk which splitsT. We can choose a
realization{xα}α∈8 of 8 in G such that allxα are defined overK:

Lemma 6.6. Let K be the smallest Galois extension of k which splits T and
0 = Gal(K/k). There exists a realization{xα}α∈8 of 8 in G such that all xα
are defined over K.

Proof. Let α ∈ 8. Thenα is defined overK. Let k̄ ⊃ K be the algebraic
closure and let0α = {σ ∈ Gal(k̄/k) | ασ = α}, and letKα ⊂ k̄ be the fixed
field of 0α. Sinceα is defined overK it follows that 0α ⊃ 0 and Kα ⊂ K.
Then by (6.5.2), the system{dα,σ}σ∈0α

is a one cocycle of Gal(k̄/k) in k̄∗, so
by Hilbert’s Theorem 90, it follows that there is an elementξα ∈ k̄∗ such that
dα,σ = ξσ

αξ−1
α . But then if x̃α is defined byx̃α(ξ) = xα(ξ−1

α ξ), thenx̃α satisfies
(6.4.1), andx̃σ

α = x̃α for all σ ∈ 0α, hencex̃α is defined overKα.

Remark6.7. Let K be the smallest Galois extension ofk which splitsT and
0 = Gal(K/k). A realization{xα}α∈8 will be called aK-realization of8 in G
if all xα are defined overK. In this case the action of0 on xα defines a system
of scalars{dα,σ}σ∈0 in K satisfying the condition (6.5.2) above.

The scalarsdα,σ essentially describe the mapsϕσ as above. To see this we
have to look first at the relation between theK-realization and automorphisms.
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6.8. Realization and isomorphisms.Let G, G′ be connected semi-simple al-
gebraic groups defined overk, let T be a maximalk-torus ofG, T′ a maximal
k-torus ofG′, and assumeK is a splitting field forT andT′. Write 8 = 8(T),
X = X∗(T), 8′ = 8(T′), X′ = X∗(T′) and let{xα}α∈8 be aK-realization of
8 in G and {x′α}α∈8′ be aK-realization of8′ in G′. Suppose there is aK-
isomorphismϕ : (G, T)→ (G′, T′). Thenϕ? := t(ϕ|T)−1 is an isomorphism
of (X,8)→ (X′,8′) satisfyingϕ(Uα) = U ′ϕ? (α). Sinceϕ ◦ xα is an isomor-

phism from the additive subgroup̄k to U ′ϕ?(α), the uniqueness ofx′ϕ?(α) implies

that there existcα,ϕ ∈ K∗ such that forξ ∈ k̄

ϕ(xα(ξ)) = x′ϕ?(α)(cα,ϕξ)(6.8.1)

Sincexα and x′
α′ are fixed the scalarscα,ϕ ∈ K∗ are uniquely determined by

ϕ. SinceG is generated byT and {Uα | α ∈ 8}, equation (6.8.1) shows that
ϕ is uniquely determined byϕ? and{cα,ϕ, α ∈ 8}. We will denote this corre-
spondence byϕ↔ {ϕ?, cα,ϕ(α ∈ 8)}. If there is no ambiguity about the root
system involved we will often omit the root system8 from this notation and
denote this correspondence byϕ↔ {ϕ?, cα,ϕ}.
Definition 6.9. Let G, G′, T, T′ etc. be as above, letϕ? : (X,8)→ (X′,8′)
be an isomorphism and let{cα,ϕ, α ∈ 8} be a set of scalars inK. We will
call a system{ϕ?, cα,ϕ(α ∈ 8)} admissibleif there exists aK-isomorphism
ϕ : (G, T)→ (G′, T′) (andK-realizations of8 in G and of8′ in G′) such that
ϕ↔ {ϕ?, cα,ϕ(α ∈8)}. In the case thatG= G′ andT = T′ then{ϕ?, cα,ϕ(α ∈
8)} is admissible if and only if there existϕ ∈ Aut(G, T) such thatϕ ↔
{ϕ?, cα,ϕ(α ∈ 8)}.

To determine whether an automorphism of(G, T) is k-automorphism ofG
we have to combine the above with the0-action on theK-realization{xα}α∈8
of 8 in G as above.

Proposition 6.10. Let ϕ ∈ Aut(G, T) and{xα}α∈8 a K-realization of8 in G.
Then we have the following:

(1) If σ ∈ 0, thenϕσ ↔ {ϕ?σ
, cσ

ασ−1
,ϕ

d
ϕ?(ασ−1

),σ

d
ασ−1

,σ

}.
(2) ϕ is defined over k if and only ifϕ?σ = ϕ? and cσα,ϕdϕ?(α),σ = cασ,ϕdα,σ

for all σ ∈ 0 andα ∈ 8.
(3) If t ∈ A, thenInt(t) is a k-automorphism if and only ifασ(t) = α(t)σ for

all σ ∈ 0.
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Proof. (1). If we applyσ to both sides of equation (6.8.1), then (6.5.1) implies

ϕσ(xσ
α(ξ)) = xσ

ϕ?(α)(c
σ
α,ϕξ) = xϕ?σ (ασ )(dϕ?(α),σcσ

α,ϕξ).(6.10.1)

On the other hand from (6.5.1) and (6.8.1), one gets

ϕσ(xσ
α(ξ)) = ϕσ(xασ (dα,σξ)) = xϕσ?

(ασ )(dα,σcασ,ϕσ ξ).(6.10.2)

Combining the two equations (6.10.1) and (6.10.2), it follows thatϕ?σ = ϕσ?
,

andcασ,ϕσ = cσ
α,ϕ

dϕ? (α),σ

dα,σ
. Replacingα by ασ−1

in the argument, the assertion
follows.

(2) and (3) are immediate from (1).

For isomorphisms of semisimplek-groups a similar result holds.

6.11. Using Proposition 6.10 we can now describe the relation between the
scalarsdα,σ as in (6.5.1) and the mapsϕσ as in 6.1. We use the same notation
as in 6.1. In particular letG be defined overk, T a maximalk-torus of G,
X = X∗(T), 8 = 8(T), K a splitting field forT, 0 = Gal(K/k) the Galois
group andG̃ := G(X,8) a Chevalley group. Letφ : (G, T) → (G̃, T̃) be
the correspondingK-isomorphism and forσ ∈ 0 let ϕσ = φσ ◦ φ−1. As in
6.1 we identifyX and X̃ := X∗(T̃) by χ = φ?(χ) for all χ ∈ X, and for each
α ∈ 8̃ := 8(T̃) fix x̃α defined overk. If we definexα = φ−1 ◦ x̃α for all α ∈ 8,
then sinceφ ◦ xα is an isomorphism from the additive subgroup toUφ?(α), the
uniqueness of̃xφ?(α) implies that

φ(xα(ξ)) = x′φ?(α)(ξ)

for α ∈8. It follows thatφ↔ {φ?, cα,φ? = 1(α ∈8)} and henceφ−1↔ {φ?−1
,

c̃
α,φ?−1 = 1(α ∈ 8̃)}. Since0 acts trivially on x̃α we havex̃σ

α(ξ) = x̃ασ (ξ),

henced̃α,σ = 1 for all σ ∈ 0. With a similar argument as in Proposition 6.10(1)
it follows now that

φσ ↔ {φ?σ

, d−1
ασ−1

,σ
(α ∈ 8)}.(6.11.1)

Sinceϕσ = φσ ◦ φ−1 andϕ?
σ = φσ? ◦ φ−1? = φ?σ ◦ φ?−1

it follows now that

ϕσ ↔ {ϕ?
σ, c

φ?−1
(α),φ?σ c̃

α,φ?−1 = d−1
ασ−1,σ (α ∈ 8̃)}.(6.11.2)

Since by Proposition 6.2φ is uniquely determined by the system(ϕσ )σ∈0, it
follows that thek-isomorphism classes ofG are determined by the systems
{ϕ?

σ, d−1
ασ−1

,σ
(α ∈ 8̃)}σ∈0.
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We conclude this section with a result due to Chevalley which reduces the
computation of the above structure constants to a basis of8 (see [Che58, 17-
08,09]):

Lemma 6.12. Let 1 be a basis of8, θ ∈ Aut(X,8) an involution andϕ ∈
Aut(G, T) such thatϕ|T = θ. Thenϕ is uniquely determined by the tuple
{cα,ϕ}α∈1.

7. Isomorphy classes of involutions and k-groups

In each of the cases of symmetric varieties, symmetrick-varieties and se-
misimplek-groups there is a natural fine structure associated with these spaces.
For a study of these spaces and their representation theory it is important to have
a classification of these spaces together with this fine structure of restricted
root systems with multiplicities and Weyl groups. This fine structure easily
follows from the index as defined in section 5. On the other hand this index can
also be used as an invariant to characterize the isomorphy classes. In the case
of isomorphy classes of involutions these indices completely characterize the
isomorphy classes. In the case of isomorphy classes of semisimplek-groups
one needs a second invariant to characterize the isomorphy classes and in the
case of isomorphy classes ofk-involutions three invariants are needed.

Since the classification ofk-involutions depends on the classifications of
semisimplek-groups (see [Tit66]) and the classification of involutions over al-
gebraically closed fields (see [Hel88]), we will first briefly review some facts
about both these classifications, which will be needed later in the classification
of thek-involutions.

7.1. Characterization of the isomorphy classes of involutions.The classifi-
cation of isomorphy classes of involutions can be reduced to a classification of
W(T)-conjugacy classes of involutions normally related to a maximal torusT
(see [Hel88]). In this subsection we briefly review these results. We use the
same notation as in 5.11. In particular letG be a reductive algebraic group,
θ ∈ Aut(G) an involution andT a maximal torus ofG. Write X = X∗(T) and
8 = 8(T). To relate the isomorphy classes of involutions to the indices as in
5.11, we define the following:

Definition 7.2. Let T be a maximal torus ofG. An automorphismθ of G of
order≤ 2 is said to benormally related to Tif θ(T) = T andT−θ is a maximal
θ-split torus ofG.

Note that, since all maximal tori ofG are conjugate under Int(G), every
involutorial automorphism ofG is conjugate to one which is normally related
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to T. The involutions normally related toT can be characterized now as follows
(see [Hel88, 3.7]).

Theorem 7.3. Letθ1, θ2 ∈ Aut(G) be such thatθ2
1= θ2

2= id and assumeθ1, θ2
are normally related to T. Then we have the following:

(1) θ1 and θ2 are conjugate underInt(G) if and only if θ1|T andθ2|T are
conjugate under W(T).

(2) θ1 andθ2 are conjugate underAut(G) if and only ifθ1|T andθ2|T are
conjugate underAut(T).

We showed in Proposition 5.15 that theG-isomorphy class determines the
θ-index up to congruence. From Theorem 7.3 it follows now that these indices
actually completely characterize the isomorphy classes. To formulate this result
we need to define first a notion of admissibility.

Definition 7.4. Let θ ∈ Aut(X,8) be an involution. Thenθ is calledadmissi-
ble if there exists an involutioñθ ∈ Aut(G, T) such that̃θ|T = θ andT−

θ̃
is a

maximal θ̃-split torus ofG. If X is semisimple, then the indices of admissible
involutions of(X,8) are calledadmissibleθ-indices.

7.5. Recall that an involutionθ of (X,8) determines aθ-index, but for ar-
bitrary involutions of(X,8) this index is not uniquely determined by theW-
isomorphy class ofθ. However ifθ is an involution such that̄8θ is a root system
with Weyl groupW̄θ, then by Proposition 5.6 the isomorphy class ofθ uniquely
determines, up to congruence, theθ-index. Conversely aθ-index determines
uniquely an involutionθ of (X,8). Namely defineθ = − id θ∗w0(θ), whereθ∗
is determined by theθ-index andw0(θ) is the opposition involution ofW0(θ)

with respect to10(θ). The latter is completely determined by10(θ). Since
admissible involutions of(X,8) have the property that̄8θ is a root system
with Weyl groupW̄θ we have now the following:

Lemma 7.6. Let G, T,8 and W= W(T) be as above. There is a bijective
correspondence between the W-isomorphy (resp.Aut(8)-isomorphy) classes
of admissible involutions of(X,8) and the W-congruence (resp.Aut(8)-
congruence) classes of admissibleθ-indices.

Combined with the above result we have now the following characterization
of the isomorphy classes of involutions in terms ofθ-indices. Note that theseθ-
indices yield most of the fine structure of the corresponding symmetric variety
G/Gθ.
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Theorem 7.7. Let G, T be as above and assume G is semisimple. Then there
is a bijection of the set ofInt(G) (resp.Aut(G)) conjugacy classes of involu-
torial automorphisms of G and the W-congruence (resp.Aut(8)-congruence)
classes of indices of admissible involutions of(X∗(T),8(T)).

7.8. Characterization of the isomorphy classes of semisimplek-groups. In
the remainder of this section we give a characterization of the isomorphy classes
of semisimplek-groups. Most of these results can be found in [Tit66] and
[Sat71].

7.9. We use the same notation as in 5.17. In particular letG be a connected
semisimple groups defined overk and let A ⊂ G be a maximalk-split torus,
T ⊃ A a maximalk-torus ofG, X = X∗(T), 8 = 8(T), K the smallest Galois
extension ofk which splitsT and1 = 1(T) a0-basis of8(T).

In Proposition 5.19 we demonstrated that the0-index is an invariant for the
isomorphy classes of semisimplek-groups. Another invariant is the following.
Let G0 = G(80) denote the connected semisimple subgroup ofG generated
by {Uα | α ∈ 80}. The groupG0 is the semisimple part ofZG(A) and isk-
anisotropic ifA is maximalk-split. LetT0 = T ∩G0. This is a maximalk-torus
of G0. Since all maximalk-split tori of G are conjugate underGk, it follows
that G0 is uniquely determined (up tok-isomorphism) by thek-isomorphism
class ofG. We will call G0 thek-anisotropic kernelof G.

We have shown now that thek-isomorphism class ofG uniquely determines
the 0-index (X,8,10(0), [σ] ) of G and thek-anisotropic kernelG0 of G.
The following result shows that these two actually suffice to characterize the
isomorphy classes (see [Tit66] or [Sat71]).

Theorem 7.10. Let G, G′ be connected semi-simple algebraic groups defined
over k. Let T, A, X, G0, T0, etc., T′, A′, X′, G′0, T′0 etc. be as defined above,
and corresponding to G and G′, respectively. There exists a k-isomorphismϕ :
(G, T, A)→ (G′, T′, A′) if and only if the following conditions are satisfied:

(i ) There exists a congruenceφ : (X, 1, 10(0), [σ] )→ (X′, 1′, 1′0(0),
[σ] ′) of the0-index of G onto the0-index of G′.

(ii ) There exists a k-isomorphismϕ0 : (G0, T0) → (G′0, T′0) such that the
restrictionφ0 of φ to (X0,10(0), [σ]|X0) is associated toϕ0 as in 5.9
(i.e.,ϕ[?]

0 = φ0).

The0-indices, which belong to connected semi simple groups will be called
admissible. They are defined as follows:
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Definition 7.11. If X is a free module of rankn, 1 a fundamental system
of a root system8 in X, 10(0) a subset of1, and [·] a homomorphism
of the Galois group0 into Aut(X,1,10(0)), we will say that the system
D = (X,1,10(0), [σ] ) is admissibleif there exists a connected semi-simple
groupG defined overk havingD as0-index.

Remark7.12. The above result reduces the problem of classifying connected
semisimple algebraic groups defined overk to the following two problems:

(1) classification of all admissible0-indices.
(2) classification of allk-anisotropic semisimple algebraic groups.

For arbitrary base fields not much is known about thek-anisotropic semisim-
ple algebraic groups. The first problem is discussed in Tits [Tit66]. See also
10.18.

7.13. Fork = R every complex semisimple group contains a compact real
form, which is unique up to isomorphism (see [Hel78]). So in this case there
is a one to one correspondence between isomorphy classes ofk-anisotropic
semisimple groups and isomorphy classes of complex semisimple groups. Since
the latter (modulo the center) are completely characterized by the correspond-
ing Dynkin diagram, the classification of real semisimple groups reduces to a
classification of the admissible0-indices.

For a p-adic field k = Qp the only k-anisotropic semisimple groups are
SL(1,K ), whereK/k is a normal division algebra . So in particular the0-
index of ak-anisotropic semisimple group overQp can only consist of copies
of the Dynkin diagrams of typeAn.

8. Characterization of the isomorphy classes of k-involutions

In this section we give a characterization of the isomorphy classes ofk-
involutions of G. The isomorphy classes of involutions of connected semi-
simple algebraic groups defined over an algebraically closed field are charac-
terized by theθ-index, while the isomorphy classes of connected semi-simple
algebraic groups defined overk were determined by the0-index and an iso-
morphy of thek-anisotropic kernels. So to characterize the isomorphy classes
of k-involutions one will minimally need theθ-index,0-index and an isomor-
phy of the involutions restricted to thek-anisotropic kernels. In most cases an
additional invariant is be needed.

8.1. LetG be a reductivek-group andθ ak-involution of G. We will consider
isomorphy classes ofk-involutions under the action of Int(Gk), Intk(G) and
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Autk(G). We will say that twok-involutions are isomorphic underGk (or Gk-
isomorphic) if they are isomorphic under Int(Gk). We want to characterize
the isomorphism classes in a such a way that we also get a classification of
the natural root systems of the symmetrick-varieties. This means we need to
characterize the isomorphism classes of thek-involutions on a fixed maximal
k-split torus. For this we define the following notion:

Definition 8.2. Let A be a maximalk-split torus ofG. A k-involution θ of G
is normally relatedto A if θ(A) = A andA−θ is a maximal(θ, k)-split, torus of
G.

Lemma 8.3. Let A be a maximal k-split torus of G. Every k-involution is Gk-
isomorphic with one normally related to A.

Proof. Let A1 be a maximalk-split torus such that(A1)−θ is a maximal(θ, k)-
split, torus ofG. There exists ag ∈ Gk such thatgA1g−1 = A. Thenθ1 =
Int(g)θ Int(g−1) is normally related toA.

8.4. In the following we letA denote a maximalk-split torus,T ⊃ A a maxi-
mal k-torus ofG and we will writeW(A, T) = {w ∈ W(T) | w(A) ⊂ A} and
Aut(A, T) = {φ ∈ Aut(T) | φ(A) ⊂ A}.

We can either consider congruence classes of(0, θ)-indices or conjugacy
classes of admissible involutions underW(A, T) or Aut(A, T) depending on
whether we consider inner or outer automorphisms. For this we need to adjust
the definition of congruence as follows:

Definition 8.5. Let θ1, θ2 bek-involutions ofG normally related to a maximal
k-split torusA of G, T1, T2 ⊂ ZG(A) maximalk-split tori such thatθi is nor-
mally related toTi , (i = 1, 2), let 1 be a(0, θ)-basis ofT1, 1′ a (0, θ)-basis
of T2 and letx ∈ ZG(A) be such thatxT1x−1 = T2. A congruenceφ : (X,
1, 10(0), 10(θ1), [σ], θ∗1) → (X′, 1′, 1′0(0), 1′0(θ2), [σ] ′, θ∗2) of the
(0, θ1)-index of (G, θ1) onto the(0, θ2)-index of (G, θ2) will be called an
Int(G)-congruence ifφ Int(x−1) ∈ W(A, T2) and an Aut(G)-congruence if
φ Int(x−1) ∈ Aut(A, T2).

The admissible involutions are defined as follows.

Definition 8.6. Let G be a reductivek-group, A a maximalk-split torus of
G andT ⊃ A a maximalk-torus ofG, K ⊃ k a splitting extension forT. An
involutionθ ∈ Aut(X∗(T),8(T)) is said to be anadmissible k-involution(with
respect to(G, T, A)) if there exists ak-involution θ̃ of G, normally related to
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A andx ∈ ZGK (A) such that Int(x)θ̃ Int(x−1) is normally related toT, x−1Tx
is ak-torus and Int(x)θ̃ Int(x−1)|T = θ.

An admissiblek-involution θ ∈ Aut(X∗(T),8(T)) is said to be anspecial
admissible k-involution(with respect to(G, T, A)) if the pair(G, θ̃) is a special
pair.

Remark8.7. If A is a maximalk-split torus ofG, T ⊃ A a maximalk-torus of
G, K ⊃ k a splitting extension forT and θ̃ a k-involution of G, normally re-
lated toA, then there existsx ∈ ZGK (A) such that Int(x)θ̃ Int(x−1) is normally
related toT.

Lemma 8.8. Let A be a maximal k-split torus of G, letθ1, θ2 be k-involutions
of G normally related to A, let T1, T2⊂ ZG(A) be maximal k-tori such thatθi is
normally related to Ti , (i = 1, 2) and let1 be a(0, θ)-basis of(X∗(T1),8(T1))

and1′ a (0, θ)-basis of(X∗(T2),8(T2)). If φ : (X∗(T1), 1, 10(0), 10(θ1),
[σ], θ∗1)→ (X∗(T2),1′,1′0(0),1′0(θ2), [σ] ′, θ∗2) is a congruence of the(0, θ)-
index of(G, θ1) onto the(0, θ)-index of(G, θ2), then there existsϕ ∈ Aut(G)

such thatϕ(A) = A, ϕ(T1) = T2, ϕ(T−1 ) = T−2 andϕ(A−θ1
) = A−θ2

. Moreover
ϕ is contained inInt(G, A) = NG(A) if and only ifϕ|A ∈ W(A).

Proof. By Chevalleys existence Theorem [Che58] there exists a mapϕ ∈ Aut(G)

such thatϕ(T1) = T2 andϕ? = φ. By Lemma 4.15X0(0) is spanned by10(0)

and{α[σ] − α | α ∈ 1 −10(0) andα[σ] 6= α}. Soφ maps a spanning set of
X0(0) to a spanning set ofX′0(0), i.e. φ(X0(0)) = X′0(0). Since A is the
annihilator ofX0(0) in T1 as well as the annihilator ofX′0(0) in T2 it follows
that ϕ(A) = A. Similarly φ maps a spanning set ofX0(θ) to a spanning set
of X′0(θ) and sinceT−1 (resp. T−2 ) is the annihilator ofX0(θ1) (respX′0(θ2))
it follows that ϕ(T−1 ) = T−2 . Finally with a similar argument it follows that
φ(X0(0θ)) = X′0(0θ), henceϕ(A−θ1

) = A−θ2
.

In the following we show that the classification can be split in 3 problems. We
first characterize the involutions ofZG(A) which have the same(0, θ)-index.

Theorem 8.9. Let A be a maximal k-split torus of G, T⊃ A a maximal k-
torus of G, K⊃ k a splitting extension for T,θ1, θ2 ∈ Aut(X∗(T),8(T)) ad-
missible k-involutions,̃θ1, θ̃2 ∈ Autk(G), normally related to A and x1, x2 ∈
ZGK (A) such that for(i = 1, 2), Int(xi )θ̃i Int(x−1

i ) is normally related to T,
Ti := x−1

i Txi the corresponding k-tori andInt(xi )θ̃i Int(x−1
i )|T = θi . Let1 be

a (0, θ)-basis of(X∗(T1),8(T1)) and1′ a (0, θ)-basis of(X∗(T2),8(T2)).
Then the following are equivalent:

(1) θ1 andθ2 are conjugate under W(A, T) (resp.Aut(A, T)).
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(2) θ̃1 and θ̃2 are conjugate under NG(A) (resp.Aut(G, A)).
(3) The (0, θ)-index (X, 1, 10(0), 10(θ), [σ], θ∗1) of (G, T1, A, θ̃1) and

the (0, θ)-index(X′, 1′, 1′0(0), 1′0(θ), [σ] ′, θ∗2) of (G, T2, A, θ̃1) are
Int(G)-congruent (resp.Aut(G)-congruent).

Proof. We prove the result forW(A, T), NG(A) and Int(G)-congruence. The
proof in the case of outer automorphisms is similar.

(1) =⇒ (2). For (i = 1, 2) let θ̄i = Int(xi )θ̃i Int(x−1
i ). Thenθ̄i |T = θi . Let

w ∈W(A, T) such thatwθ1w
−1= θ2 and letn∈ NG(A, T) be a representative.

Let θ̃ = Int(n)θ̄1 Int(n−1). Thenθ̃|T = θ2. By [Hel88, 3.8] there existst ∈ T−2
such that̃θ = θ̄2 Int(t). If we taket0 ∈ T−2 such thatt−2

0 = t, then t−1
0 nx1 ∈

NG(A) and Int(t−1
0 nx1)θ̃1 Int(t−1

0 nx1)−1 = θ̄2. But thenx−1
2 t−1

0 nx1 ∈ NG(A)

and Int(x−1
2 t−1

0 nx1)θ̃1 Int(x−1
2 t−1

0 nx1)−1 = θ̃2.
(2)=⇒ (3). Letn∈ NG(A) such that Int(n)θ̃1 Int(n)−1= θ̃2. Since Int(n)θ̃1

Int(n)−1|A= θ̃2|A we havenA±
θ̃1

n−1 = A±
θ̃2

. Let T0 = nT1n−1 ⊂ ZG(A). This

is a θ2-stable torus ofZG(A) containing a maximal̃θ2-split torus. There ex-
ists h ∈ G0

θ̃2
∩ ZG(A) such thathT0h−1 = T2. ThenhnT−1 n−1h−1 = T−2 and

Int(hn) induces a mapφ1 from (X∗(T1),8(T1)) to (X∗(T2),8(T2)) mapping
1 to a(0, θ)-basis1′′ of (G, T2, θ2). But then there is a uniquew ∈W(A, T2)

such thatw(1′′) = 1′. The mapφ = wφ1 gives the desired congruence.
(3) =⇒ (1). Assume thatφ : (X, 1, 10(0), 10(θ), [σ], θ∗1)→ (X′, 1′,

1′0(0), 1′0(θ), [σ] ′, θ∗2) is a Int(G)-congruence. Letx = x−1
2 x1 ∈ ZGK (A).

ThenxT1x−1= T2, φ Int(x−1) ∈W(A, T2) andφ Int(x−1) maps Int(x)θ̃1 Int(x−1)|T2

to θ̃2|T2. Let φ̃= Int(x2)φ Int(x−1) Int(x−1
2 )= Int(x2)φ Int(x−1

1 ). Sinceφ Int(x−1) ∈
W(A, T2) it follows that φ̃ ∈ W(A, T), what proves the result.

SinceNG(A) = NGk(A).ZG(A) the next step is to analyze when twok-in-
volutions, normally related toA, restricted toZG(A) are isomorphic. First we
characterize the involutions which coincide onZG(A). If we take involutions
normally related toA we can also restrict to the centralizer of a maximal(θ, k)-
split torus.

Proposition 8.10. Let A be a maximal k-split torus of G,θ1, θ2 ∈ Autk(G) k-
involutions, normally related to A satisfying̃A= A−θ1

= A−θ2
. Thenθ1|ZG(A)=

θ2|ZG(A) if and only ifθ1|ZG( Ã) = θ2|ZG( Ã).

Proof. The only if statement being clear we assumeθ1|ZG(A) = θ2|ZG(A).
Write ZG( Ã) = C · L1 · L2 as the almost direct product ofk-groups whereC⊃
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Ã is the maximal central torus,L1 is semi-simple anisotropic overk and L2
has no anisotropic factors overk. By Proposition 2.6 we haveL1 ⊂ Gθ1 and
also L1 ⊂ Gθ2, i.e. θ1|L1 = θ2|L1 = id. SinceA ⊂ C · L1 and L2 commutes
with C andL1 it follows thatL2 ⊂ ZG(A). From the assumption it follows that
θ1|L2 = θ2|L2. Finally sinceθ1|A= θ2|A the result follows.

The following result will be useful in the sequel.

Lemma 8.11. Let A be a maximal k-split torus, T⊃ A a maximal k-torus of
G, K ⊃ k be a minimal Galois extension such that T splits over K and let
0 = Gal(K/k). If t ∈ Z(ZG(A)) such thatInt(t) is a k-automorphism, then
σ(t) ≡ t mod Z(G) for all σ ∈ 0.

Proof. Let t ∈ Z(ZG(A)) such that Int(t) is ak-automorphism and letσ ∈ 0.
By (4.4.1) we have Int(t)σ|T = Int(t)|T. From Proposition 6.10(3) it follows
thatασ(t) = α(t)σ for all α ∈ 8(T) andσ ∈ 0. But then Int(σ(t)) = Int(t),
henceσ(t) ≡ t mod Z(G) for all σ ∈ 0.

In the following letθ be ak-involution, A a θ-stable maximalk-split torus
such thatÃ = A−θ is maximal (θ, k)-split andT ⊃ A a θ-stable maximalk-
torus ofG such thatT−θ is a maximalθ-split torus. LetK ⊃ k be a minimal
Galois extension such thatT splits overK, let 0 = Gal(K/k) and letE = 0θ

be as in 5.21.
We will need the following result:

Lemma 8.12. Let A, T,0, 0θ be as above and1 a 0θ-basis of8(T). Then
we have the following:

(1) If t ∈ ∩β∈10(0) Ker(β) thenα[σ] (t) = ασ(t) = α(tσ
−1

) for all α ∈ 8(T)

andσ ∈ 0.
(2) If t ∈ ∩β∈10(0θ) Ker(β) andθ(t)t ∈ Z(G) then for allα ∈8(T) we have

α[σ] (t) = ασ(t) = α(tσ
−1

), (σ ∈ 0) andθ∗(α)(t) = α(t).

Proof. If t ∈ ∩β∈10(0) Ker(β) andσ ∈ 0, then

α[σ] (t) = w0(σ)ασ(t) = w0(σ)α(tσ
−1

)

= w0(σ)(α)(tσ
−1

) = α(tσ
−1

)γ(tσ
−1

)

for someγ ∈ Span(10(0)). Since∩β∈10(0) Ker(β) is 0-stable and since
β(t)= 1 for allβ ∈80(0) it follows thatγ(t)= 1 and henceα[σ] (t)= ασ(t)=
α(tσ

−1
).
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(2). Since10(0) ⊂ 10(0θ) it follows from (1) thatα[σ] (t) = ασ(t) =
α(tσ

−1
) for all α ∈ 8(T) andσ ∈ 0. As for the other statement note that since

10(θ) ⊂ 10(0θ) we haveβ(t) = 1 for all β ∈ 80(θ). But then

θ∗(α)(t) = w0(θ)α(θ(t)−1) = w0(θ)(α)(t) = α(t)γ(t)

for someγ ∈ Span(10(θ)). Soγ(t) = 1, henceθ∗(α)(t) = α(t) for all α ∈
80(T).

Involutions which coincide onZG(A) can be characterized now as follows.

Proposition 8.13. Let A be a maximal k-split torus of G and letθ1, θ2 ∈
Autk(G) be k-involutions normally related to A withθ1|ZG(A) = θ2|ZG(A).
Then there exists a∈ A−θ2

such thatθ1 = θ2 Int(a).

Proof. Let θ = θ1|ZG(A) = θ2|ZG(A) andT ⊃ A a θ-stable maximalk-torus
of ZG(A) such thatT−θ is a maximalθ-split torus ofG. By [Hel88, 3.8] there is
a t ∈ T−θ such thatθ2 = θ1 Int(t). Let Ã= A−θ . This is a maximal(θ, k)-split
torus ofZG(A). Let K ⊃ k be a finite splitting field forT and0 = Gal(K/k)

the Galois group. LetE = 0θ and let80(0θ) be as in 5.21. Then80(0θ) =
{α ∈ 8(T) | α(a) = 1, for all a ∈ Ã}. This is the root system ofZG( Ã) with
respect toT. Since by Proposition 8.10 we haveθ1|ZG( Ã) = θ2|ZG( Ã) it
follows thatα(t) = 1 for all α ∈ 80(0θ) andt ∈ Z(ZG( Ã)).

Let 1 be a(0, θ)-basis of8(T) and let10(0, θ), 1̄E be as in 4.8. Ifγ ∈ 1̄E

andα, β ∈ 1,α 6= β, such thatπ(α) = π(β), then by Lemma 4.17 there exists
σ ∈ E such thatβ = α[σ] . Since Int(t) is a k-automorphism it follows from
Lemmas 8.11 and 8.12 thatα[σ] (t) = α(t) for all σ ∈ 0.

For eachγ ∈ 1̄E , take nowα ∈ 1 such thatγ = π(α) = α| Ã and choose
uγ ∈ Ã such thatλ(uγ ) = 1 for λ ∈ 1̄E , λ 6= γ andγ(u2

γ ) = α(t). Let u =∏
γ∈1̄E

uγ . Then by Lemmas 4.17, 8.11 and 8.12 we findα(t.u−2) = 1 for all

α ∈ 1. Sot.u−2 ∈ Z(G) and it follows that Int(u)θ1Int(u−1) = θ1 Int(u−2) =
θ1 Int(t) = θ2.

We have now the following characterization of the isomorphy classes of the
k-involutions ofG.

Corollary 8.14. Let G be a connected semi-simple algebraic group defined
over k, A a maximal k-split torus of G andθ1, θ2 k-involutions of G, nor-
mally related to A. Thenθ1 is Gk-isomorphic toθ2 Int(a) for some a∈ A−θ2

if
and only ifθ1|ZG(A) andθ2|ZG(A) are isomorphic under Gk.

Proof. This result is immediate from Proposition 8.13.
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The elementsa ∈ A−θ as in Proposition 8.13 and Corollary 8.14 do not need
to be contained inA−θ (k) as can be seen from the following example:

Example8.15. Let k = R, G = SL2(C) and θ ∈ Aut(G) defined byθ(g) =
tg−1, g ∈ G. ThenG andθ are defined overR andGR = SL2(R). Let A =
{( x 0

0 x−1

) | x ∈ C} be the set of diagonal matrices. ThenA is a maximalk-
split torus ofG, which is a maximal torus as well. MoreoverA = A−θ . Let
a = (

i 0
0 −i

) ∈ A. Then Int(a) is a R-automorphism ofG andθ Int(a) is a R-
involution of G which is not isomorphic toθ underGR (but isomorphic toθ
underG).

8.16. k-inner elements. Denote the set ofa ∈ A−θ such thatθ Int(a) is a k-
involution of G by Ik(A−θ ). This will be called theset of k-inner elements of
A−θ .

Note that for anya ∈ A−θ the automorphismθ Int(a) is an involution ofG.
So the question is for whicha ∈ A−θ this involution is in fact ak-involution of
G. Sinceθ is a k-automorphism this is equivalent to the condition that Int(a)

is ak-automorphism ofG. Combined with Proposition 6.10(3) we get now the
following characterization of the setIk(A−θ ):

Lemma 8.17. Let A be a maximal k-split torus of G,θ ∈ Aut(G) a k-involution
normally related to A, T⊃ A a θ-stable maximal k-torus of G, K⊃ k a finite
splitting extension of T and0=Gal(K/k). Then Ik(A−θ )= {a∈ A−θ | ασ(a)=
α(a)σ for all α ∈ 8(T), σ ∈ 0}.
Remark8.18. In Corollary 8.14 the isomorphy of the involutions ofZG(A) can
be split in an isomorphy of the involutions restricted to a maximal torus con-
taining A (i.e. a congruence of the corresponding(0, θ)-indices) and an iso-
morphy of thek-involutions of thek-anisotropic kernelG0 = [ ZG(A), ZG(A)]
of G. Unfortunately the isomorphy of thek-involutions of thek-anisotropic
kernelG0 of G is under the action of Int(Gk) and not underNGk(A). Similarly
for the isomorphy of the involutionsθ Int(a) with a ∈ Ik(A−θ ) we also have to
look at the action ofGk on Ik(A−θ ) (acting via theθ-twisted action, see 2.3)
instead of the action underNGk(A). Namely if g ∈ G anda ∈ Ik(A−θ ) then
Int(g)θ Int(a) Int(g)−1 = θ Int(θ(g)ag−1). If all maximal (θ, k)-split tori of
G areHk-conjugate then one can reduce this in both these cases to an action of
NGk(A) instead ofGk. The action ofNGk(A) can then be split in an action of
the Weyl group and an action of thek-anisotropic kernel. This is for example
the case whenk= R. Unfortunately in general the maximal(θ, k)-split tori are
not Hk-conjugate and this creates a major complication in the characterization
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of these isomorphy classes. For example this means that twok-involutions nor-
mally related toA can beGk-isomorphic, but their restrictions toZG(A) are
not isomorphic underNGk(A). It turns out that we can restrict to the action of a
slightly larger group thenNGk(A). This group will also be used in section 9 to
characterize the isomorphy classes of thek-involutionsθ Int(a) for a ∈ Ik(A−θ )

(or equivalently theθ-twisted orbits inIk(A−θ )). In the following we analyze
all these complications and describe this extension of the Weyl group.

8.19. For the remainder of this section we fix a maximalk-split torus A of
G, θ a k-involution of G normally related toA and we writeZ = ZG(A)

and N = NG(A). Let F (A, θ) be the set of restrictions toZG(A) of the
k-involutions of G, normally related toA, which are isomorphic toθ under
Gk. So F (A, θ) = {σ|ZG(A) | σ ∈ Autk(G), σ2 = id, σ(A) = A, σ =
Int(g)θ Int(g)−1 for someg ∈ Gk}. Although all these involutions are isomor-
phic underGk, their restrictions toZG(A) can give a number of isomorphy
classes depending on theHk-conjugacy classes of maximal(θ, k)-split tori. A
description of theNk-isomorphy classes inF (A, θ) can be obtained as follows:

Let {vi | i ∈ I } be a set of representatives ofV1/W(A, H) and let{x(vi ) ∈
(ZG(A)H)k | i ∈ I } be a set of representatives for the{vi | i ∈ I } in (ZG(A)H)k.
For eachi ∈ I write x(vi )= zihi with zi ∈ ZG(A) andhi ∈ H. ThenH (A, θ)=
{h−1

i Ahi | i ∈ I } is a set of representatives for theHk-conjugacy classes of max-
imal k-split tori containing a maximal(θ, k)-split torus. LetZ(A, θ) = {zi | i ∈
I } and letC(A, θ)= {θ Int(θ(zi )z−1

i ) | i ∈ I }. This is a set of representatives for
the Nk-isomorphy classes ofk-involutions ofG, normally related toA, which
areGk-isomorphic but notNk-isomorphic. The above observations lead to the
following result.

Proposition 8.20. C(A, θ) is a set of representatives for the Nk-isomorphy
classes inF (A, θ).

Proof. Let g ∈ Gk such that Int(g)θ Int(g)−1 ∈ F (A, θ). Let S= g−1Ag.
Then S is θ-stable andS−θ is maximal(θ2, k)-split. By Proposition 3.1 there
existsh∈H (A, θ), z∈ Z(A, θ) such thatzh∈ (ZG(A)G0

θ )k andh−1z−1Azh=
g−1Ag. It follows thatn= gh−1z−1 ∈ NGk(A). So we may assume thatg= zh.
But then Int(g)θ Int(g)−1 = θ Int(θ(z)z−1) what proves the result.

8.21. TheZGk(A) × Gθ(k) orbits in (ZG(A)Gθ)k play an important role in
the classification ofk-involutions isomorphic toθ. However, as follows from
Proposition 8.13 we have to consider also the involutionsθ Int(a) with a ∈
Ik(A−θ ). So for these one needs theZGk(A)×Gθ Int(a)(k) orbits in(ZG(A)Gθ Int(a) )k.
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In the following we look at the correspondence of these orbits for the invo-
lutions θ and θ Int(a). First we look at the orbits which have a representa-
tive contained inWH (A). In the following leta ∈ Ik(A−θ ) ands ∈ A−θ such
thats2 = a−1. Write Ha = Gθ Int(a). ThenHa = sHs−1 and(ZG(A)Ha)k =
(ZG(A)Hs−1)k. In particular we have the following:

Lemma 8.22. Let A be a maximal k-split torus of G,θ a k-involution of G
normally related to A, a∈ Ik(A−θ ), s∈ A−θ such that s2 = a−1, w ∈ WH (A),
h ∈ NH (A) representative ofw and z∈ ZG(A) such that zh∈ (ZG(A)H)k.
Then we have the following:

(1) ha = shs−1 ∈ NHa(A) is a representative ofw.
(2) WH (A) = WHa(A).
(3) If za ∈ ZG(A) such that zaha = zh∈ NGk(A), then za = zw(s)s−1.
(4) There exists h1 ∈ Ha such that zh1 ∈ (ZG(A)Ha)k is a representative of

w if and only ifw(s)s−1 ∈ ZGk(A)ZH (A).

Proof. Let ha= shs−1. Sinceh∈ NH (A) ands∈ A it follows that Int(ha)|A=
Int(h)|A, soha is a representative ofw as well.

(2) is immediate from (1).
(3). Let x= hh−1

a = hsh−1s−1. Sinceha = shs−1 andh are both represen-
tatives forw the elementx = w(s)s−1 ∈ ZG(A). Thenza = zhh−1

a = zx=
zw(s)s−1, what proves the result.

(4). If h1 ∈ Ha such thatzh1 ∈ (ZG(A)Ha)k is a representative ofw, then
there existsz1 ∈ ZGk(A) such thatz1zh1= zw(s)s−1ha. Sincehah−1

1 ∈ ZH (A)

the result follows.

Examples indicate that the setsZ(A, θ) andZ(A, θ Int(a)) can be identified,
what would somewhat simplify the classification of the isomorphy classes of
thek-involutions. We conjecture this result in the following:

Conjecture 8.23. Let A be a maximal k-split torus of G,θ a k-involution of
G normally related to A and a∈ Ik(A−θ ). There exists a set of representatives
{zi | i ∈ I } for Z(A, θ) which is also a set of representatives for Z(A, θ Int(a)),
i.e. for each i∈ I there exist hai ∈ Ha such that xai = ziha

i ∈ (ZG(A)Ha)k and
{(xa

i )−1Axa
i | i ∈ I } is a set of representatives of the Ha

k -conjugacy classes of
of maximal k-split tori containing a maximal(θ Int(a), k)-split torus.

For special pairs(G, θ) the above complication does not occur. In particular
from Corollary 3.12 it follows that we have the following result:

Corollary 8.24. If (G, θ) is a special pair, then Z(A, θ) = {id} andC(A, θ) =
{θ}.
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8.25. To avoid the above complication with the various setsZ(A, θ Int(a)) we
use the following set instead. LetZ(A, θ)= {z∈ ZG(A) | ∃ a∈ Ik(A−θ ) andh∈
Gθ Int(a) such thatzh∈ (ZG(A)Gθ Int(a) )k}. ThenZ(A, θ)= ZGk(A)(∪a∈ Ik(A−

θ
)

Z(A, θ Int(a)).ZGθ Int(a)
(A)). If the above conjecture holds, thenZ(A, θ) =

ZGk(A)Z(A, θ) ∪a∈ Ik(A−
θ

) (ZGθ Int(a)
(A)).

We have now the following characterization of the isomorphy classes ofk-
involutions:

Theorem 8.26. Let G be connected semi-simple algebraic group defined over
k, A a maximal k-split torus of G, G0 = [ ZG(A), ZG(A)] the k-anisotropic
kernel of G with respect to A andθ1, θ2 k-involutions of G, normally related
to A. Thenθ1 is Gk-isomorphic (resp.Intk(G) or Autk(G)-isomorphic) with
θ2 Int(a) for some a∈ Ik(A−θ2

) if and only if the following conditions are satis-
fied:

(1) If T1, T2 ⊂ ZG(A) are maximal k-tori such thatθi is normally related to
Ti , (i = 1, 2), x∈ ZG(A) such that xT1x−1= T2 andθ̃1= Int(x)θ1 Int(x−1),
then θ̃1|T2 andθ2|T2 are W(A, T2) conjugate (resp.Aut(A, T2) conju-
gate).

(2) θ1|G0 is NGk(A)-isomorphic (resp.Intk(G, A) or Autk(G, A)-isomorphic)
to θ2 Int(θ2(zi )z−1

i )|G0 for some zi ∈ Z(A, θ2).

Proof. Assume first thatϕ ∈ Autk(G) such thatϕθ1ϕ
−1 = θ2 Int(a) for some

a ∈ A−θ2
. Thenϕ(A) is a maximalk-split torus ofG containing a maximal

(θ2 Int(a), k)-split torus ofG. By Proposition 3.1 there existz ∈ ZG(A) and
h ∈ G0

θ2 Int(a)
such thatzh∈ (ZG(A)G0

θ2 Int(a)
)k such thatzhϕ(A)h−1z−1 = A.

Now Int(zh)ϕ ∈ Autk(G, A) and Int(zh)ϕθ1ϕ
−1 Int(zh)−1= θ2 Int(a) Int(θ2(z)z−1).

So Int(zh)ϕθ1ϕ
−1 Int(zh)−1|G0 = θ2 Int(θ2(z)z−1)|G0 what proves the sec-

ond condition. Note that Int(zh)ϕ ∈ Int(Gk, A) if and only if ϕ ∈ Int(Gk) and
Int(zh)ϕ ∈ Intk(G, A) if and only if ϕ ∈ Intk(G).

As for the first condition letT1, T2 ⊂ ZG(A) be maximalk-tori such thatθi
is normally related toTi , (i = 1, 2), x ∈ ZG(A) such thatxT1x−1 = T2 and
θ̃1 = Int(x)θ1 Int(x−1). Write T = Int(h)ϕ(T1). The element Int(h)ϕ is con-
tained in Aut(G, A), so it follows thatT is a θ2 Int(a)-stable maximal torus
of ZG(A) with θ2 Int(a) normally related toT. Sinceθ2 Int(a) is also nor-
mally related toT2 there existsh1 ∈ Gθ2 Int(a) ∩ ZG(A) such thath1Th−1

1 =
T2. So Int(h1h)ϕ ∈ Aut(G, A) mapsT1 to T2. Let ϕ1 = Int(h1h)ϕ Int(x)−1.
Thenϕ1 ∈ Aut(G, A, T2) = {φ ∈ Aut(G) | φ(A) = A andφ(T2) = T2} and
ϕ1θ̃1|T2= Int(h1h)ϕθ1ϕ

−1 Int(h1h)−1|T2= θ2 Int(a)|T2= θ2|T2, what proves
the first condition. Clearlyϕ1|T2 ∈ W(A, T) if and only if ϕ ∈ Int(G).
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Conversely letϕ0 ∈ Autk(G, A) andz∈ Z(A, θ2) such thatϕ0θ1ϕ
−1
0 |G0 =

θ2 Int(θ2(z)z−1)|G0. From (1) it follows thatϕ0θ1ϕ
−1
0 |A andθ2|A are Aut(A)-

conjugate. Letϕ1 ∈ Autk(G, A) such thatϕ1ϕ0θ1ϕ
−1
0 ϕ−1

1 |A= θ2|A. Let ϕ =
ϕ1ϕ0. Thenϕ ∈ Autk(G, A) andϕθ1ϕ

−1|ZG(A) = θ2 Int(θ2(z)z−1)|ZG(A).
Let b ∈ Ik(A−θ ) andh ∈ Gθ2 Int(b) such thatx= zh∈ (ZG(A)Gθ Int(b) )k. Take
s∈ A−θ ) such thats2 = b−1. Then

Int(x)−1ϕθ1ϕ
−1 Int(x)|ZG(A) = Int(h−1z−1)θ2 Int(θ2(z)z

−1) Int(zh)|ZG(A)

= Int(h−1)θ2 Int(h)|ZG(A)

= θ2 Int(θ2(h
−1)) Int(h)|ZG(A)

= θ2 Int(b−1h−1bh)|ZG(A) = θ2|ZG(A).

But then by Proposition 8.13 there existsa∈ A−θ2
such that Int(x)−1ϕθ1ϕ

−1 Int(x)=
θ2 Int(a). Clearly Int(x)−1ϕ ∈ Int(Gk) if and only if ϕ0, ϕ1 ∈ Int(Gk, A) and
Int(x)−1ϕ ∈ Intk(G) if and only if ϕ0, ϕ1 ∈ Intk(G, A). This proves the re-
sult.

Theorem 8.26 shows that we cannot restrict to conjugation of the involutions
underNGk(A). We need to extend this group with a set of representatives for
Z(A, θ). This then leads to another characterization of the isomorphy classes
of k-involutions ofG. We discuss this in the following:

Notation8.27. Let A be a maximalk-split torus ofG, θ a k-involution of G,
normally related toA. Let Z(A, θ) be as in 8.19 and let

N (A, θ) = NGk(A).Z(A, θ).

Similarly let

Int(A, θ) = Intk(G, A). Int(Z(A, θ)),

Aut(A, θ) = Autk(G, A). Int(Z(A, θ)) and

Z(A, θ) = ZGk(A).Z(A, θ).

We note thatZ(A, θ) ⊂ N (A, θ) ⊂ NG(A) and Int(A, θ) ⊂ Aut(A, θ) ⊂
Aut(G, A).

Remark8.28. From Corollary 8.24 it follows that for special pairs(G, θ) we
haveN (A, θ) = NGk(A). This is in particular the case fork = R, where all
pairs(G, θ) are special.

We have now the following equivalent characterizations of the isomorphy
classes ofk-involutions which induce the samek-involution of ZG(A):
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Theorem 8.29. Let A be a maximal k-split torus of G andθ1, θ2 k-involutions
of G, normally related to A. The following are equivalent.

(1) θ2|ZG(A) andθ1|ZG(A) are isomorphic underN (A, θ2) (resp.Int(A, θ2)

or Aut(A, θ2)).
(2) θ2|ZG(A) and θ1|ZG(A) are isomorphic under Gk (resp. Intk(G) or

Autk(G)).
(3) θ2 is isomorphic under Gk (resp.Intk(G) or Autk(G)) with θ1 Int(a) for

some a∈ A−θ1
.

(4) θ2 is isomorphic underN (A, θ2) (resp. Int(A, θ2) or Aut(A, θ2)) with
θ1 Int(a) for some a∈ A−θ1

.

Proof. We prove the result forGk-isomorphy. The proof for isomorphy under
Intk(G)) or Autk(G)) follows with a similar argument.

(1)=⇒ (2). Assumeθ2|ZG(A) andθ1|ZG(A) are isomorphic underN (A, θ1).
Let n ∈ NGk(A) andz∈ Z(A, θ2) be such that Int(nz)θ2 Int(nz)−1|ZG(A) =
θ1|ZG(A). This implies that

Int(n)θ2 Int(θ2(z)z
−1) Int(n)−1|ZG(A) = θ1|ZG(A).

Let h ∈H (A, θ2) such thatzh∈ (ZG(A)Gθ2)k. Thennzh∈ Gk satisfies

Int(nzh)θ2 Int(nzh)−1|ZG(A) = Int(nz)θ2 Int(nz)−1|ZG(A) = θ1|ZG(A).

(2) =⇒ (3). Let g ∈ Gk such that Int(g)θ2 Int(g)−1|ZG(A) = θ1|ZG(A).
From Proposition 8.13 it follows now that there exists an elementa ∈ A−θ1

such

that Int(g)θ2 Int(g)−1 = θ1 Int(a), what shows (3).
(3) =⇒ (4). Let g ∈ Gk such that Int(g)θ2 Int(g)−1 = θ1 Int(a) for some

a ∈ A−θ1
. Let S= g−1Ag. Then S is θ2-stable andS−θ2

is maximal (θ2, k)-

split. By Proposition 3.1 there existsh ∈ G0
θ2

, z ∈ ZG(A) such thathz ∈
(G0

θ2
ZG(A))k and hzAz−1h−1 = g−1Ag. By 8.19 we may assume thatz ∈

Z(A, θ2). It follows thatn= ghz∈ NGk(A). Let n1 = nz−1 ∈N (A, θ2). Then
Int(n1)θ2 Int(n)−1 = Int(gh)θ2 Int(gh)−1 = Int(g)θ2 Int(g)−1 = θ1 Int(a).

Finally, since (4)=⇒ (1) is immediate, the result follows.

From Theorem 8.29 and Corollary 8.24 it follows now that for special pairs
we have the following result:

Corollary 8.30. Let A be a maximal k-split torus of G andθ1, θ2 k-involutions
of G, normally related to A. If the pairs(G, θ1) and (G, θ2) are special, then
the following are equivalent.

(1) θ2|ZG(A) andθ1|ZG(A) are isomorphic under NGk(A).
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(2) θ2|ZG(A) andθ1|ZG(A) are isomorphic under Gk.
(3) θ2 is isomorphic under Gk with θ1 Int(a) for some a∈ A−θ1

.
(4) θ2 is isomorphic under NGk(A) with θ1 Int(a) for some a∈ A−θ1

.

8.31. Using the above results we can divide the characterization of the iso-
morphy classes ofk-involutions in 3 parts. This can be seen as follows. Fix a
maximalk-split torusA of G and writeZ = ZG(A), N = NG(A). Denote the
family of all k-involutions ofG by Fk and the family of allk-involutions ofG,
which are normally related toA by Fk(A). Denote the set ofGk-isomorphism
classes inFk by Ck. From Proposition 2.6 and the conjugacy of the maximal
k-split tori of G it follows that everyk-involution of G is Gk-isomorphic to one
normally related toA, so every class inCk has a representative inFk(A).

Let T ⊃ A be a maximalk-torus ofG, W(A, T)= {w ∈W(T) | w(A)= A},
T the set ofW(T)-isomorphy classes of involutions of(X∗(T),8(T)) and
T (A) the set ofW(A, T)-isomorphy classes of involutions of(X∗(T), 8(T),
8(A)). By Theorem 8.9 theN-isomorphy classes are related to conjugacy
classes of admissiblek-involutions. Denote the set ofN-isomorphy classes of
k-involutions inFk(A) by Ck(A, G).

From the conjugacy of the maximalθ-split tori of G it follows then that every
involution in Fk(A) is isomorphic underZG(A) with one normally related to
T. So we have a natural map

ρN : Ck(A, G) −→ T (A).

From Theorem 8.9 it follows thatρN is one to one. Denote the image ofρN by
T0(A). These are theW(A, T)-isomorphy classes of admissiblek-involutions,
which by Theorem 8.9 can be described by a(0, θ)-index (see also 10.35).

8.32. The next step is to determine when twok-involutions inFk(A) which
are N-isomorphic are in factGk-isomorphic. For this we note first that there
exist also a natural map ofCk into Ck(A, G). This can be seen as follows. If
θ1, θ2 ∈ Fk(A) are isomorphic underGk, thenθ1 = Int(g)θ2 Int(g)−1 for some
g∈ Gk. The torusÃ= gAg−1 is maximalk-split, θ1-stable andÃ−θ1

is maximal

(θ1, k)-split. By Proposition 3.1 there existsx∈ (ZGθ1)k such thatxÃx−1= A.
Write x= zhwith z∈ Z andh ∈ θ1. ThenhgAg−1h−1 = A, sohg∈ NG(A).
Sinceθ1 = Int(hg)θ2 Int(hg)−1 it follows thatθ1 andθ2 areN-conjugate. This
defines a natural map ofCk into Ck(A, G).

Using Theorem 8.29 we can split this map into two parts. LetFk(A, Z) =
{θ|Z ∈ Aut(Z, G) | θ ∈ Fk(A)} the restrictions of thek-involutions inFk(A) to
ZG(A). So we essentially identify all the involutionsθ Int(a), (a ∈ A−θ ). Let
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Ck(Z, G) denote the isomorphy classes of the involutions inFk(A, Z), which
are isomorphic underGk. By Theorem 8.29 these are exactly theN (A, θ)-
isomorphy classes of involutions inFk(A, Z). We have now natural maps from
Ck toCk(Z, G) and fromCk(Z, G) toCk(A, G). This can be seen as follows. If
θ1, θ2 ∈ Fk(A, Z) areN (A, θ)-isomorphic, then by Theorem 8.29 there exists
g∈N (A, θ1) anda∈ A−θ1

such that Int(g)θ2 Int(g)−1= θ1 Int(a). Lets∈ A−θ1

with s2 = a. Then Int(s)θ1 Int(a) Int(s)−1 = θ1 Int(s−2a) = θ1. Sinceg ∈
N (A, θ1) anda ∈ A, it follows thatθ1 andθ2 areN-conjugate, hence we have
a natural mapν : Ck(Z, G)→ Ck(A, G). This map is clearly surjective and
its fibers are essentially theGk-isomorphy classes ofk-involutions of ZG(A)

(coming from involutions ofG), which give the sameN-isomorphy class.
Finally we also have a natural map fromCk toCk(Z, G) by taking restrictions

of k-involutions inFk(A) to ZG(A) (i.e. the restriction map fromFk(A) to
Fk(A, Z)). Denote this map byµ. The fibers ofµ can be characterized by a
set ofk-inner elements{ai ∈ Ik(A−θ ) | i ∈ I }. Summarized we have now the
following sequence

Ck
µ−→ Ck(Z, G)

ν−→ Ck(A, G)
ρN−→ T (A)(8.32.1)

For ak-involution θ of G, normally related toA we denote itsGk-isomorphy
class (or equivalentlyN (A, θ)-isomorphy class) inCk (resp. Ck(Z, G)) by
[θ] (resp. [θ] Z) and itsN-isomorphy class inCk(A, G) by [θ] N. For an ad-
missiblek-involution θ we denote thek-involution in Autk(G) representing the
isomorphy classρ−1

N (θ) = [θ] N in C(A, G) also byθ. Denote the fiber ofν
above [θ] N = ρ−1

N (θ) by C(θ) = ν−1ρ−1
N (θ). Finally for an isomorphy class

[θ] Z ∈ Ck(Z, G) denote the fiber ofµ by CA(θ). For isomorphy classes ofk-
involutions under Intk(G) (resp. Autk(G)) we have a similar characterization
and we writeC̄, F̄ , T̄ (A) (resp.C̃, F̃ , T̃ (A)) instead ofC, F , T (A).

The above results give us now the following characterization of the isomor-
phy classes ofk-involutions.

Theorem 8.33. Let A be a maximal k-split torus of G and T⊃ A a maximal
k-torus of G. Write Z= ZG(A), N = NG(A), X= X∗(T) and8 = 8(T).

(1) There is a bijection between the W(A, T)-isomorphy classes of admis-
sible k-involutions of(X,8,8(A)) and the N-isomorphy classes of k-
involutions inCk(A, G).

(2) The Gk-isomorphy classes inC(θ) (θ an admissible k-involution of(X,
8, 8(A))) consist of{[θi ] Z | i ∈ I }, where theθi are representatives of
the Gk-isomorphy classes (orN (A, θ)-isomorphy classes) of k-involutions
of Z, which are N-isomorphic toθ.
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(3) The isomorphy classes inCA(θi ) ([θi ] Z ∈ C(θ), with θ an admissible k-
involution) are represented by a set of k-inner elements{ai, j ∈ Ik(A−θ ) |
j ∈ Ji}.

Remark8.34. The above result reduces the classification ofk-involutions ofG
to the following 3 problems.

(1) a classification of admissiblek-involutions.
(2) a classification ofk-involutions ofk-anisotropic semisimple groups.
(3) for eachk-involution of (G, ZG(A)) a classification of thek-inner ele-

ments characterizing the isomorphy classes inCA(θ).

Corollary 8.35. Let A be a maximal k-split torus of G and T⊃ A a maximal
k-torus of G. Write Z= ZG(A), N = NG(A), X = X∗(T) and 8 = 8(T).
If θ ∈ Aut(X,8) is a special admissible k-involution, then the Gk-isomorphy
classes inC(θ) consist of{[θi ] Z | i ∈ I }, where theθi are representatives of the
NGk(A)-isomorphy classes of k-involutions of Z, which are N-isomorphic toθ.

Remarks8.36. (1) The isomorphy classes of admissiblek-involutions can be
represented by a(0, θ)-index. A classification of these for a number of base
fields, including finite fields, number fields,p-adic fields and the real numbers
will be discussed in more detail in 10.35.

(2) A classification of thek-inner elements inIk(A−θ ) representing the iso-
morphy classes inCA(θi ) (see Theorem 8.33(3)) depends on the base fieldk
and for generalk a classification of these is a difficult problem. The group
Gk acts onIk(A−θ ) with the θ-twisted action as in 2.3. A characterization of
theseθ-twisted orbits will be discussed in the next section. For most fieldsk
the groupGk has infinitely many orbits inIk(A−θ ) (see for example 9.9). Ifk is
a finite field,p-adic field or the real numbers then there are only finitely many
Gk-orbits in Ik(A−θ ) and a classification is visible. Fork = R the Gk-orbits in
Ik(A−θ ) were classified in [Hel88,§8]. The classification of theGk-orbits in
Ik(A−θ ) for k= Qp will be dealt with in a future paper.

(3) The classification of thek-inner elements is somewhat simpler in a num-
ber of cases. This includes the case whenGθ is k-anisotropic,k-split, θ-split or
(θ, k)-split (i.e. a maximal(θ, k)-split torus ofG is also maximalθ-split). The
main reason for this is that the description of theZk× Hk-orbits in(ZG(A)H)k
is simpler and the underlying geometry is more transparent. For more details
on these cases, see [HW93].

8.37. Involutions of compact real groups. For k = R there is a one to one
correspondence between isomorphy classes ofk-anisotropic semisimple groups
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and isomorphy classes of complex semisimple groups (see 7.13). For involu-
tions of compact groups we have a similar correspondence. This can be seen as
follows. If θ is an involution of a complex groupG, then there exists a conju-
gationσ of a compact real formU of G such thatθσ = σθ (see [Hel88, 10.3]).
Thenθ|U is an involution ofU. Conversely any involution ofU can be lifted to
an involution ofG by extending the base field. It is easy to show then that there
exists a one to one correspondence between isomorphy classes of involutions of
k-anisotropic semisimple groups and isomorphy classes of involutions of com-
plex semisimple groups (see [Hel78, Chap. X, 1.4]). By Theorem 7.3 the latter
are characterized by isomorphy classes of admissible involutions. This means
that the classification of thek-involutions reduces to the first and third problem
in 8.34. A classification of the isomorphy classes ofk-involutions, fork = R,
together with all the fine structure, can be found in [Hel88].

9. Isomorphy of k-involutions related to an admissible involution

In this section we analyze the isomorphy of the involutionsθ Int(a), a ∈
Ik(A−θ ), which characterize the isomorphy classes in the setCA(θ) as in 8.32.

9.1. LetA be a maximalk-split torus ofG andθ ak-involution ofG, normally
related toA. Let FA(θ) = {θ Int(a) ∈ Fk(A) | a ∈ Ik(A−θ )}. By Proposition
8.13 every class inCA(θ) has a representative inFA(θ).

If g∈ Gk such that Int(g)θ Int(a1) Int(g)−1= θ Int(a2) for a1, a2 ∈ Ik(A−θ ),
thenθ Int(θ(g)a1g−1)= θ Int(a2). So modulo the center ofG we haveθ(g)a1g−1=
a2. In order to characterize theGk-isomorphy classes inFA(θ) one needs
to find representatives for theθ-twisted Gk-orbits in Ik(A−θ ). Unfortunately
Ik(A−θ ) is not stable under theθ-twisted action ofGk. It can happen that
a ∈ Ik(A−θ ), g ∈ Gk and the elementθ(g)ag−1 6∈ A−θ , so also not inIk(A−θ ).
The g ∈ Gk which stabilizeIk(A−θ ) under theθ-twisted action are essentially
contained in(ZG(A)H0)k as follows from the following result:

Proposition 9.2. Let A be a maximal k-split torus of G,θ a k-involution of G,
normally related to A and g∈ Gk such thatInt(g)θ Int(g)−1 = θ Int(a) for
some a∈ Z(ZG(A)). Then g∈ (ZG(A)H0)k.

Proof. Since Int(g)θ Int(g)−1= θ Int(θ(g)g−1)= θ Int(a) it follows thatθ(g)g−1 ∈
ZGk(A). Let P ⊃ A be a minimalθ-split parabolick-subgroup ofG and
P0 ⊂ P a minimal parabolick-subgroup containingA. Then by [HW93, 4.9
and 9.2]P0H ⊂ G open. LetP1 = gPg−1 and A1 = gAg−1. If x ∈ A, then
θ(gxg−1) = θ(g)θ(x)θ(g)−1 = gθ(x)g−1. It follows that (A1)−θ = gA−θ g−1

is a maximal(θ, k)-split torus ofG. With a similar argument it follows that
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θ(P1) ∩ P1 = ZG(A1). HenceP1 is alsoθ-split andgP0g−1 ⊂ P1 is a min-
imal parabolick-subgroup containingA1. Again by [HW93, 4.9 and 9.2]
gP0g−1H ⊂ G open. But thenP0g−1H = P0H and henceg−1 ∈ P0H. With a
similar argument one shows that alsog ∈ P0H.

On the other hand we also haveτ(g) = θ(g)g−1 ∈ ZGk(A), henceg ∈
τ−1(NG(A))k. Let U = Ru(P) be the unipotent radical ofP. Write g = uzh
with u ∈ U, z∈ ZG(A) andh ∈ H. Thenθ(g)g−1 = θ(u)θ(z)z−1u−1 = n ∈
NG(A), henceUzθ(z)−1θ(U) = Unθ(U). By [BT65, 5.15],zθ(z)−1 = n and
as a consequencez−1uz∈ Uθ. SinceUθ ⊂ H0 it follows thatg= z(z−1uz)h ∈
ZG(A)H.

This result leads to the following characterization of when ak-involution in
FA(θ) is Gk-isomorphic toθ.

Corollary 9.3. Let A be a maximal k-split torus of G,θ a k-involution of G
normally related to A and a∈ Ik(A−θ ). Then the following are equivalent:

(1) θ andθ Int(a) are isomorphic under Gk.
(2) θ andθ Int(a) are isomorphic under(ZG(A)Gθ)k.
(3) There exists z∈ Z(G) such that az∈ τ(Gk).

Proof. The equivalence of (1) and (2) is immediate from Proposition 9.2, so we
show the equivalence of (1) and (3). Ifθ andθ Int(a) are isomorphic underGk,
then Int(g)θ Int(g)−1 = θ Int(a) for someg ∈ Gk. But then Int(θ(g)g−1) =
Int(a), henceθ(g)g−1 = az for somez∈ Z(G).

Conversely assume there existsz∈ Z(G) such thataz∈ τ(Gk). Let g ∈ Gk
such thatτ(g) = az. Then Int(g)θ Int(g)−1 = θ Int(θ(g)g−1) = θ Int(az) =
θ Int(a), what proves the result.

To determine the isomorphy of involutionsθ Int(a) andθ Int(b) with a, b ∈
Ik(A−θ ) one needs to consider the action of the set(ZG(A)Gθ Int(a) )k and not
(ZG(A)Gθ)k. Combined with the above result we get the following:

Corollary 9.4. Let A be a maximal k-split torus of G,θ a k-involution of G
normally related to A and a, b ∈ Ik(A−θ ). Then the following are equivalent:

(1) θ Int(a) andθ Int(b) are isomorphic under Gk.
(2) θ Int(a) andθ Int(b) are isomorphic under(ZG(A)Gθ Int(a) )k.
(3) There exists z∈ Z(G) such that bz∈ τθ Int(a)(Gk).

For a special pair the above result can be sharpened as follows:

Corollary 9.5. Let (G, θ) be a special pair, A a maximal k-split torus of G,
such thatθ is normally related to A and assume Z(G) = {e}. If a, b ∈ Ik(A−θ ),
then the following are equivalent:
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(1) θ Int(a) andθ Int(b) ∈ FA(θ) are Gk-isomorphic.
(2) θ Int(a) andθ Int(b) ∈ FA(θ) are isomorphic under(ZG(A)Gθ Int(a) )k∩

NGk(A).
(3) There existsw ∈WGθ Int(a)

(A) such that b= τθ Int(a)(zh)= τθ(zh)w(a)a−1 ∈
τθ(Gk)w(a)a−1 where zh∈ NGk(A) is representative forw ∈WGθ Int(a)

(A).

Proof. If θ Int(a) and θ Int(b) ∈ FA(θ) are Gk-isomorphic, then by Propo-
sition 9.2 they are also isomorphic under(ZG(A)Gθ Int(a) )k. Let x = zh∈
(ZG(A)Gθ Int(a) )k such that Int(x)θ Int(a) Int(x)−1= θ Int(b). Herez∈ ZG(A)

andh∈ Gθ Int(a). Then since(G, θ) is a special pair there existsh1 ∈ Gθ Int(a)(k)

such thathh1 ∈ WGθ Int(a)
(A). But thenxh1 ∈ (ZG(A)Gθ Int(a) )k ∩ NGk(A) and

Int(xh1)θ Int(a) Int(xh1)−1 = θ Int(b), what proves (1) implies (2).
Assume next thatx= zh∈ (ZG(A)Gθ Int(a) )k∩ NGk(A) such thatθ Int(b) =

Int(x)θ Int(a) Int(x)−1. Herez∈ ZG(A) andh∈ NGθ Int(a)
(A). Letw ∈WH (A)

be the corresponding Weyl group element. From Corollary 9.3 it follows that
b= τθ Int(a)(zh) = θ(z)z−1. Sinceθ(h) = aha−1 we get

τθ(zh) = θ(z)θ(h)h−1z−1 = θ(z)aha−1h−1z−1 = θ(z)z−1aw(a)−1,

what proves (2) implies (3).
Finally if x= zh∈ (ZG(A)Gθ Int(a) )k ∩ NGk(A) such thatb= τθ Int(a)(zh),

then Int(zh)θ Int(a) Int(zh)−1 = θ Int(b) what proves (3) implies (1).

The equivalence of (2) and (3) also follows from Lemma 8.22.

Remark9.6. The classification of theGk-isomorphy classes inFA(θ) is inde-
pendent of the center ofG. This can be seen as follows. LetA be a maximal
k-split torus ofG, θ a k-involution of G normally related toA and leta ∈ A−θ
such thatθ Int(a) is ak-involution of G. Let Ad : G→ Aut(g) denote the ad-
joint representation ofG, G̃= Ad(G), Ã= Ad(A), θ̃ the inducedk-involution
of G̃ andã= Ad(a). Thenθ andθ Int(a) are isomorphic underGk if and only
if θ̃ andθ̃ Int(ã) are isomorphic under̃Gk.

For the remainder of this section we will assume thatG is adjoint, i.e.Z(G)=
{e}.

Although the isomorphy of thek-inner elements depends on the involutions
θ Int(a) we can limit the possible representatives to a set which does not depend
on θ Int(a):

Lemma 9.7. Let A be a maximal k-split torus of G,θ a k-involution of G nor-
mally related to A. Then A−θ (k)2 ⊂ A−θ (k) ∩ τθ Int(a)(Gk) for all a ∈ Ik(A−θ ).



60 A.G. HELMINCK

Proof. Let b∈ A−θ (k), thenθ Int(a)(b)b−1= θ(b)b−1= b−2 ∈ A−θ (k)∩ τ(Gk),
what proves the result.

Remarks9.8. (1) It follows from this result that one can find a set of represen-
tatives for theGk-isomorphy classes inFA(θ) in the setIk(A−θ )/A−θ (k)2. For
many base fieldsk, like the real numbers andp-adic numbers this set is finite
so a classification becomes feasible.

(2) If Z(G) = {e}, then an involutionθ Int(a) with a ∈ Ik(A−θ ) can only be
conjugate toθ if a ∈ A−θ (k). The otherk-inner elements inIk(A−θ ) definitely
give involutions which are not isomorphic toθ. So for the isomorphy of the
involutionsθ Int(a) andθ it suffices to considerA−θ (k)/A−θ (k)2. We note that
essentiallyA−θ (k)/(A−θ (k))2 ' (k∗/(k∗)2)n, wheren = rank(A−θ ). If k is a
real closed field (i.e.k is formally real, but has no formally real proper algebraic
extension field, see [Pre84, 3.2]), thenk∗/(k∗)2 ' {±1}. Recall that a field is
called formally real if−1 is not the sum of squares (see [Bec82, Pre84]). Of
coursek= R is real closed.

If k = Qp is ap-adic field andp is odd, thenQ∗p/(Q∗p)2 contains four ele-
ments represented by 1, ε, p, εp where 1< ε < p andε is not a square mod-
ulo p. If p = 2, thenQ∗2/(Q∗2)2 consists of eight elements represented by
1, 3, 5, 7, 2, 6, 10, 14.

If k= Fpn is a finite field of orderpn with p prime andn odd, thenk∗/(k∗)2

consists of 2 elements (see [Sch85, Lemma 3.7]).

In most cases it does not suffice to only mod outA−θ (k)2 to determine rep-
resentatives for the isomorphy classes inFA(θ) as follows from the following
example.

Example9.9. Let G= SL2(k), θ(x) = tx−1 and A the group of diagonal ma-
trices. ThenG, A andθ are defined overk and A a maximal(θ, k)-split torus
of G, which is also maximalk-split. The fixed point group ofθ is H = Gθ =
SO2(k) = {( a b−b a

) | a, b ∈ k, a2 + b2 = 1}. If g = (
a b
c d

) ∈ GL2(k), then
θ(g) = (detg)−1

(
d −c−b a

)
and

θ(g)g−1 = (detg)−2
(

c2+d2 −(ac+bd)

−(ac+bd) a2+b2

)
.

So if g ∈ SL2(k), thenθ(g)g−1 ∈ A− = A= NZG(A− )(A) if and only if ac+
bd = 0. If ac 6= 0 theng is of the form

(
a at−dt d

)
with t = b

a = − c
d ∈ k and

ad(1+ t2) = detg= 1. In this case we have:

θ(g)g−1 =
(

d2(1+t2) 0
0 a2(1+t2)

)
.(9.9.1)
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If ac= 0 then eitherg= ( 0 b
−b−1 0

)
andθ(g)g−1 =

(
0 b−2

0 b2

)
or g= ( a 0

0 a−1

)
and

θ(g)g−1 =
(

0 a−2

0 a2

)
.

Let q = ( x 0
0 x−1

) ∈ Ik(A−θ ). Then Int(q)(g) = (
a bx2

cx−2 d

) ∈ GL2(k) if and

only if x2 ∈ k. By Corollary 9.3 the involutionθ Int(q) is isomorphic toθ

underGk if and only if there existsg ∈ SL2(k) such thatθ(g)g−1 = qz with
z ∈ Z(G) = {± id}, i.e. θ(g)g−1q−1 ∈ Z(G). Since by (9.9.1)θ(g)g−1 =(

d2(1+t2) 0
0 a2(1+t2)

) (
d2(1+t2) 0

0 a2(1+t2)

)
it follows that±x ∈ k is a sum of two

squares ink.

If k= R, thenR/R2' {±1}. Takeg=
( |x| 0

0 |x−1|
)
. Sincex∈ R it follows that

θ(g)g−1q−1 = id ∈ Z(G) if x > 0 andθ(g)g−1q−1 = − id ∈ Z(G) if x < 0.
Soθ Int(q) is Gk-isomorphic toθ. If x 6∈ R thenθ Int(q) is notGk-isomorphic
to θ. In that case, sincex2 ∈ R, we havex = iy for somey ∈ R. In particular
θ(g)g−1q−1 = ± (

i 0
0 −i

)
.

If k= F3, then(k∗)2= {1}. Letq= (
2 0
0 2

)
. Thenq 6∈ A2

k, but if we takea= 1,
d = 2 andt = 1 in 9.9.1, theng= (

1 1
1 2

)
andq= θ(g)g−1 ∈ τ(Gk) ∩ A−θ .

If k = F5, then (k∗)2 = {1, 4}. Let q = (
2 0
0 3

)
. Then q 6∈ A2

k, but q =
θ(g)g−1 ∈ τ(Gk) ∩ A−θ , whereg= (

3 2
1 1

)
.

If k = F7, then (k∗)2 = {1, 4, 2}. Let q1 =
(

3 0
0 5

)
and q2 =

(
6 0
0 6

)
. Then

q1, q2 6∈ A2
k, but q1 = θ(g1)g−1

1 andq2 = θ(g2)g−1
2 , whereg1 =

(−1 2
1 4

)
and

g2 =
(

2 3
3 5

)
.

In general fork= Fp, with p prime, one can show thatA−θ (k)= τ(Gk)∩ A−θ ,
since every element ink = Fp can be written as a sum of 2 squares (see e.g.
[Sch85, Lemma 3.7]).

If k = Q one can get involutionsθ Int(q) with q ∈ τ(Gk).Z(G) ∩ A−θ (k),
which are notGk-isomorphic toθ. Take x ∈ Q such thatx is not the sum
of 2 squares. Thenθ Int(q) andθ are notGk-isomorphic. Moreover ifq1 =( y 0

0 y−1

) ∈ Ik(A−θ ) is anotherk-inner element ofA−θ , thenθ Int(q) andθ Int(q1)

areGk-isomorphic if and only ifxy−1 is the sum of 2 squares inQ. So there are
infinitely manyq ∈ Ik(A−θ )∩ A−θ (k), which give non isomorphick-involutions
θ Int(q) of G.

9.10. Commuting involutions. The involutionsθ andθ Int(a) for a ∈ Ik(A−θ )

commute if and only if Int(a) = Int(a−1), i.e. a2 ∈ Z(G). We will call these
elements inIk(A−θ ) thequadratic elements of A−θ and we will writeQ(A−θ ) =
{a ∈ Ik(A−θ ) | a2 ∈ Z(G)}.
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In many cases one can actually find a set of representatives for theGk-
isomorphy classes inFA(θ) in Q(A−θ ). For example ifk= R we get:

Proposition 9.11. Let k= R and G, A,θ be as above. Every Gk-isomorphy
class inFA(θ) has a representativeθ Int(a) with a∈ Q(A−θ ).

Proof. Any real reductive group has a Cartan involution, unique up toGk-
isomorphy. In fact one can choose a Cartan involutionσ of G such thatσθ = θσ

and such thatA is a maximalσ-split torus of G (see for example [HW93,
11.17]). If a ∈ Ik(A−θ ), thenθ Int(a) is anotherk-involution of G, which does
not need to commute with the Cartan involutionσ. Since all Cartan involutions
of G areGk-isomorphic there existsg ∈ GR such that Int(g)σ Int(g)−1 com-
mutes withθ Int(a) (see for example [Hel78, Ch. III, Theorem 7.2]). One can
in fact choose the conjugating elementg in A−θ (k), what can be seen as follows.

Consider the involutionsθ Int(a)σθ Int(a) = θσθ Int(a2) = σ Int(a2) andσ,
which are both Cartan involutions ofG. By [HW93, 11.15], there isg∈ Int(G)k
such thatσ Int(a2) = gσg−1. But then

(θ Int(a)σ)2 = σ Int(a2)σ = Int(a−2) = gσg−1σ ∈ τσ(Int(G)k) ∩ Int(A−θ ).

Let S= Int(A−θ ). Since(θ Int(a)σ)2 = Int(a−2) ∈ S2
k it follows from [HW93,

Lemma 11.14] that there is a uniquex ∈ S2
k with Int(a−2) = x4. Let t ∈ A−θ

such that Int(t) = x. Let σ1 = Int(t)σ Int(t)−1 = σ Int(t−2). Then

σ1θ Int(a) = σ Int(t−2)θ Int(a) = σθ Int(t2a) = θσ Int(t2a)

= θ Int(a) Int(a)−1σ Int(t2a) = θ Int(a)σ Int(t2a2)

= θ Int(a)σ Int(t−2) = θ Int(a)σ1.

From [Hel78, Ch. III, Theorem 7.2] it follows that Int(t) = Int(σ(g)g−1) ∈
Int(A−θ (k)2) for someg ∈ GR, since Int(t) maps the compact real form related
to σ to the compact real form related toσ1. It follows that there existsz∈ Z(G)

such thaty = tz ∈ (A−θ · Z(G))k andx = Int(t) = Int(y) ∈ Int(Gk, A). Let
b= y2a. Then Int(b) = Int(y2a) = Int(t2a) = Int(t−2a−1) = Int(y−2a−1) =
Int(b−1), so b ∈ Q(A−θ ). Sinceθ Int(a) and θ Int(b) are isomorphic under
Int(y) ∈ Int(Gk, A) the result follows.

9.12. To determine whether the isomorphy classes inFA(θ) have a set of rep-
resentativesθ Int(a) with a ∈ Q(A−θ ) it is useful to consider first the question
whenθ Int(a) andθ Int(a−1) are isomorphic. ForGk-isomorphy we can show
the following:
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Proposition 9.13. Let G, A,θ be as above and a∈ Ik(A−θ ). The involutions
θ Int(a) and θ Int(a−1) are Gk-isomorphic if and only if a2 ∈ τθ Int(a)(Gk) ·
Z(G).

Proof. Assume first thatg∈ Gk such that Int(g)θ Int(a) Int(g)−1= θ Int(a−1).
By Corollary 9.4 we may assumeg= zh∈ (ZG(A)Gθ Int(a) )k, wherez∈ ZG(A)

andh ∈ Gθ Int(a). Thenθ Int(a)(g)g−1 = θ Int(a)(z)z−1 = θ(z)z−1. Moreover

θ Int(θ(g)ag−1) = Int(g)θ Int(a) Int(g)−1 = Int(z)θ Int(a) Int(z)−1

= θ Int(θ(z)az−1) = θ Int(θ(z)z−1a)

= θ Int(θ Int(a)(g)g−1) Int(a) = θ Int(a−1).

It follows that Int(θ Int(a)(g)g−1)= Int(a−2), hencea2 ∈ τθ Int(a)(Gk) · Z(G).
If converselya2 ∈ τθ Int(a)(Gk) · Z(G), then alsoa−2 ∈ τθ Int(a)(Gk) · Z(G).

Let g ∈ Gk such thatθ Int(a)(g)g−1a2 ∈ Z(G). Then

Int(g)θ Int(a) Int(g)−1 = θ Int(a) Int(θ Int(a)(g)g−1)

= θ Int(a) Int(a−2) = θ Int(a)−1,

what proves the result.

Remark9.14. If we consider isomorphy classes under Intk(G) instead ofGk-
isomorphy, then the involutionsθ Int(a) and θ Int(a−1) are always isomor-
phic. Namely Int(a) is contained in Intk(G), hence Int(a)θ Int(a) Int(a)−1 =
θ Int(a−1). If a∈ A−θ (k), thenθ Int(a) andθ Int(a−1) are alwaysGk-isomorphic.

9.15. The remaining question is now when ak-involution θ Int(a) is Gk-
isomorphic withθ Int(q) for someq ∈ Q(A−θ ). Using the above result we get
the following result:

Corollary 9.16. Let G, A, θ be as above and a∈ Ik(A−θ ). The involution
θ Int(a) is Gk-isomorphic withθ Int(q) for some q∈ Q(A−θ ) if and only if
a2 ∈ τθ Int(a)(Gk)

2 · Z(G).

Proof. Assume first thatg ∈ Gk such that Int(g)θ Int(a) Int(g)−1 = θ Int(q)

for someq∈ Q(A−θ ). By Corollary 9.4 we may assumeg= zh∈ (ZG(A)Gθ Int(a) )k,
wherez∈ ZG(A) andh ∈ Gθ Int(a). Thenθ Int(a)(g)g−1 = θ Int(a)(z)z−1 =
θ(z)z−1, soθ(g)ag−1= aθ(z)z−1. Now Int(θ(g)ag−1)= Int(q), soθ(g)ag−1q−1 ∈
Z(G). Sinceq2 ∈ Z(G) we get(θ(g)ag−1q−1)2 = (aθ(z)z−1)2 ∈ Z(G). It
follows that a2 = (zθ(z)−1)2 mod Z(G) = (gθ Int(a)(g)−1)2 mod Z(G),
hencea2 ∈ τθ Int(a)(Gk)

2 · Z(G).
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Conversely assumea2 ∈ τθ Int(a)(Gk)
2 · Z(G). Let g∈ Gk andz∈ Z(G) such

thata2(θ Int(a)(g)g−1)2= z∈ Z(G). Let x= θ(g)ag−1. Thena2(a−1θ(g)ag−1)2=
axa−1x = z, so x2 = (θ(g)ag−1)2 = z ∈ Z(G). It follows that x ∈ Q(A−θ ).
Now Int(g)θ Int(a) Int(g)−1 = θ Int(θ(g)ag−1) = θ Int(x), what proves the
result.

9.17. Weyl group action on I k(A−θ ). The above result gives a first character-
ization of theGk-isomorphy classes inFA(θ). By Lemma 9.7 we know that we
can find a set of representatives of theGk-isomorphy classes inFA(θ) in the
set Ik(A−θ )/A−θ (k)2. The Weyl groupW(A−θ ) acts onIk(A−θ ) and A−θ (k)2 by
the usual conjugation action and it would be natural to try and use this Weyl
group to reduce the set of representatives to a Weyl chamber or even a fun-
damental domain. Unfortunately we do not have the usual conjugation action
but theθ-twisted action. This means that ifg ∈ NGk(A) is a representative of
w ∈ W(A−θ ) anda ∈ Ik(A−θ ), then

θ(g)ag−1 = θ(g)g−1gag−1 = θ(g)g−1w(a).(9.17.1)

So besides the action ofw there is an additional translation factorθ(g)g−1

which could pushw(a) out of Ik(A−θ ). We will show next thatW(A−θ ) does
act onIk(A−θ ).

We note first that the full Weyl groupWGk(A) does not act onFA(θ), since
an element ofWG(A)/WH (A) could map ak-inner element inA−θ to A+θ . In
particular from Proposition 9.2 we get the following result:

Corollary 9.18. Let A be a maximal k-split torus of G,θ a k-involution of G,
normally related to A, A0 = A−θ , w ∈W(A), n∈ NGk(A) a representative and
a ∈ Ik(A−θ ). If Int(n)θ Int(a) Int(n)−1 ∈ FA(θ), thenw ∈ WH (A).

Proof. Assume Int(n)θ Int(a) Int(n)−1 = θ Int(b) for someb ∈ A0. Since

Int(n)θ Int(a) Int(n)−1 = Int(n)θ Int(n)−1 Int(n) Int(a) Int(n)−1

= Int(n)θ Int(n)−1 Int(w(a))

it follows that Int(n)θ Int(n)−1 = θ Int(b) Int(w(a))−1. But then from Propo-
sition 9.2 it follows thatn ∈ (ZG(A)Gθ)k. Write n = zhwith z∈ ZG(A) and
h ∈ Gθ. By Proposition 3.5h ∈ NH (A) is a representative ofw as well, hence
w ∈ WH (A).
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9.19. The groupWH (A) is essentially the Weyl group ofA−θ . Before we
describe this relation we give first another description of the groupWH (A).
Let X = X∗(A), X0(θ) = {χ ∈ X∗(A) | θ(χ) = χ} and80(θ) = {α ∈ 8(A) |
θ(α) = α} be as in 5.11. Similarly as in 4.5 write

Wθ(A) = W1(A, θ) = {w ∈ W(A) | w(X0(θ)) ⊂ X0(θ)}(9.19.1)

andW0(θ) = W0(A, θ) = W(80(θ)). Then by Proposition 4.11 we have

W(A−θ ) ' Wθ(A)/W0(θ).(9.19.2)

The groupWH (A) corresponds withWθ(A) due to the following result.

Proposition 9.20. Let A be a maximal k-split torus of G,θ a k-involution of G,
normally related to A and A0 = A−θ . Then we have the following.

(i ) Anyw ∈ W(A0) has a representative in(H0ZG(A))k ∩ NG(A0).
(ii ) NG(A0) = NH0(A0)ZG(A0).

Proof. (i ) Let n ∈ NGk(A0) be a representative forw ∈ W(A0) and P a min-
imal θ-split parabolick-subgroup ofG. Then P1 = nPn−1 is also a minimal
θ-split parabolick-subgroup ofG containingA. By [HW93, 4.9] there exists
x ∈ (H0P)k such thatxPx−1 = P1. Let P0 be a minimal parabolick-subgroup
of P containingA and letU = Ru(P0) be the unipotent radical ofP0. Then
H0P0 = H0P (see [HW93, 4.8]). On the other hand by [HW93, 10.2] we have
(H0P)k = (H0ZG(A))kUk. It follows thatx = hzuwith h ∈ H0, z∈ ZG(A)

andu ∈ Uk. If we takeg= hz∈ (H0ZG(A))k, thengPg−1 = P1 andgA0g−1

is (θ, k)-split. MoreovergA0g−1 ⊂ P1 ∩ θ(P1) = ZG(A0), so gA0g−1A0
is a (θ, k)-split torus ofG. Since A0 is maximal (θ, k)-split it follows that
gA0g−1 = A0, what proves the result.

(ii ) follows immediately from(i ).

Corollary 9.21. Let A be a maximal k-split torus of G,θ a k-involution of G,
normally related to A and A0 = A−θ . Then Wθ(A) = WH (A).

Proof. ClearlyW(A, H) ⊂ Wθ(A). As for the other inclusion letw ∈ Wθ(A)

and letw̃ be the corresponding element ofW(A0). By Proposition 9.20 there
exists a representativeh ∈ NH (A0) of w̃. Moreover there existsz ∈ ZG(A)

such thatx= hz∈ (H ZG(A))k. ThenÃ= xAx−1 is a maximalk-split torus of
ZG(A0). Now A+θ and Ã+θ are maximalk-split tori of ZG(A0) ∩ H, hence
there existsh1 ∈ (ZG(A0) ∩ H)k such thath1 Ãh−1

1 = A. But thenh1h ∈
NH (A) ∩ NH (A0). Let w1 ∈ Wθ(A) be the corresponding Weyl group ele-
ment. Since bothw andw1 inducew̃ in W(A0) it follows from (9.19.2) that
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ww−1
1 ∈ W0(θ). So it suffices to show thatW0(θ) = W0(A, θ) ⊂ W(A, H).

SinceA0 is maximal(θ, k)-split it follows from Proposition 2.6 that for every
rootα ∈ 80(θ) ⊂ 8(A) the groupGα as in 2.1 is contained inH. This proves
the result.

Remark9.22. It follows from the above results that instead of the action of
WH (A) on Ik(A−θ ) it suffices to consider the action ofWH (A−θ ) on Ik(A−θ ). So
instead of showing thatWH (A) acts onFA(θ) it suffices to show thatWH (A−θ )

acts onFA(θ). This would be immediate ifW(A−θ ) has representatives inHk,
but as the proof of Proposition 9.20 indicates, this will not always be true.
HoweverFA(θ) always contains ak-involution for which this is true. We define
this as follows:

Definition 9.23. Let A be a maximalk-split torus ofG, θ a k-involution of
G, normally related toA and A0 = A−θ . The pair(G, θ) is called aweakly
standard pairif W(A0) has representatives inHk. In this case we will also call
θ a weakly standardk-involution.

Remark9.24. For k = R one can define these standard pairs also using the
signatures of the roots of a basis of8(A−θ ). For this one can modify similar
definitions in [HS97] and [Hel88]. They are defined as follows: LetT ⊃ A be a
maximalk-torus ofG andσ ∈ 0 = Gal(C/R), σ 6= id. Denote the conjugation
of G corresponding toσ also byσ. There exists a conjugationτ of a compact
real form ofG, which commutes withσ. Let g(A0, λ) denote the root space
corresponding toλ ∈ 8(A0) and let1 = 1(T) be a basis of8(T). Since
σ(λ) = λ, τ(λ) = −λ andθ(λ) = −λ, τσθ stabilizesg(A0, λ). Set

g(A0, λ)τσθ± = {X ∈ g(A0, λ) | τσθ(X) = ±X}
m±(λ, σθ) = dimg(A0, λ)τσθ±

For λ ∈ 8(A0) call (m+(λ, σθ), m−(λ, σθ)) the signatureof λ. Following
[Hel88, 6.11] we say that(G, θ) is a standard pair (resp.weakly-standard
pair) if m+(λ, σθ) ≥ m−(λ, σθ) (resp.m+(λ, σθ) 6= 0 or m+(2λ, σθ) 6= 0)

for anyλ ∈ 1.

The two notions of weakly-standard pairs are the same as follows from the
following result (see [HS97]):

Proposition 9.25([HS97]). Let G,θ, T, A, A0 and1 be as above and assume
k= R. Then W(A0) has representatives in Hk if and only if m+(λ, σθ) 6= 0 or
m+(2λ, σθ) 6= 0 for anyλ ∈ 1.
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For general fieldsk one can show that every setFA(θ) contains a weakly-
standard pair.

Proposition 9.26. Let A be a maximal k-split torus of G,θ a k-involution of G,
normally related to A and A0 = A−θ . There exists a∈ A0 such thatθ Int(a) ∈
FA(θ) and W(A0) has representatives in Gθ Int(a)(k).

For a proof of this result we refer to [Hel99], where we classify thek-inner
elements for symmetrick-varieties over thep-adic numbers. This result is very
useful in the analysis of thek-inner elements inAk.

Remark9.27. In general there can be more than one isomorphy class of weakly
standard pairs inFA(θ). However fork= R one can show that there is a unique
isomorphy class of standard pairs. For this see [Hel88, 8.21].

Corollary 9.28. Let A be a maximal k-split torus of G,θ a k-involution of G,
normally related to A and A0 = A−θ . The Weyl group W(A0) acts onFA(θ).

Proof. By Proposition 9.26 we may assume that(G, θ) is a weakly-standard
pair. Then by (6.15) everyw ∈ W(A) has a representativeh ∈ (Gσ ∩ Gθ)

0.
So if θ Int(a) ∈ FA(θ), w ∈ W(A0) andh ∈ Gθ(k) a representative ofw, then
Int(h)θ Int(a) Int(h)−1 = θ Int(hah−1) = θ Int(w(a)).

Remark9.29. The setIk(A−θ ) depends on the base fieldk, so a classification of
the W(A−θ )-conjugacy classes inIk(A−θ ) depends on the base fieldk as well.
Fork= R a classification of theW(A−θ )-conjugacy classes inIk(A−θ ) was given
in [Hel88,§8]. Fork= Qp a classification will be given in [Hel99].

9.30. If x ∈ N (A, θ) acts onFA(θ), then this action can be split in an action
of WH (A) on FA(θ) and an action ofZ(A, θ) := ZGk(A).Z(A, θ) on FA(θ).
Above we described the action ofWH (A). In the remainder of this section
we analyze the other question when two pairs inFA(θ) are isomorphic under
Z(A, θ). We note that if(G, θ) is a special pair thenZ(A, θ) = ZGk(A).

Remark9.31. For a ∈ A the restrictions ofθ andθ Int(a) are the same, so in
particularZH (A) = ZGθ Int(a)

(A).

Proposition 9.32. Let A be a maximal k-split torus of G,θ a k-involution of G,
normally related to A and T⊃ A a θ-stable maximal k-torus of ZG(A) such
that T−θ is a maximalθ-split torus of ZG(A). Then two k-involutionsθ Int(a)

andθ Int(b) in FA(θ) are isomorphic underZ(A, θ Int(a)) if and only if there
exists t∈ T and h∈ ZH (A) = ZGθ Int(a)

(A) such that th∈ Z(A, θ Int(a)) and
a−1b= θ(t)t−1.
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Proof. If th ∈ Z(A, θ Int(a)) satisfies the above conditions, then there exists
h0 ∈ H (A, θ Int(a)) such thatthh0 ∈ (ZG(A)Gθ Int(a) )k and Int(thh0) maps
θ Int(a) to θ Int(b). So assume there is an elementg ∈ Z(A, θ Int(a)) such
that Int(g)θ Int(a) Int(g)−1 = θ Int(b). Let T̃ = g−1Tg. Then

θ(T̃) = θ Int(a)(T̃) = θ(g)−1θ(T)θ(g) = g−1θ(T)g= T̃

and T̃−θ is a maximalθ-split torus of ZG(A). By [Vus74, §1] there exists
h1 ∈ ZH (A) such thath1T̃−θ h−1

1 = T−θ . Thenh1g−1 ∈ NG(T−θ ) ∩ ZG(A). By
[Ric82, Proposition 4.7] there existsh2 ∈ NG(T−θ )∩ ZH (A) such thath2h1g−1 ∈
ZG(AT−θ ). Now h2h1T̃−θ h−1

1 h−1
2 andT are maximal tori inZG(AT−θ ). Since

ZG(AT−θ ) does not contain any non centralθ-split tori it follows from [Vus74,
§1] that [ZG(AT−θ ), ZG(AT−θ )] ⊂ H, hence there existsh3 ∈ ZG(AT−θ ) ∩ H
such thath3h2h1T̃−θ h−1

1 h−1
2 h−1

3 = T. Finally since [ZG(AT−θ ), ZG(AT−θ )] ⊂
H the Weyl groupW(T, ZG(AT−θ )) has representatives inH, so there exists
h4 ∈ ZG(AT−θ ) ∩ H such thath4h3h2h1g−1 ∈ T. It follows that g = th with
t ∈ T andh ∈ ZH (A), which proves the result.

For special pairs(G, θ) we can sharpen this result as follows:

Corollary 9.33. Let (G, θ) be a special pair and T, A be as above. Then two
k-involutionsθ Int(a) and θ Int(b) in FA(θ) are isomorphic under ZGk(A) if
and only if there exists t∈ T and h∈ ZH (A) such that th∈ (T ZH (A))k and
a−1b= θ(t)t−1.

For k= R we even get a much stronger result:

Corollary 9.34. Assume k= R and let θ, T, A be as above. Then two k-
involutionsθ Int(a) andθ Int(b) in FA(θ) are isomorphic under ZGk(A) if and
only if there exists t∈ Tk such that a−1b= θ(t)t−1.

Proof. Since(G, θ) is a special pairZ(A, θ Int(a))= ZGk(A) and since [ZGk(A),
ZGk(A)] is compact, the four conjugating elementsh1, h2, h3, h4 in the proof of
Proposition 9.32 can be chosen inHk instead ofH, but thenh4h3h2h1g−1 ∈ Tk,
what proves the result.

For a weakly-standard pair we even get a characterization forGk-isomorphy
instead ofZ(A, θ Int(a))-isomorphy:

Corollary 9.35. Assume(G, θ) is a weakly-standard pair. Let T, A be as above
and a∈ Ik(A−θ ). Then we have the following:

(1) θ and θ Int(a) are Gk-isomorphic if and only if there exists t∈ T and
h ∈ ZH (A) such that th∈ Z(A, θ) and a= θ(t)t−1.
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(2) If (G, θ) is a special pair, thenθ andθ Int(a) are Gk-isomorphic if and
only if there exists t∈ T and h∈ ZH (A) such that th∈ (T ZH (A))k and
a= θ(t)t−1.

(3) If k = R, thenθ and θ Int(a) are Gk-isomorphic if and only if there is
t ∈ Tk such that a= θ(t)t−1.

Proof. By Corollary 9.4 it suffices to consider isomorphy under(ZG(A)H)k.
If θ andθ Int(a) are isomorphic underx= zh∈ (ZG(A)H)k, then modulo ele-
ments ofHk, ZH (A) andW(A−θ ) the elementh ∈ H is contained inH (A, θ).
Since (G, θ) is a weakly-standard pairW(A−θ ) has representatives inHk as
well, so there existsh1 ∈ Hk andh2 ∈ ZH (A) such thath2hh1 ∈ H (A, θ). So
we may assume thatx= zhwith z∈ Z(A, θ) andh ∈H (A, θ). Now the result
follows from Proposition 9.32, Corollary 9.33 and Corollary 9.34.

We conclude this section with a description of the conjugating elementt ∈ T
as in Proposition 9.32 in the case thatk = R. We will let A denote a maximal
k-split torus ofG, θ a k-involution of G, normally related toA andT ⊃ A a
θ-stable maximalk-torus of ZG(A) such thatT−θ is a maximalθ-split torus of
ZG(A). Let S be the anisotropic part ofT. ThenS is θ-stable,T = SAand
A∩ S is finite, see 2.1.

Proposition 9.36. Let θ, A, T, S be as above and assume k= R. Let a∈
Ik(A−θ ). Then the following statements are equivalent:

(1) There is a t∈ Tk such that a= θ(t)t−1.
(2) a= xy where x∈ S−θ (k) ∩ A−θ (k) and y∈ τθ(Ak).

Proof. (1) =⇒ (2): Assumet ∈ Tk such thata = θ(t)t−1. Write t = sa0,
wheres ∈ Sk and a0 ∈ Ak. Since bothS and A are θ-stable we can write
s= s1s2 anda0 = a1a2 with s1 ∈ S+θ , s2 ∈ S−θ , a1 ∈ A+θ anda2 ∈ A−θ . Then
t = s1s2a1a2 and a = θ(t)t−1 = s−2

2 a−2
2 . Now a−2

2 = τθ(a0) ∈ A−θ (k) and
s−2
2 = τθ(s) = aa2

2 ∈ S−θ (k) ∩ A−θ (k). Takingx= s−2
2 andy= a−2

2 the result
follows.

(2) =⇒ (1): Assume now thata = xy as in (2). SinceSk is compact it
follows that S−θ (k) = τθ(Sk) (see for example [HS97, 11.4]). So there exists
s∈ Sk such thatx= τ(s). Let a0 ∈ Ak such thaty= τθ(a0). Thent = sa0 ∈ Tk
anda= θ(t)t−1, which proves (1).

10. Characterization of the admissible indices

In this section we will show that an admissiblek-involution of a semisimple
root datum9 can be represented by a(0, θ)-index and that there is a one to
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one correspondence between the congruence classes of these(0, θ)-indices and
the isomorphy classes of admissiblek-involutions. We will also characterize
the admissible(0, θ)-indices. Using this characterization we will classify the
admissible(0, θ)-indices in section 11 fork the real numbers,p-adics numbers,
finite fields and number fields. To be able to determine whether an involution
of a root datum is admissible we need to determine first whether it can be lifted
to an involution of the group. For this we use a realization of the root system in
G as in 6.4.

10.1. LetG be a reductive algebraic group,T a maximalk-torus ofG, X =
X∗(T) and8 = 8(T). Let k̄ denote the algebraic closure ofk. We say that an
involution θ ∈ Aut(X,8) can belifted if there exists an involutorial automor-
phismϕ ∈ Aut(G, T) inducingθ on (X,8). From the isomorphism theorem
it follows that there exists always a possibly non involutorialϕ ∈ Aut(G, T),
inducing θ on (X,8). So the question is whenϕ is an involution or even a
k-involution. This is again a matter of structure constants:

Proposition 10.2. Letθ ∈ Aut(X,8) be an involution andϕ ∈ Aut(G, T) such
thatϕ? = θ. Then we have the following:

(1) ϕ is an involution if and only if(ϕ|T)2 = idT and cα,ϕcθ(α),ϕ = 1 for all
α ∈ 8(T).

(2) ϕ is a k-involution if and only if it satisfies the conditions in(1) and for
all σ ∈ 0 andα ∈ 8 we haveϕ?σ = ϕ? and cσα,ϕdϕ?(α),σ = cασ,ϕdα,σ.

Proof. (1) follows from (6.8.1) and (2) is immediate from this and Proposition
6.10(2).

10.3. The above result describes when an involutionθ ∈ Aut(X,8) can be
lifted to an involution ork-involution. It remains to verify when this involution
is admissible, i.e. if it satisfies the normality condition 7.2 for an involution
and for ak-involution additionally the normality condition 8.2. The normality
condition 7.2 for an involution is again a matter of structure constants. Recall
first from [Hel91] that a rootα ∈ 8(T) is calledθ-singular if θ(α) = ±α and
θ|ZG((Kerα)0) 6= id. If θ(α) = −α we say thatα is real with respect toθ.
If θ(α) = α andα is θ-singular, thenα is also callednoncompact imaginary
with respect toθ. In that casecα,θ = −1, as follows by simple computation in
SL2. If θ(α) = α andα is notθ-singular, thencα,θ = 1. These roots are called
compact imaginarywith respect toθ.

Proposition 10.4([Hel91, 4.12]). Letθ ∈ Aut(X,8) be an involution andϕ ∈
Aut(G, T) an involution withϕ? = θ. Thenθ is admissible if and only if cα,ϕ =
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1 for all α ∈ 80(θ), i.e. 8(T) has no roots, which are noncompact imaginary
with respect toθ.

Similarly a necessary and sufficient condition for an involution of(X,8) to
be an admissiblek-involution follows from this result and Proposition 5.26(3).

Corollary 10.5. Let A be a maximal k-split torus of G, T⊃ A a maximal k-
torus θ ∈ Aut(X∗(T),8(T),8(A)) an involution andϕ ∈ Autk(G, T, A) a
k-involution withϕ? = θ. Thenθ is admissible if and only if cα,ϕ = 1 for all
α ∈ 80(θ) and for every irreducible component81 ⊂ 80(0θ) we have81 ⊂
80(θ) or 81 ⊂ 80(0).

Proof. From Proposition 10.4 it follows thatϕ is normally related toT. Since
ϕ ∈ Autk(G, T, A) we haveϕ(A) = A and A−θ is the annihilator ofX0(0θ).
From the condition that for every irreducible component81⊂80(0θ) we have
81 ⊂ 80(θ) or 81 ⊂ 80(0) it follows that ZG(A−θ )/A−θ contains no non triv-
ial (θ, k)-split torus. But thenϕ is normally related toA.

10.6. Although the above result characterizes which involutions of(X,8)

can be lifted to an admissible involution ofG, it is still difficult to determine
for which involutions there exists a suitable set of structure constants satisfying
the conditions in Proposition 10.2, Proposition 10.4 and Corollary 10.5. In the
following we derive a few more properties of these structure constants, what
will simplify the actual classification. First we note that up to a sign the above
structure constantscα,θ are of the formα(t) for somet ∈ T. To see this we use
the following automorphism defined by Steinberg (see [Ste68, Theorem 29]):

Definition 10.7. Let 1 be a basis of8. For an involutionθ ∈ Aut(X,8) let
θ1 ∈ Aut(G, T) denote the unique automorphism ofG such that

θ1(xα(ξ)) = xθ(α)(ξ) for all α ∈ 1, ξ ∈ k̄.(10.7.1)

From [Ste68, Theorem 29] it follows thatcα,θ1
= ±1 for all α ∈ 8.

By the isomorphy theorem any automorphism of(G, T) inducingθ on (X,8)

is now of the formθ1 Int(t) for somet ∈ T. The question is then whenθ1 Int(t)
is an involution ofG and when it is admissible. Combining (10.7.1) with the
above results we get the following:

Proposition 10.8. Let θ ∈ Aut(X,8) be an involution and1 a basis of8.
Then the following are equivalent:

(1) θ can be lifted.
(2) There is a t∈ T such thatθ1Int(t) is an involution.
(3) There is a t∈ T+ such thatθ1Int(t) is an involution.
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(4) There is a t∈ T such that cθ(α),θ1
= α(θ(t)t) for all α ∈ 1.

(5) There is a t∈ T+θ such that cθ(α),θ1
= α(t) for all α ∈ 1.

Proof. Let {xα}α∈8(T) be a realization of8(T) in G and let{cα,θ1
}α∈8(T) be

as in (6.8.1). Then forξ ∈ k̄ we get:

(θ1 Int(t))2(xα(ξ)) = xα(cα,θ1
cθ(α),θ1

α(t)θ(α)(t)ξ).

The equivalence of (1), (2), (4) and (5) follows now from this, the definition of
θ1 and Lemma 6.12.

So it suffices to prove (2) implies (3). Lett ∈ T such thatθ1Int(t) is an
involution. Write t = t+t− with t+ ∈ T+ and t− ∈ T−. Let s∈ T− such that
s2 = t−. Now Int(s)θ1Int(t) Int(s)−1 = θ1Int(t+) is an involution as well,
what proves the result.

Remarks10.9. (1). If ϕ ∈ Aut(G, T) is an involution, then for anyt ∈ T−ϕ the
automorphismϕ Int(t) is an involution as well.

(2). If t ∈ T+θ such thatθ1 Int(t) is an involution, then, sincecα,θ1
= ±1 for

all α ∈ 8, we have by (5) thatα(t4) = 1 for all α ∈ 8, hencet4 ∈ Z(G).

Combining this result with Proposition 6.10 we get the following charac-
terization of the involutions of(X,8) which can be lifted tok-involutions of
(G, T).

Corollary 10.10. Let θ ∈ Aut(X,8) be an involution and assume0 acts on
(X,8) as in 5.21. Let1 be a basis of8. There exists a t∈ T such that
ϕ = θ1Int(t) is a k-involution of(G, T) if and only if the following conditions
are satisfied:

(1) cθ(α),θ1
= α(θ(t)t) for all α ∈ 1.

(2) θσ = θ∗1
σ = θ∗1 = θ for all σ ∈ 0.

(3) cσ
α,ϕdθ(α),σ = α(t)σcσ

α,θ1
dθ(α),σ = ασ(t)cσ(α),θ1

dα,σ = cσ(α),ϕdα,σ for
all α ∈ 1 andσ ∈ 0.

Combining Propositions 10.8 and 10.4 we get the following characterization
of the involutions of(X,8) which can be lifted to admissible involutions of
(G, T).

Corollary 10.11. Let θ ∈ Aut(X,8) be an involution and let1 be aθ-basis
of 8. Thenθ is admissible if and only if there is a t∈ T such that

(1) cθ(α),θ1
= α(θ(t)t) for all α ∈ 1−10(θ)

(2) α(t) = 1 for all α ∈ 10(θ)
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In Theorem 10.45 we will give a detailed characterization of the involutions
θ ∈ Aut(X,8) which can be lifted to an admissiblek-involution of G. In fact
we will characterize these involutions by their admissible(0, θ)-index. The
characterization of these depends on the classifications of the underlyingθ-
indices and0-indices. Therefor before we characterize the admissible(0, θ)-
indices, we review in the following briefly a few facts of the classifications of
the admissibleθ-indices and0-indices.

10.12. Admissible θ-indices. In this subsection we discuss the classification
of admissibleθ-indices related to conjugacy classes of involutions ofG. Our
notations remain as in 5.11 and 7.1. In particular letG be a reductive algebraic
group,T a maximal torus ofG, X = X∗(T) and8 = 8(T).

The first step is to determine when a quadrupleD = (X,1,10(θ), θ∗) is a
θ-index. This follows from the following result:

Proposition 10.13. A quadrupleD = (X,1,10(θ), θ∗) is a θ-index of an in-
volution θ ∈ Aut(X,8) if and only if the restriction indexD0 = (X0, 10(θ),
10(θ), θ∗|10(θ)) is a θ-index forid and10(θ) is θ∗-stable.

Proof. This result is immediate from Lemma 5.13.

Remarks10.14. (1). A θ-index for id is always admissible. For0-indices this
is not the case.

(2). A complete list ofθ-indices for id follows from Remark 5.12.

Using this result one can easily obtain a list of the possibleθ-indices. The
next step is to determine which of theseθ-indices are admissible. For this we
can use a rank one reduction:

10.15. Rank one restriction. Recall that therestricted rankof an involution
θ ∈ Aut(X,8) is defined as the rank of the set of restricted roots8̄θ. The
classification of admissible involutions can be reduced to admissible involutions
of restricted rank one as follows. For eachλ ∈ 8̄θ such that12λ /∈ 8̄θ, let 8(λ)

denote the set of all rootsβ ∈ 8 such that the restriction ofβ to X̄λ is an
integral multiple ofλ. Then8(λ) is a θ-stable closed subsystem of8 (See
[BT65, p.71]). LetX(λ) denote the projection ofX = X∗(T) on the subspace
of E = X∗(T)⊗Z R spanned by8(λ).

Proposition 10.16. Let θ ∈ Aut(X,8) be an involution and1 a θ-basis of8.
Thenθ is admissible if and only ifθ|X(λ) ∈ Aut(X(λ),8(λ)) is admissible
for all λ ∈ 1̄θ.
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For a proof of this result see [Hel88, 4.5]. This reduces the classification
of admissibleθ-indices toθ-indices of restricted rank one. From 5.12 it fol-
lows that it suffices to consider irreducibleθ-indices. The irreducible, but not
absolutely irreducibleθ-indices are those for whichθ∗ = −θ exchanges the con-
nected components (see 5.12). There are 17 absolutely irreducibleθ-indices of
restricted rank one and the question which of these are admissible is a matter of
manipulating the structure constants satisfying the conditions in Propositions
10.2(1) and 10.4. For more details, see [Hel88,§4].

Remark10.17. The classification of isomorphy classes of involutions automor-
phisms ofG is independent of the base fieldk. For G of adjoint type it is
equivalent to the classification of real forms of a semisimple Lie algebra over
C, as is carried out by Araki [Ara62]. See also Sugiura [Sat71, appendix] for a
simplification of this method. A further simplification of Araki’s classification
can be found in [Hel88,§4].

10.18. Admissible0-indices. In this subsection we discuss the admissible0-
indices related to the isomorphy classes of semisimplek-groups. Our notations
remain as in 5.17 (unless specified otherwise).

If D = (X,1,10(0), [σ] ) is a admissible0-index and(G, T) is ak-group
corresponding toD , then we will write (G, T) ↔ D to indicate the relation
betweenD and(G, T).

10.19. Similar as in the case of involutions, the classification of admissible
0-indices can be reduced to the case of absolutely irreducible indices ofk-rank
= 1. That it suffices to consider absolutely irreducible indices can be seen as
follows. SupposeD = (X,1,10(0), [σ] ) and X is simply connected. IfD
is k-irreducible, but not absolutely irreducible, then1 = 11 ∪ . . . ∪1s, where
the1i are mutually disjoint connected components of1 and correspondingly
one hasX = X1 + · · · + Xs. Define01 = {σ ∈ 0 | 1[σ]

1 = 11}. Then0 =⋃s
i=1 01σi , where1i = 1

[σi ]
1 . Let D1 = (X1,11,11 ∩ 10(0), [σ] ), where

σ ∈ 01 and letk1 be the fixed field of01. Now we have the following:

Lemma 10.20. D is admissible as a0-index if and only ifD1 is admissible as
a 01-index.

Note that if (G1, T1)/k1↔ D1 then (G, T) = Rk1/k(G1, T1)↔ D . Here
Rk1/k is the functor of “descent” from the fieldk1 to the fieldk (see [Wei61]).

This reduces the classification of admissible0-indices to absolutely irre-
ducible indices.
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10.21. To classify the admissible0-indices one needs to classify first the ad-
missible0-indices fork-anisotropic groups. This can be seen as follows. If
D = (X,1,10(0), [σ] ) is an admissible0-index, then one obtains a subsys-
temD0 = {X0,10(0), [σ]} whereX0 is the projection ofX on 10(0)Q (one
may writeXQ = 10(0)Q with respect to someW-invariant metric), andD0 is
just the0-index of (G0, T0), thek-anisotropic kernel of the group(G, T) hav-
ing D as0-index. So a necessary condition for an0-indexD to be admissible
is that the subindexD0 is a admissible0-index of ak-anisotropic group.

For general base fields not much is known about thek-anisotropic groups.
However for a number of base fields, like the real numbers, finite fields,p-adic
fields and number fields, thek-anisotropic groups are known. For the remainder
of this subsection we will assume that the classification of admissible indices of
k-anisotropic groups is known for the base fieldk we consider. So we assume
thatD is a0-index, for which the subindexD0 is admissible and corresponds to
a k-anisotropic group(G0, T0) whereT0 splits overK. We redefine the notion
of admissibility for these indices now as follows.

Definition 10.22. The0-indexD is said to beadmissible over(G0, T0)↔D0
if there is a connected semi-simple algebraic groupG defined overk and a
maximal torusT defined overk such that(G0, T0) is thek-anisotropic kernel
of (G, T), andD is the0-index ofG.

From Theorem 7.10 it follows now that ifD is admissible over(G0, T0)→
D0, then the group(G, T) as described in the above definition is unique up to
k-isomorphism.

10.23. We still need a condition for when a0-indexD = {X,1,10(0), [σ]}
is admissible over(G0, T0)↔ D0. For this we can use the one cocycle(ϕσ )

of 0 in AutK (G̃, T̃) as in 6.1. Recall that the mapsϕσ are completely deter-
mined by the systemϕσ ↔ {ϕ?

σ, d−1
ασ−1

,σ
} (see 6.8). So similar as in the case

of involutions the problem of determining whether a0-indexD is admissible
over (G0, T0)↔ D0 comes down to a question about structure constants. The
following result gives a necessary and sufficient condition:

Proposition 10.24. Let D be a 0-index and forσ ∈ 0 let ϕ?
σ = [σ]−1w−1

σ .
ThenD is admissible over(G0, T0)↔D0 if and only if{d−1

ασ−1
,σ
| α ∈ 80, σ ∈

0} can be extended to a set of scalars{c−1
ασ−1

,σ
| α ∈ 8, σ ∈ 0} satisfying

dα,σγ = dγ
α,σdασ,γ for σ, γ ∈ 0.(10.24.1)
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and for eachσ ∈ 0 the map defined by{ϕ?
σ, d−1

ασ−1
,σ
} is admissible in the sense

of 6.8.

Proof. LetD = {X,1,10(0), [σ]} and supposeD is admissible over(G0, T0)→
D0. AssumeD is the 0-index of (G, T), a connected semi-simple group
defined overk having (G0, T0) as k-compact kernel. The Dynkin diagram
(X,1) uniquely determines (up tok-isomorphism) a Chevalley group(G̃, T̃)

defined overk. Then (G, T) is a K/k-form of (G̃, T̃). There exists aK-
isomorphismφ : (G, T)→ (G̃, T̃) which is uniquely determined by the system
(ϕσ = φσ ◦ φ−1)σ∈0 of automorphisms in AutK (G̃, T̃)). From 6.11 it follows
that ϕσ ↔ {ϕ?

σ, d−1
aσ−1,σ

}. The cocycle conditionϕσ
γ ◦ ϕγ = ϕσγ implies that

ϕ?
σϕ?

γ = ϕ?
σγ and from (6.5.2) it follows that the scalars{dα,σ} satisfy the con-

dition
dα,σγ = dγ

α,σdασ,γ for σ, γ ∈ 0.

Since(G0, T0)↔D0, the scalars{d−1
ασ−1,σ

, α ∈ 80, σ ∈ 0} are given, and so is
ϕ?

σ|X0. In fact the isomorphismsϕ?
σ are determined by the0-indexD and the

restrictionsϕ?
σ|X0. Namely, using the identification ofX with X̃ as in 6.1 we

haveχ[σ] = w−1
σ χσ = w−1

σ? (χ) soϕ?
σ = [σ]−1w−1

σ . But the diagram automor-
phism [σ] is given by the0-index D , and sincewσ ∈ W0, ϕ?

σ|X0 determines
wσ. On the other hand, sinceD is admissible it follows from Theorem 7.10
(applied to the caseG′ = G̃) that the set of scalars{d−1

ασ−1,σ
, α ∈ 8, σ ∈ 0}

is determined by the subset{d−1
ασ−1,σ

, α ∈ 80, σ ∈ 0}. It follows that for each

σ ∈ 0 the set of scalars{ϕ?
σ := [σ]−1w−1

σ , d−1
ασ−1

,σ
} is admissible in the sense

of 6.8.
Conversely if{ϕ?

σ, d−1
ασ−1,σ

} is admissible for eachσ, then they determine a

system of automorphisms{ϕσ}σ∈0 in AutK (G̃, T̃). From equation (10.24.1)
and the definition ofϕ?

σ, it follows than that the system{ϕσ} is a one-cocycle
of 0 in AutK (G̃, T̃), hence{ϕσ} determines aK/k-form of (G̃, T̃). ThusD is
admissible over(G0, T0)↔D0.

10.25. Restriction to k-rank = 1. Similar as in the case of involutions we
want to reduce the problem of classifying admissible0-indices to the case of
0-indices of groups havingk-rank= 1. Recall that thek-rank of G is just the
number of restricted fundamental roots of8̄0.

First we give a condition for when a subgroup ofG, generated by a subset of
a fundamental basis, is ak-subgroup ofG.
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Lemma 10.26. LetD = {X,1,10(0), [σ]} be an admissible0-index of(G, T),
1′ a [σ]-invariant subset of1 and G(1′) ⊂ G the connected semi-simple sub-
group generated by{Uα | α ∈ 8 ∩1′

Q
}. Then G(1′) is defined over k if the

following two conditions are satisfied:

(1) 1′[σ] = 1′,
(2) if α ∈ 1′ andβ ∈ 10(0) and〈α, β〉 6= 0, thenβ ∈ 1′.

10.27. LetD = {X,1,10(0), [σ]}. If 1′ is a [σ]-invariant subset of1, then
we can define a subsystemD1′ = {X′,1′,1′0(0), [σ] ′} of D whereX′ is the
projection ofX on1′

Q
,1′0(0) = 1′ ∩10(0), [σ] ′ = [σ]|X′. The systemD1′

will be called acanonical subsystemof D .
If D is admissible,(G, T) ↔ D , and1′ is a subset of1 which satisfies

conditions (i), (ii) of Lemma 10.26, then the canonical subsystemD1′ is clearly
admissible, and(G(1′), T′) ↔ D1′ , whereT′ = T ∩ G(1′) is a maximal
torus ofG(1′) andA′ = A∩ T′ is a maximalk-split torus inG(1′).

The following result gives a criterion for how one can combine admissible
0-indices to obtain other admissible0-indices.

Proposition 10.28. LetD = (X,1,10(0), [σ] ), and suppose1 = 1′ ∪1′′,
where1′ and 1′′ satisfy conditions(1), (2) of Lemma 10.26 and1′ ∩1′′ ⊂
10(0). If the canonical subsystemsD1′, D1′′ are admissible over G0(1′0(0)),
G0(1

′′
0 (0)), respectively, where1′0(0)=1′ ∩10(0), 1′′0 (0)=1′′ ∩10(0),

thenD is admissible over(G0, T0)↔D0.

Remarks10.29. (1) The condition1′ ∩1′′ ⊂ 10(0) in Proposition 10.28 im-
plies that1′0(0) and 1′′0 (0) consist of unions of connected component of
10(0), henceG0(1

′
0(0)) andG0(1

′′
0 (0)) are normal subgroups ofG0.

(2) This result reduces the classification to indices ofk-rank= 1. By Lemma
10.20 we may further assume that the index is absolutely irreducible.

Example10.30. The following0-indices are admissible overR:

1′ : e u u�� u
@@ u 1′′ : e e e u u�� u

@@ u
Thus by Proposition 10.28, the following0-index for E8 is admissible:

e u u
u

u e e e
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Remark10.31. From the above discussion it follows that the classification of
admissible0-indices reduces to a classification of absolutely irreducible0-
indices ofk-rank= 1. For a number of base fields the semisimple algebraic
k-groups have been classified. Fork = R the classification was already known
to Cartan (see [Car72]). In this case the0-indices were classified by Araki
[Ara62]. See also [Sat71] and [Hel88] for simplifications of this classification.
The admissible0-indices have also been classified forp-adic fields, finite fields
and number fields. For more details see [Tit66] and [Sat71]. To complete the
classification for these fields one needs to classify allk-anisotropic semisim-
ple algebraic groups. A classification of these basically reduces to determining
the first cohomology group of0 in Aut(G). For p-adic fields this classifica-
tion was studied by a number of people, including Tits [Tit66], Satake [Sat63]
and Veisfeiler [Vei64]. The classification in the case of number fields was com-
pleted only recently. For simply connected semisimple algebraic groups Kneser
[Kne65] and Harder [Har65, Har66] determined the first cohomology group of
0 in Aut(G). The problem of constructing all central simple Lie algebras of
a given type over a number field was solved by a number of people, including
Jacobson, Ferrar and Allison, see [Jac79, Fer76, Fer78, Fer88, All92].

10.32. In the characterization of admissible indices fork-involutions we will
need the following result about the admissible0-indices.

Lemma 10.33. LetD = (X,1,10(0), [σ] ) be an admissible0-index. Write
id = − id ◦ id∗ ◦w0(id) as in 5.12. Then10(0) is id∗-stable.

Proof. Let 1 be a0-basis of(X,8). Since−1 is also a0-basis of(X,8)

it follows that−1̄0 is a basis of8̄0, hence there existsw1 ∈ W0 such that
w1(−1̄0) = 1̄0. Thenw1 ◦ − id(10(0)) is a basis of10(0), hence there
existsw ∈ W0(0) such thatww1 ◦ − id(10(0)) = 10(0). It follows that
ww1 ◦ − id(1) = 1, henceww1 = w0(id). Since id∗ = − id w0(id) and
ww1 ◦ − id(10(0)) = 10(0) the result follows.

10.34. Admissible k-involutions. In 6.8 we characterized the indices of invo-
lutions which can be lifted to admissible involutions of the group. Even if these
admissible involutions arek-involutions then they are not necessarily admissi-
ble k-involutions. In the remainder of this section we give a characterization
of the admissiblek-involutions. We first note that the notion of admissibility
of the k-involutions can be induced to(0, θ)-indices, which will be easier to
classify. Recall that in Theorem 8.9 we showed that theW(A, T)-isomorphy
classes of admissiblek-involutions of(X∗(T),8(T),8(A)) correspond with
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congruence classes of certain(0, θ)-indices. If we use the same notations as in
5.21 and 8.31, then we can define admissible(0, θ)-indices as follows:

Definition 10.35. Let G be a reductivek-group, T a maximalk-torus of G,
X = X∗(T), 8 = 8(T), A the subtorus ofT annihilated byX0(0), K ⊃ k a
splitting extension forT andθ ∈ Aut(X,8) an involution. If� is a (0, θ)-
order on(X,8) andD = (X, 1, 10(0), 10(θ), [σ], θ∗) the corresponding
(0, θ)-index, thenD is said to be anadmissible(0, θ)-index(with respect to
(G, T)) if A is a maximalk-split torus ofG and if there exists ak-involution
θ̃ of G, normally related toA and x ∈ ZGK (A) such that Int(x)θ̃ Int(x−1) is
normally related toT, x−1Tx is ak-torus and Int(x)θ̃ Int(x−1)|T = θ.

From Theorem 8.9 it follows now that theW(A, T)-isomorphy classes of
admissiblek-involutions of (X∗(T), 8(T), 8(A)) correspond with the con-
gruence classes of admissible(0, θ)-indices:

Proposition 10.36. Let A be a maximal k-split torus of G and T⊃ A a max-
imal k-torus of G. There is a bijection between the W(A, T)-isomorphy classes
of admissible k-involutions of(X∗(T),8(T),8(A)) and the congruence classes
of admissible(0, θ)-indices of(X∗(T),8(T)).

10.37. To classify the admissible(0, θ)-indices we can first determine all the
possible(0, θ)-indices. Recall that from Proposition 5.26 it follows that a0θ-
index is a(0, θ)-index if and only if

If 81 ⊂ 80(0θ) irreducible component, then81 ⊂ 80(θ) or 81 ⊂ 80(0).

(10.37.1)

The problem which remains then is to determine which of these(0, θ)-indices
are admissible. An admissible(0, θ)-index also satisfies the following condi-
tions:

Proposition 10.38. Let D = (X, 1, 10(0), 10(θ), [σ], θ∗) be an admissi-
ble (0, θ)-index. ThenD satisfies the following conditions:

(1) 80(θ) is wσ-stable for eachσ ∈ 0.
(2) 10(θ) is [σ]-stable for eachσ ∈ 0.
(3) 80(0) is w0(θ)-stable .
(4) 10(0) is θ∗-stable.
(5) w0(θ) and [σ] commute for eachσ ∈ 0.
(6) θ∗ and [σ] commute for eachσ ∈ 0.
(7) wσ commutes withθ for eachσ ∈ 0.
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Proof. By (4.4.1)σθ = θσ for all σ ∈ 0. Let σ ∈ 0 andwσ ∈ W0(0) such
that σ(10(0)) = wσ(10(0)). Then by Proposition 4.9(2) we haveσ(1) =
wσ(1). Sinceσ(80(θ)) = 80(θ) and [σ] = w−1

σ σ statement (2) is equivalent
to wσ(80(θ)) = 80(θ). We will show the latter. Since by Proposition 5.26
80(0, θ) = 80(0) ∪ 80(θ) we may restrict to the case that8 = 80(0, θ).
Write 80(0, θ) = 81 ∪ · · · ∪8n, where each8i is irreducible(i = 1, . . . , n),
81, . . . ,8r 6⊂ 80(θ) and8r+1, . . . ,8n ⊂ 80(θ). If i > r , thenwσ(8i ) ⊂
80(θ). So we may assume80(0, θ) = 80(0). Sinceσθ = θσ it follows
thatσ(10(0)) is also aθ-basis of80(0). Moreover sinceD is admissible it
follows thatθ|80(0) is admissible as well, hencē8θ is a root system with basis
1̄θ. Thenσ(1̄θ) is a basis of8̄θ as well, so by Proposition 4.11(3) there exists
w ∈ Wθ such thatw(σ(1̄θ)) = 1̄θ. Now wσ(10(θ)) and10(θ) are bases
of 80(θ), so there existsw0 ∈ W0(θ) such thatw0wσ(10(θ)) = 10(θ). But
then alsow0wσ(1) = 1. It follows thatw−1

σ = w0w, but thenwσ(80(θ)) =
80(θ), what proves (1) and (2).

(3) and (4). Writeθ = − id θ∗w0(θ) as in 5.11. Sinceθ(80(0)) = 80(0)

it follows that (4) is equivalent tow0(θ)(80(0)) = 80(0). With a similar
argument as in the proof of (2) we can reduce to the case that80(0) ⊂ 80(θ)

and8 = 80(θ). Note that sinceD is admissible the restriction ofDk to 80(θ)

is also an admissible0-index. For each irreducible component of80(θ) we
have that eitherθ∗ = id, θ∗ = id∗ or θ∗ exchanges to irreducible components.
Now the result follows from Lemma 10.33.

(5). Recall thatw0(θ) is the unique Weyl group element inW0(θ) such that
w0(θ)(80(θ)+) = 80(θ)−. Since by (2) [σ](10(θ)) = 10(θ) it follows that
[σ]w0(θ)[σ]−1(80(θ)+) = 80(θ)−, hence [σ]w0(θ)[σ]−1 = w0(θ).

(6). Let σ ∈ 0. Recall that by (4) the diagram automorphismθ∗ leaves
10(0)-stable. But thenθ∗[σ]θ∗(80(0)+)= θ∗[σ](80(0)+)=80(0)+. From
the definition of [σ] it follows now thatθ∗[σ]θ∗ = [σ].

Finally as for (7) note that fromσθ = θσ for all σ ∈ 0 we getθw−1
σ [σ] =

w−1
σ [σ]θ = w−1

σ θ[σ]. From this it follows thatθwσ = wσθ, what proves the
result.

Corollary 10.39. Let 9 be a semisimple root datum, let0, θ act on (X,8)

as in 5.21, assume that for allσ ∈ 0 we haveθσ = θ, let � be a0θ-order on
(X,8) with basis1 such that condition(10.37.1)is satisfied and assume that
10(0) is id∗-stable. Then the following are equivalent:

(1) [σ] commutes withθ∗ andw0(θ).
(2) 10(0) is θ∗-stable and10(θ) is [σ]-stable for eachσ ∈ 0.

Proof. From the proof of Proposition 10.38 it follows that (2) implies (1).
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Write θ = − id θ∗w0(θ) as in 5.11. If [σ] commutes withθ∗ andw0(θ), then
[σ] also commutes withθ, hence10(θ) is [σ]-stable for eachσ ∈ 0. Since
θ(80(0)) = 80(0) andθ∗(10(0)) ⊂ 1 it follows that10(0) is θ∗-stable if
and only if w0(θ)(80(0)) = 80(0). We will show the latter. By (10.37.1)
we have that for each irreducible component81 ⊂ 80(0θ) either81 ⊂ 80(θ)

or 81 ⊂ 80(0). Write 80(0, θ) = 81 ∪ · · · ∪ 8n, where each8i is irre-
ducible(i = 1, . . . , n) and such that81, . . . ,8r 6⊂80(θ) and8r+1, . . . ,8n⊂
80(θ). Since80(θ) ⊂80(0θ) it follows thatw0(θ) can be written asw0(θ) =
w1 . . . wn with wi ∈ W(8i ) for i = 1, . . . , n. Since10(0) is id∗-stable it fol-
lows thatwi (80(0)) = 80(0) for i = r + 1, . . . n. Sincewi ∈ W0(0) for
i = 1, . . . , r it follows that alsowi (80(0)) = 80(0) for i = 1, . . . r , hence
w0(θ)(80(0)) = 80(0). This proves the result.

This leads to the following definition.

Definition 10.40. Let 9 be a semisimple root datum, let0, θ act on(X,8) as
in 5.21 and assumeθσ = θ for all σ ∈ 0. The involutionθ of (X,8) is called
a basic0θ-involution if there exists a0θ-order� on (X,8) with basis1 such
that condition (10.37.1) is satisfied,10(0) is id∗-stable,10(0) is θ∗-stable
and10(θ) is [σ]-stable for eachσ ∈ 0. In this case we call the corresponding
6-tuple(X, 1, 10(0), 10(θ), [σ], θ∗) abasic0θ-index.

Notation10.41. A basic0θ-indexD = (X, 1, 10(0), 10(θ), [σ], θ∗) con-
tains both a0-index and aθ-index. Denote the0-index byDk = (X, 1,10(0),
[σ] ) and theθ-index byDθ = (X, 1, 10(θ), θ∗).

Remark10.42. If D is a basic0θ-index such that the corresponding0-index
Dk is admissible, then the condition “10(0) is id∗-stable” is automatically
satisfied (see Lemma 10.33) and would not be needed in the definition of basic
0θ-index. However this condition is needed to prove Corollary 10.39, which
is independent of the condition thatDk is admissible and will be useful in the
classification.

10.43. Similarly as for admissible0-indices one can restrict an admissible
(0, θ)-index D = (X, 1, 10(0), 10(θ), [σ], θ∗) to the k-anisotropic ker-
nel G0 and obtain an admissible(0, θ)-index D0 = (X0(0), 10(0), 10(θ),
[σ]|10(0), θ∗|10(0)) of the pair(X0(0),80(0)). Similar as in 10.21, the
admissibility of a(0, θ)-indexD depends on the admissibility of the restric-
tion indexD0. In Theorem 10.45 we will see that one can always extend an
admissible restriction index to an admissible index forX0(0θ).

We will need the following result:
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Lemma 10.44. Let D be a basic0θ-index, A= {t ∈ T | χ(t) = e for all χ ∈
X0(0)} the annihilator of X0(0) andϕ ∈ Aut(G, T) such thatϕ? = θ. Then
ϕ(A) = A.

Proof. SinceX0(0) is θ-stable it follows that fora∈ A andχ ∈ X0(0) we have
χ(ϕ(a)) = θ−1(χ)(a) = θ(χ)(a) = e, henceϕ(a) ∈ A.

We can now characterize when a basic0θ-index is an(0, θ)-index and when
these are admissible. These problems can be solved simultaneously.

Theorem 10.45.Let (X,8) be as above, let0, θ act on(X,8) as in 5.21 and
assumeθσ = θ for all σ ∈ 0. Let1 be a0θ-fundamental basis of(X,8) and
let D = (X, 1, 10(0), 10(θ), [σ], θ∗). Then the 6-tupleD is an admissible
(0, θ)-index if and only if the following conditions are satisfied

(1) D is a basic0θ-index.
(2) Dk is an admissible0-index.
(3) Dθ is an admissibleθ-index.
(4) D0 is an admissible(0, θ)-index.

Proof. If D is an admissible(0, θ)-index, then bothDk andDθ are admissible
and clearly the restriction ofD to D0 is admissible. By (10.37.1) and Proposi-
tion 10.38D is a basic0θ-index. So it suffices to show the ”if” statement.

AssumeD is a basic0θ-index, such thatDk is an admissible0-index,Dθ

is an admissibleθ-index andD0 is an admissible(0, θ)-index. Let{xα}α∈8
be aK-realization of8 in G as in 6.7,1 a (0, θ)-basis andθ1 ∈ Aut(G, T)

the automorphism as in 10.7. SinceDθ is an admissibleθ-index there exists
by Proposition 10.8(3) at ∈ T+θ such that̃θ = θ1 Int(t) is an involution. Let
A be the annihilator ofX0(0). SinceDk is admissibleA is a maximalk-split
torus of G. Moreover sinceD is a basic0θ-index it follows from Lemma
10.44 that̃θ(A) = A, henceθ̃|ZG(A) is an involution as well. SinceD0 is an
admissible(0, θ)-index there exists ak-involution θ1 ∈ Aut(ZG(A), T) such
that θ∗1 = θ|X0(0). Let T1 = T ∩ [ ZG(A), ZG(A)]. By [Hel88, 3.8] there
existst ∈ (T1)−θ such thatθ1 = θ̃|ZG(A) Int(t). Let θ2 = θ̃ Int(t) ∈ Aut(G, T).
Since(T1)−θ ⊂ T−θ it follows from Remark 10.9 thatθ2 is an involution. Since
θ2|ZG(A) = θ1 is ak-involution it follows from Proposition 6.10(2) that for all
σ ∈ 0 andα ∈ 10(0):

cσ
α,θ2

dθ(α),σ = cασ,θ2dα,σ.(10.45.1)

Similarly if α ∈ 10(θ), then sinceDθ is admissible we havecα,θ2 = cασ,θ2 =
1, hencecσ

α,θ2
dθ(α),σ = cασ,θ2dα,σ. Combined with (10.45.1) it follows now

that θ|80(0, θ) is an admissiblek-involution, i.e. if A0 is the annihilator of
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X0(0, θ), thenθ2|ZG(A0) is an k-involution. We must show now that there
existst ∈ A0 such thatθ2 Int(t) ∈ Aut(G, T) is ak-involution. Lett ∈ A0 and
write ϕ = θ2 Int(t). SinceA0 ⊂ T−θ it follows from Remark 10.9 thatϕ is an
involution. Define

eα,σ =
cσ
α,ϕ

cασ,ϕ

dθ(α),σ

dα,σ
= α(t)σ

ασ(t)

cσ
α,θ2

cασ,θ2

dθ(α),σ

dα,σ
.(10.45.2)

We need to show now that we can findt ∈ A0 such thateα,σ = 1 for all α ∈ 8,
σ ∈ 0. Note that sinceϕ|ZG(A0) is a k-involution, we have by Proposition
6.10(2)eα,σ = 1 for all α ∈ 80(0, θ), σ ∈ 0. So it suffices to show that the
cαi ,ϕ, αi ∈ 1 −10(0, θ) (or equivalently theαi (t), αi ∈ 1 −10(0, θ)) can
be modified so thateα,σ = 1 for all α ∈ 8, σ ∈ 0.

Sinceθ= ϕ? andθσ = θ for all σ ∈ 0, Proposition 6.10 and equation (10.45.2)
imply ϕσ ↔ {θ, e

ασ−1
,σ

cα,ϕ} and ϕσ ◦ ϕ−1 ↔ {id, e
ασ−1

,σ
}. It follows from

[Hel88, 3.8], that for eachσ ∈ 0 there existstσ ∈ T−θ such thatϕσ ◦ ϕ−1 =
Int(tσ ). But thene

ασ−1
,σ
= α(tσ ). From this it easily follows that

e−α,σ = e−1
α,σ(10.45.3)

eα+β,σ = eα,σeβ,σ.

From these equations, it is clear that if we can choose the scalarscαi ,ϕ, αi ∈1−
10(0, θ) so thateαi ,σ = 1 for all σ ∈ 0, theneα,σ = 1 for all α ∈8, σ ∈ 0. The
relatione

ασ−1
,σ
= α(tσ ) shows thateα,σ depends only onα mod (80(0, θ))Z.

Since by (6.5.2)dα,σγ = dγ
α,σdασ,γ for σ, γ ∈ 0 it follows from equation (10.45.2)

that the scalarseα,σ satisfy a similar condition:

eα,σγ = eγ
α,σeασ,γ for all σ, γ ∈ 0.(10.45.4)

Fix λr ∈ 1̄0θ
, αi ∈ 1−10(0, θ) such thatλr = π(αi ) ∈ 8(A0). Let γ ∈ 0

andwγ ∈ W0(0, θ) such thatγ = wγ [γ]. Thenα
[γ]
i = w−1

γ α
γ
i = α

γ
i + χ0 for

someχ0 ∈ 80(0, θ)Z. Sinceχ0(tσ ) = 1 it follows that αγ
i (tσ ) = α

[γ]
i (tσ ),

henceeα
γ
i ,σ = e

α
[γ]
i ,σ

. Note that sinceϕ|ZG(A0) is a k-involution it follows

that χ(tσ ) = 1 for χ ∈ X0(0θ). Sinceα
[γ]
i |A0 = αi |A0 = λr it follows that

α
[γ]
i − α ∈ X0(0θ), henceαi (tσ ) = α

γ
i (tσ ) = α

[γ]
i (tσ ). But then also

eα
γ
i ,σ = e

α
[γ]
i ,σ
= eαi ,σ for all σ, γ ∈ 0.(10.45.5)

Combined with (10.45.4) it follows that

eα,σγ = eγ
α,σeα,γ for all σ, γ ∈ 0,(10.45.6)
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hence the system of scalars(eαi ,σ ) is a one-cocycle of0 in K∗. From Hilbert’s
Theorem 90 it follows that there exists an elementµ ∈ K∗ such thateαi ,σ =
µσµ−1. Since1̄0θ

is a basis of the root system̄80θ
there existstλr ∈ A0

such thatα(tλr ) = λr (tλr ) = µ−1 and λ j (tλr ) = 1 for λ j ∈ 1̄0θ
with λ j 6=

λr . Replacingϕ by ϕ Int(tλr ) thencαi ,ϕ is replaced byµ−1cαi ,ϕ, so (10.45.2)
implies eαi ,σ = 1 for all σ ∈ 0. Now for eachλ j ∈ 1̄0θ

choose an element
tλ j ∈ A0 as above and lett0 = ∏

λ j∈1̄0θ
tλ j . Replacingϕ by ϕ Int(t0) we get

eα,σ = 1 for all α ∈ 1 andσ ∈ 0, henceϕ Int(t0) is ak-involution.
Finally from Corollary 10.5 it follows thatA0 is a maximal(θ, k)-split torus

of G. This proves the result.

Remark10.46. If k= R andGR is compact, then an involutionθ ∈ Aut(X,8)

can be lifted to an admissiblek-involution of GR if and only if it can be lifted to
an admissible involution ofG. From this it follows that fork = R a restriction
indexD0 is admissible if and only if it is an admissibleθ-index. So in the case
of real groups one can drop condition (4) of Theorem 10.45.

Remark10.47. For the classification of admissibleθ-indices and0-indices a
reduction to the restricted rank 1 indices was needed and these were classified.
For the admissible(0, θ)-indices this reduction is not needed, as follows from
the above result.

11. Classification of the admissible (0, θ)-indices

It follows from Theorem 10.45 that in order to classify the admissible(0, θ)-
indices one needs to have a classification of 4 different indices. Two of these
are already known. The admissible0-indices were classified by Tits in [Tit66]
for a number of base fieldsk and the admissibleθ-indices were classified in
[Hel88]. It remains to classify the basic0θ-indices and the restriction indices
of k-anisotropic groups. In this section we discuss a classification of these for a
number of base fields and combine these classifications to obtain a classification
of the admissible(0, θ)-indices fork the real numbers, ap-adic field Qp, a
number fieldn and a finite fieldFq.

11.1. Basic 0θ-indices. To classify the basic0θ-indices we use Proposition
10.38 and Corollary 10.39. For a number of base fields one can sharpen those
conditions. For example in the case thatk= R we have that80(0) = {α ∈ 8 |
ασ + α = 0} = {α ∈ 8 | ασ = −α}. Let 1 be a0-basis of8 andwσ ∈ W0(0)

such thatσ(10(0) = wσ(10(0). Sinceσ(10(0)) = −10(0) it follows that
wσ is the opposition involution in∈ W0(0) with respect to10(0) (see also
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[Hel88, 2.9]). But then [σ] andwσ commute. From Proposition 10.38 it follows
now that in this caseθ∗, w0(θ), [σ] andwσ commute. Combined with Corollary
10.39 we get the following characterization of the basic0θ-indices in the case
thatk= R:

Corollary 11.2. Let k= R, 9 a semisimple root datum and assume0, θ act on
(X,8) as in 5.21. A sixtupleD = (X, 1, 10(0), 10(θ), [σ], θ∗) is a basic
0θ-index if and only if it satisfies the following conditions:

(1) [σ] andθ∗ commute.
(2) 10(θ) is [σ]-stable,σ ∈ 0, and10(0) is θ∗-stable.
(3) for every connected component11 of 10(θ) ∪ 10(0) we have11 ⊂

10(0) or 11 ⊂ 10(θ).

11.3. Similarly as in the case of0-indices (see 10.19) the classification of
the (0, θ)-indices can be reduced to a classification of absolutely irreducible
(0, θ)-indices. That it suffices to consider absolutely irreducible indices can
be seen as follows. SupposeD = (X,1,10(0),10(θ), θ∗, [σ] ) and X is
simply connected. IfD is irreducible, but not absolutely irreducible, then
1 = 11 ∪ . . . ∪1s, where the1i are mutually disjoint connected components
of 1 and correspondingly one hasX = X1+ · · · + Xs and8 = 81 ∪ · · · ∪8s.
Define E1 = {σ ∈ 0θ | 1[σ]

1 = 11} and 01 = {σ ∈ 0 | 1[σ]
1 = 11}. Then

0θ = ⋃s
i=1 E1σi , where1i = 1

[σi ]
1 . Let D1 = (X1,11,11 ∩ 10(0),11 ∩

10(θ), θ∗, [σ] ), whereσ ∈ 01 and letk1 be the fixed field of01. Denote the
underlying01-index ofD1 by D1(k1). We note thatE1 is the subgroup of0θ

spanned by01 and{id,−θ} if θ(11) = 11 andE1 = 01 if θ(11) 6= 11.
We have the following cases:

11.3.1. E1= 0θ. We note first that the(0, θ)-indexD is absolutely irreducible
if and only if E1 = 0θ. In Table 1 we list the absolutely irreducible(0, θ)-
indices together with the corresponding reduced root system of the symmetric
k-variety fork the real numbers, ap-adic fieldQp, a number fieldn and a finite
field Fq. In this table we use the diagrammatic representation of the(0, θ)-
indices as in 5.28. For a more detailed discussion of the notion used, see 11.4.

11.3.2. E1 6= 0θ andE1 ) 01. The conditionE1 ) 01 implies that−θ ∈ E1,
henceθ(11) = 11. In this case we gets copies of the(0, θ)-indexD1.

11.3.3. E1 6= 0θ and−θ 6∈ E1= 01= 0. Since−θ 6∈ E1, it follows thatθ∗(11) 6=
11. So in this cases= 2 andθ exchanges two copies of the absolutely irre-
ducible0-indexD1(k).



86 A.G. HELMINCK

11.3.4. E1 6= 0θ, 01 ( 0,−θ 6∈ E1 = 01 andDθ is irreducible. Since−θ 6∈ E1
we haveθ∗(11) 6= 11 and sinceDθ is irreducible it follows thats= 2. Finally
since01 ( 0 it follows that0 also exchanges two copies of the diagramD1(k).

11.3.5. E1 6= 0θ, 01 ( 0, −θ 6∈ E1 = 01, Dθ is not irreducible andDk is
irreducible. In this cases= 2r is even andθ∗(1i ) 6= 1i for all i = 1, . . . , s.
So θ∗ maps one half of the irreducible components into the other half. Since
θ∗ and [σ] commute for allσ ∈ 0 this restricts the number of possible cases
considerably. An example of this is the following index where81 ⊂ X1 is of
type A1 andDk consists of 4 copies ofA1 exchanged byσ1, σ2, σ3, σ4 ∈ 0:

e e-�

-�

[σ1]

[σ3]

6

?

6

?
[σ2]& θ∗ [σ4]& θ∗

e e

In this case the restricted root system8(A−θ ) is isomorphic to81. We note that
if |0| = 2 (for example ifk= R) then this case does not occur.

11.3.6. E1 6= 0θ, 01 ( 0,−θ 6∈ E1= 01 andDθ, Dk are not irreducible.Since
D is irreducible,Dk not irreducible andθ∗ commutes with the action of0 the
0-index Dk consists of two irreducible componentsD1

k and D2
k . Similarly

sinceD is irreducible andθ∗ and [σ] commute for allσ ∈ 0 it follows that
θ∗(D1

k ) =D2
k . Finally since01 ( 0 the0-indicesD1

k andD2
k are irreducible,

but not absolutely irreducible. An example of this is the following index where
81⊂ X1 is of typeA1 andD1

k consists of 3 copies ofA1 exchanged byσ1, σ2 ∈
0:

e e e-� -�

-� -�

[σ1] [σ2]

[σ1] [σ2]

6
?

6
?

6
?

θ∗ θ∗ θ∗
e e e

Note that in this case the restricted root system8(A−θ ) is isomorphic to81.

11.4. In order to be able to refer to the absolutely irreducible(0, θ)-indices in
Table 1, we will use the following notation, which combines the notation of Tits
[Tit66] for 0-indices and the notation in [Hel88] forθ-indices. In particular let
D = (X, 1, 10(0), 10(θ), [σ], θ∗) be a basic0θ-index as in 10.40 and let
Dk andDθ be the corresponding0-index and theθ-index as in 10.41. For the
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0-indices we use the notationgXt
n,r . HereX denotes the type of8, i.e. one of

A, B, . . . , G, n the rank of8, r the rank of1̄0 andg the order of the action of
0 on the Dynkin diagram. In the case thatg= 1 (i.e. the Dynkin diagram has
no nontrivial automorphism) we will omit it in the notation. Finallyt denotes
either the degree of the division algebra, which occurs in the definition of the
considered form or the dimension of the anisotropic kernel. To differentiate
between these two cases we putt between parentheses when it stands for the
degree of the division algebra. In fact the degree of the division algebra is only
used ifX is of classical type.

As for theθ-indices they can be described by the type in the Cartan notation
together with the rank of the restricted root system1̄θ, see [Hel88, Table II].
We will use a superindex to indicate the rank of1̄θ. Similar as in [Hel88] we
omit the action ofθ∗ on 10(θ) in the θ-index, becauseθ∗|10(θ) = −w0(θ)

is completely determined by the type of the root system80(θ). So combining
these two we will denote a(0, θ)-index by gXt

n,r (typeθp), wheregXt
n,r is as

above, typeθ is the Cartan notation of the involution andp denotes the rank of
1̄θ. For example2A(1)

2n+1,n+1( I I I p
b ) means that8 is of typeA2n+1, θ is of type

AI I Ib, the action of0 on the Dynkin diagram is the diagram automorphism,
the degree of the division algebra is 1 and rank1̄0 = n+ 1, rank1̄θ = p.

In the next column of this table we list the Dynkin diagram of the restricted
root system of the corresponding symmetrick-variety, which is the root system
of a maximal(θ, k)-split torus ofG. The multiplicities easily follow from this
restricted root system and the corresponding(0, θ)-index.

In the last 4 columns of this table we indicate if a particular(0, θ)-index is
admissible or not for the 4 different types of fields we consider. Here a “+”
means that this(0, θ)-index is admissible for at least one field of that type (say
for example number fields). Similarly a “−” means that this(0, θ)-index is not
admissible for all fields of that type.

In the Table we will also write0∗ instead of [σ] if the action [·] of 0 on1 is
non-trivial, i.e. a0∗ in the index means that for each the diagram automorphism
which is indicated with an arrow, there exists aσ ∈ 0, such that the action of
[σ] is precisely this diagram automorphism. If8 is irreducible then1 has more
then one non-trivial diagram automorphism if and only if8 is of type D4. So
only in this case0∗ can stand for the action of more then one element [σ], with
σ ∈ 0.
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For the isomorphy of thek-involutions ofG we will use a notation similar to
that of the(0, θ)-indices. Since a(0, θ)-indexD determines only the isomor-
phy class of ank-involution underNG(A) (see Theorem 8.33) we have to add
some notation to represent thesek-involutions. Ifσ is ak-involution of G, nor-
mally related to(T, A) as in 8.2 with(0, θ)-indexD , then the other isomorphy
classes inCA(σ) differ at most ak-inner element. Therefor we will denote the
k-involutions in a classCA(σ) by: gXt

n,r (typeθp)(σ, εi ), wheregXt
n,r (typeθp)

represents the(0, θ)-index D and {εi | i ∈ I } is a set ofk-inner elements in
A representing the different isomorphy classes inCA(σ). All these involutions
have the same(0, θ)-indexD .

Remark11.5. If the Dynkin diagram of the restricted root system8(A−θ ) of
the maximal(θ, k)-split torusA−θ of G is of typeBp, then8(A−θ ) is of typeBp
or BCp. In fact8(A−θ ) is always of typeBCp except in the following cases:

(1) 8 is of typeBn.
(2) 8 is of typeDn and the0θ-index is one of the following:

e1 ep u u�� u
@@ u or e1 ep u u�� u

@@ u[σ]

�

]
or

u e1 u en−2 u en−1��
en

@@ u
(3) rank8(A−θ ) = 1 and8 is of exceptional type (i.e not a restricted rank 1

case of one of the infinite families). In these case8(A−θ ) is of typeBC1.

We conclude this section with the following result about the irreducibility of
the restricted root system8(A−θ ):

Proposition 11.6. Let A be a maximal k-split torus of G, T⊃ A a maximal k-
torus of G,D an admissible(0, θ)-index andθ ∈ Aut(G, A) the corresponding
k-involution. ThenD is irreducible if and only if the restricted root system
8(A−θ ) is irreducible.

Proof. This result is immediate from the classification of the admissible(0, θ)-
indices in Table 1. A proof independent of the above classification can be ob-
tained using an argument similar to the one used in [Hel91, 2.15].
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