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ON THE CLASSIFICATION OF k-INVOLUTIONS

A.G. HELMINCK

Abstract. Let G be a connected reductive algebraic group defined over a
field k of characteristic not 2} an involution ofG defined ovek, H ak-open
subgroup of the fixed point group 8fandG (resp. H) the set ok-rational

points of G (resp. H). The varietyGy/Hy is called a symmetri&-variety.
These varieties occur in many problems in representation theory, geometry
and singularity theory. Over the last few decades the representation theory of
these varieties has been extensively studied terR andC. As most of the

work in these two cases was completed, the study the representation theory
over other fields, like local fields and finite fields began. The representations
of a homogeneous space usually depend heavily on the fine structure of the
homogeneous space, like the restricted root systems with Weyl groups, etc.
Thus it is essential to study first this structure and the related geometry.

In this paper we give a characterization of the isomorphy classes of these
symmetrick-varieties together with their fine structure of restricted root sys-
tems and also a classification of this fine structure for the real numbadic
numbers, finite fields and number fields.

1. Introduction

Symmetric varieties are defined as the spherical homogeneous $pédes
with G a reductive algebraic group artd the fixed point group of an invo-
lution 6. They occur in many problems in representation theory (see [BB81]
and [Vog83]), geometry (see [PdC83] and [Abe88]) and singularity theory (see
[LV83] and [Slo84]).

WhenG and6 are defined over a fieklwhich is not necessarily algebraically
closed, thery/ Hy is called asymmetric k-varietyHereGy andHy denote the
sets ofk-rational points oGy and Hx. The symmetrik-varieties also play an
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important role in several areas including representation theory and the coho-
mology of arithmetic subgroups (see [TW89]). Best known are the symmet-
ric k-varieties over the real numbers (also called reductive symmetric spaces).
For the representation theory in this case one mainly studies the decomposition
into irreducible components of the regular representatio@obn the Hilbert
spacel?(Gy/Hk) of square integrable functions dB/Hy (also called the
harmonic analysis of the reductive symmetric space). This has been studied
extensively in the last few decades. The first breakthrough was made in the
early fifties when Harish-Chandra commenced his study of general semisimple
Lie groups. Harish-Chandra’s work [HC84] led to Plancherel formulas for Rie-
mannian symmetric spaces (the reductive symmetric spageblg with Hy
compact) and the group itself. (Note that any gr&uis a symmetrik-variety.
Namely consideiG; = G x G andd(x, y) = (Y, X), thenH ~ G embedded
diagonally and51/H >~ G embedded anti-diagonally.) The case of general real
symmetrick-varieties turned out to be much more complicated and over the last
30 years many people worked on this, including Brylinski, Carmona, Delorme,
Faraut, Flensted-Jensen, Matsuki, Oshima, Sekiguchi, Schlichtkrul, and van
der Ban (see [BD92, CD94, Del97, Far79, FJ80, OM84, OS80, Ban88, BS97]).
The work on the Plancherel formula for real reductive symmetric spaces was
recently completed by Delorme [Del97].

For other base fields the representations related to symrkeataigeties have
been studied fok a finite field (see for example [Lus90] and [Gr092]), foa
number field (see [JLR93]) anda p-adic field. This latter case is in fact the
natural next case to study now that the Plancherel formula for real reductive
symmetrick-varieties has been completed. These symmétvarieties are
also calledp-adic symmetric spaces. For these the “groups case” has again
been studied extensively. Much less is known for the general case, but re-
cently a number of encouraging first results have been obtained (see for ex-
ample [RR96, Bos92, HHb, HHa]). A major obstacle for studying the general
symmetrick-varieties has been that there was no classification of theskc
symmetrick-varieties together with their fine structure of restricted root sys-
tems etc. In this paper we remove this obstacle by giving a characterization of
the isomorphy classes of these symmdtna@rieties and also classify the corre-
sponding fine structure for a number of base fields, including the real numbers,
p-adic numbers, finite fields and number fields. This classification of the fine
structure of restricted root systems with Weyl groups etc. related to these sym-
metric k-varieties is possibly even more important than a classification of the
symmetrick-varieties itself. In the real case this fine structure enabled one to
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analyze the representations involved in the Plancherel decomposition in much
more detail and consequently it played a fundamental role in the study of the
harmonic analysis of real reductive symmetric spaces. The first studies of the
representations associated with these symmktvigrieties ovem-adic and fi-

nite fields indicate that in these cases the fine structure will play a similar im-
portant role. A classification of the symmetkiwarieties makes it also possible

to study the representations of a number of explicit cases, so that one might get
an idea what problems to expect in tacking the representations for the general
symmetrick-varieties.

There are many ways in which one could characterize (and classify) the iso-
morphy classes of tHeinvolutions (and the related symmetkivarieties). The
method presented here is not necessarily the easiest one, but it describes and
classifies at the same time the interplay of the fine structure of the symmetric
k-variety and the group itself. This is in some way even more useful for the
representation theory then a classification of the symmietvarieties itself as
noted above.

To classify the isomorphy classesloefnvolutions one needs to find a num-
ber of invariants which will characterize the isomorphy classes. One might
expect that one can use (with some modifications) the invariants used in the
characterization of involutions of groups defined over an algebraically closed
field and the invariants used in the characterization of semisikygeups.
Recall that semisimple algebraic groups defined over an algebraically closed
field are completely characterized (modulo the center) by the corresponding
Dynkin diagram. For isomorphy classes of involutions of groups defined over
an algebraically closed field of characteristic not 2 it was shown in [Hel88] that
they can be characterized by an extension of the Dynkin diagram for the group
called the B-index”. This #-index completely determines the restricted root
system of the symmetric varietg/ Gy, which is the root system of a maximal
6-split torus ofG. (A 6-split torusS of G is a torus satisfying(a) = a~* for
all a e §). For isomorphy classes of semisimpdegroups there also exists a
natural extension of the Dynkin diagram which describes theHKiagucture
of the group, including the restricted root system related to a maxirsaglit
torus. This diagram is often callediaindex, wherd" is the Galois group of a
finite extensiorK of k, which splits a maximak-torus containing a maxim&t
split torus. However in this case tlieindex does not suffice to characterize the
isomorphy classes of semisimpdegroups and a second invariant is needed. A
necessary and sufficient second condition is the isomorphy & &mésotropic
kernels of the groups (i.e. the centralizer groups of the maxkasgllit tori or
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equivalently the Levi factors of minimal parabokesubgroups). We note that
for k = R this second invariant is not needed and the semisifgjeoups are
completely characterized by theindex.

To classify the isomorphy classesloefnvolutions it would be natural to try
and combine the above classifications. Again one can define a natural exten-
sion of the Dynkin diagram for the group, which determines the restricted root
system of the symmetrik-variety together with the multiplicities etc. This re-
stricted root system is the root system of a maxi#ak)-split torus ofG, (i.e.

a torus which is botl#-split andk-split). In this case there are some complica-
tions, since this index is not necessarily uniquely determined by the isomorphy
class of thek-involution. By requiring that the index is an extension of both
the underlyingl'-index andb-index we can solve the uniqueness problem. We
can also combine this index now with theindex and’-index and get an index
from which we can recover all three these indices. This index will be called a
(I, ©)-index. From the characterization of the isomorphy classdsgrbups

we know that this(T", #)-index will not suffice to characterize the isomorphy
classes and we will need to require at least the isomorphy df-theolutions
restricted to thek-anisotropic kernel. This is an invariant for the isomorphy
classes of th&-involutions. Again this condition is not needed in the case that
k=R.

Unfortunately these 2 invariants do not suffice to characterize the isomorphy
classes ok-involutions. There are several complications and also a third invari-
ant is needed. The additional invariant essentially comes down to isomorphy
classes of cosets o&/A? in a maximal (0, k)-split torus A. A complicating
factor here is that not all maximab, k)-split tori are conjugate undef and
consequently the isomorphy of the above cosets as well as the isomorphy of
the k-involutions of thek-anisotropic kernel is not under the normalizer of the
maximal (6, k)-split torus, but under the sétH Zg(A))k, whereA is a maxi-
mal (0, k)-split torus. Again in the case thit= R these complications do not
occur. In fact, fork = R, the isomorphy of the above cosets can be reduced to
isomorphy classes of elements of order 2 in the maxiak)-split torus A.
Although the ideas behind this classification can be described relatively simply,
the technical details are in fact quite complicated. Precise definitions and an
outline follow.

Let G be a reductive algebraic group defined over an algebraically closed
field of characteristic not 2T’ a maximal torus of5, X*(T) the group of char-
acters ofT, ®(T) the set of roots off with respect taG andW(T) the Weyl
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group of T with respect tds. Isomorphy classes of involutions Gfwere classi-
fied by reducing the problem ¥/ (T)-conjugacy classes of certain involutions
of (X*(T), ®(T)) (see [Hel88]). This reduction can be obtained as follows.
Let C be the set of isomorphy classes of involution€ofAn involutioné of G
is callednormally related to Tif T, := {t € T | 6(t) = t~1}0 is a maximab-
split torus ofG. Every involution ofG is G-isomorphic to one normally related
to T. So every isomorphy class i@ has a representative which is normally
related toT. In [Hel88, 3.7] it was shown that two involutiog, 62 of G nor-
mally related toT are G-isomorphic if and only if the induced involutions of
(X*(T), ®(T)) areW(T)-conjugate. If we denote the set\f(T)-isomorphy
classes of involutions of X*(T), ®(T)) by 7 then this result gives us a map
p . C — 7, which is one to one. It follows that the classification of (Ge
iIsomorphy classes of involutions & reduces to a classification of isomorphy
classes of involutions of X*(T), ®(T)), which can be lifted to an involution
of (G, T), normally related tol. Involutions of (X*(T), ®(T)) can be de-
scribed by an index, which describes at the same time the restricted root system
of the symmetric variety (i.e® (T, )). This index is called &-index. So this
characterization also gives us all the fine structure of the symmetric varieties
related to these involutions.

Next assume that all our groups and automorphisms are defined over an ar-
bitrary field of characteristic not 2 and denote the sek-oational point of
a k-group G by Gy. Let Gk denote the set o6k-isomorphy classes df-
involutions of G. To characterize&®, we can do something similar as for in-
volutions of groups over algebraically closed fields. Only this time, since we
havek-involutions and &-structure, we do not only characterize the involutions
on a maximal torus, but also on a maxinkagplit torus A of G so that we ob-
tain the fine structure of both thegroup and the symmetricvariety Gy / Hy.
Similarly as in the case of maximal tori, we call an involuti®of G normally
related to Aif A; :={ae A|6(a) = a~1}% is a maximal(6, k)-split torus of
G. LetT D Abe a maximak-torus of G, W(A, T) = {w € W(T) | w(A) C A}
and let7 (A) denote the set oW (A, T)-isomorphy classes of involutions of
(X*(T), ®(T), ®(A)). Again, one can show that evekyinvolution of G is
Gk-isomorphic to one normally related th. So if we denote the family of
all k-involutions of G, which are normally related té\ by Fi(A), then ev-
ery class inCx has a representative i (A). As with the isomorphy classes
of involutions of G, we get again a mapg : Cx — 7 (A), using the condi-
tion that thek-involutions & of G have to be normally related té and T.
The image ofok consists of thaV (A, T)-isomorphy classes of involutions of
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(X*(T), ®(T), ®(A)), which can be lifted tck-involutions of G, normally
related toA andT. We call these involutions afX*(T), ®(T), ®(A)) admis-
siblek-involutions.

Unfortunately the mapy is in general not one-to-one, so in order to get a
characterization of th€y-isomorphy classes &finvolutions ofG we will need
to characterize the fibers pf as well. LetN = Ng(A) be the normalizer oA
in G and letCk (A, G) denote the set dN-isomorphy classes dfinvolutions,
which are normally related té\. Similarly as forCx we also have a natural
map pn : Ck(A, G) —> T (A). In Theorem 8.9 we show thaty is one to
one. Since there exist also a natural mapof Ck into Cx(A, G) mapping a
Gk-isomorphy class onto al-isomorphy class, it suffices to characterize the
fibers of p; instead ofoy.

The characterization of the fibers pf can be split in 2 parts. The first part
concerns the restrictions of the involutions to Kaanisotropic kernezg of G,
i.e. the semisimple part &g (A), whereA is a maximak-split torus ofG. The
k-anisotropic kernel o6 is uniquely determined (up teisomorphism) by the
k-isomorphism class o0& and in fact the isomorphy classes of semisimigle
groups are characterized by a congruence oftiredices and the isomorphy of
thek-anisotropic kernels. LeEx (A, Zg(A)) = {0 Zc(A) € Aut(Zg(A), G) |
0 € Fk(A)} denote the set of the restrictions of tkénvolutions in F(A) to
Zc(A). LetCk(Zs(A), G) denote the isomorphy classes of the involutions in
Fk(A, Zg(A)), which are isomorphic undésy. Since any two involutions in
Fk(A, Zg(A)) which areGg-isomorphic are alstN-isomorphic we get a nat-
ural mapv : Ck(Zg(A), G) — Ck(A, G). This map is clearly surjective and
its fibers are essentially th&x-isomorphy classes df-involutions of Zg(A)
(coming from involutions ofG), which give the samé-isomorphy class. Fi-
nally by restricting thek-involutions in £ (A) to Zg(A) we also get a natural
map u from Gk to Ck(Zs(A), G). We note that essentially we have split the
map ok in 3 parts:

Cx -5 CL(Za(A), G) - Cu(A, G) 2% 7 (A).

The fibers ofu andv as well as the isomorphy classes of #tamvolutions
can be characterized now as follows:

Corollary 8.14. Let G be a connected semi-simple algebraic group defined over
k, A amaximal k-split torus of G artd, - k-involutions of G, normally related

to A. Thenf; is Ge-isomorphic tod, Int(a) for some ae Agz if and only if
01|Zc(A) andb,|Zs(A) are isomorphic under
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Instead of isomorphy und@&i one can also consider isomorphy undeg (&)
(the set of inner automorphisms &, which are defined ovek) or Autx(G)

(the set ok-automorphisms of5). In these cases one gets similar characteriza-
tions by replacingsg-isomorphy by Ing(G) or Autc(G)-isomorphy whenever
appropriate.

To determine the fibers gf we have to determine tHx-isomorphy classes
of thek-involutionsé Int(a) with a € A;. Denote the set ai € A, such that
61nt(a) is ak-involution of G by Ix(A, ). This is called theset of k-inner el-
ements of A. Two involutions@Int(a) andéInt(b) with a, b € Ik(A;) are
Gy-isomorphic if and only ifo(g)ag™! = b mod Z(G). So for the isomor-
phy of these involutions we will have to consider thevisted action ofG on
Ik(A;). A characterization of these isomorphy classes is given in section 9.
Using the action of the Weyl group @ (A, ) one can reduce to elements of
Ik(A;) contained in a Weyl chamber. Unfortunately this does not reduce the
classification of these involutions to the actionZd, (A, ). The major com-
plicating factor here is that we have to consider isomorphy u@leinstead
of Ng, (A), because not all maximab, k)-split tori of G are Gy (k)-conjugate.

The best one can do is to reduce to conjugacy under thi&s&td) Gy )k, which
contains representatives for the Weyl grouptafA,;) as well. For the classifi-
cation of theGy-isomorphy classes d¢involutions of thek-anisotropic kernel
of G one has in fact the same complication and one also needs to consider iso-
morphy undeiGy instead ofNg, (A). Again it suffices to consider isomorphy
under the setZg(A)Gy)k. In fact most of the results in the characterization
of the isomorphy classes &finvolutions become much simpler if all maximal
(0, k)-split tori of G are Gy(k)-conjugate. We call pairsG, 0) for which this

is the casespecial pairsand throughout this paper we will prove a number of
additional results for these pairs. It is well known that, Koe R, all pairs are
special and it is shown in [Hel99] that flr= ), most pairs are special as well.

In a number of cases, including= R, the Gx-isomorphy classes of the
inner elements oA can be reduced to isomorphy classes of elements of order
2in A, . The Weyl group orbits of these elements were classified by Borel and
de Siebenthal [BdS49].

To summarize, the classification of tknvolutions of G essentially reduces
to the following 3 problems.

(1) classification of admissibleinvolutions of (X*(T), ®(T), ®(A)).

(2) classification of th&g-isomorphy classes d-involutions of thek-an-
isotropic kernel ofG.

(3) classification of thé&y-isomorphy classes éfinner elementa € Ix(A,).
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In the latter part of this paper we give a classification of the admisgible
involutions of (X*(T), ®(T), ®(A)) for a number of base fields. For this we
describe thesk-involutions of (X*(T), ®(T), ®(A)) by an index. The involu-
tion of (X*(T), ®(T)) can again be described byandex, but this index does
not describe whether the involution is normally related\tanor can one deter-
mine A and® (A) from this. On the other hand there exists also a natural index
corresponding to thke-structure ofG, which is called th@ -index. Herd is the
Galois group of a finite extensidf/ k for which T splits. This index describes
both A and®(A). However, even if we combine tHeindex andv-index the
resulting index does not determine the maxiritak)-split torus contained i\
nor its root system. For this we need to impose the following additional combi-
natorial condition. Letbg(0) = {a € ®(T) | O(a) = a}, Po(I") = {a € ®(T) |
Y ser (@) =0 and®o(Il", 0) ={a e ®(T) | D ro(@(a)) = o)}

The action ofl” and® on (X*(T), ®(T)) is called abasic actionif it satisfies
the following condition:

(1)
If &1 C ®o(T, ) irreducible component, theb; C $(6) or 1 C Po(T).

Now call an index ofl X*(T), ®(T)) a(I", §)-index if the action of” andé is

a basic action and it is both@index and a-index. We note that this index
describes at the same time the restricted root system of the symmetric variety
(i.e. ®(T,)), the restricted root system of tlkestructure (i.e.®(A)) and the
restricted root system of the symmetkivariety (i.e. ®(A,)). Moreover we

have now a one to one correspondence between the isomorphy classes of the
admissiblek-involutions of (X*(T), ®(T)) and the isomorphy classes of the
correspondingT, 0)-indices (see Proposition 10.36). We will call(R, 0)-

index admissible if the corresponditkginvolution of (X*(T), ®(T), ®(A))

is admissible. It suffices now to classify the admissifle 0)-indices. For

this we first need a characterization of the isomorphy classes of the admissi-
ble (T", 6)-indices. From the above characterization of the isomorphy classes
of k-involutions of G we already know that a necessary condition is that the
underlying indices of the involution with respect to the maximal torus (i.e. the
p-index), thel'-index of thek-structure and the index of the restriction of the in-
volution to thek-anisotropic kernel are all admissible. Also conditidn must

be satisfied. In Theorem 10.45 we show that these do not suffice and show
that it must satisfy an additional combinatorial condition to be an admissible
(I, ©)-index. Finally in section 11 we use this result to classify the admissible
(I", ©)-indices (i.e. the admissiblkeinvolutions) fork the real numbergy-adic
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numbers, a finite field or a number field. This includes a classification of the
root systems for the corresponding symmekricarieties.

A brief outline of this paper follows. In section 2 we set the notation and
review some basic facts about symmetaearieties. This includes a discus-
sion of the natural root system of a symmetigariety. Section 3 is devoted
to a characterization of thelg-conjugacy classes of maximéd, k)-split tori
by analyzing theZg, (A) x Gy (K)-orbits in the set Zg (A)Gg)k for a maximal
k-split torus A of G. These conjugacy classes play a fundamental role in the
classification. In section 4 we discuss the interplay of the fine structures of the
symmetric variety (i.e. action df), thek-group (i.e. the action of the Galois
groupI’ = Gal(K/k) of a splitting extension of the maximal torus) and the
symmetrick-variety (i.e. action ob andI’). In the next section we define the
f-index,I'-index and(I", #)-index corresponding to these actions and show that
they are uniquely determined by their respective isomorphy classes. In section
6 we prove a number of results abduaautomorphisms which will be needed
for the classification and in section 7 we briefly review the characterization of
isomorphy classes of involutions of semisimple groups defined over an alge-
braically closed field and the characterization of isomorphy classes of semisim-
ple k-groups. Both these characterization are needed for the characterization
of k-involutions, which is finally discussed in section 8. Section 9 discusses
the Gg-isomorphy classes of the involutiogsnt(a) for the k-inner elements
ac Ik(Ay). The last 2 sections deal with the classification of the admissible
k-involutions of (X*(T), ®(T)). In section 10 we give a characterization of
the correspondingrl’, 6)-indices and in section 11 we give a classification of
these foik the real numbergy-adic fields, finite fields and number fields.

Some of the results in this paper were announced in [Hel94].

2. Preliminaries and Recollections

In this section we set the notations and recall a few results from [HW93]
and [Hel88]. We will also discuss the relation between the orbits of minimal
parabolick-subgroup acting on a symmetikevariety and theHy-conjugacy
classes ob-stable maximak-split tori. For this we will rephrase the charac-
terization of these orbits in [HW93] by giving another characterization of the
orbits, which is geared more toward the conjugacy classésstdble maxi-
mal k-split tori. Our basic reference for reductive groups will be the papers of
Borel and Tits [BT65, BT72] and also the books of Borel [Bor91], Humphreys
[Hum75] and Springer [Spr81]. We shall follow their notations and terminol-
ogy. All algebraic groups and algebraic varieties are taken over an arbitrary
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field k (of characteristicz 2) and all algebraic groups considered are linear
algebraic groups.

2.1. Notations. Given an algebraic group, the identity component is denoted
by G°. We useL (G) (resp.g, the corresponding lower case German letter) for
the Lie algebra ofs. If Sis a subset oG andH a closed subgroup @3, then
we write Ny (S) (resp.Zy (S)) for the normalizer (resp. centralizer) 8in H.
We write Z(G) for the center of5. The commutator subgroup & is denoted
by D(G) or [G, G].

Let k be a field. An algebraic group defined oveshall also be called an
algebraick-group. For an extensiol of k, the set ofK-rational points ofG is
denoted byGk or G(K).

If G is a reductivek-group andA a torus ofG then we denote by*(A)
(resp. X« (A)) the group of characters & (resp. one-parameter subgroups of
A) and by® (A) = (G, A) the set of the roots oA in G. The groupX*(A)
can be put in duality withX,(A) by a pairing(-, -) defined as follows: if
x € X*(A), A € X.(A), theny(r(t)) = tx* forall t € k*.

For a closed subgroupl of G we denote the Weyl group dfi relative to
Aby WH(A) = Ny (A)/Zy(A). If H = G, then we will also writeW(A) =
W(G, A) = Ng(A)/Zg(A). If a € & (G, A), then letU, denote the unipotent
subgroup ofG corresponding te. If Ais a maximal torus, theb, is one-
dimensional. Given a quasi-closed subgetf ® (G, A), the groupGy, (resp.
G;‘/‘/) is defined in [BT65, 3.8]. IG;‘;/ is unipotent, is said to be unipotent and
often one writedJ, for Gj.

If T is a torus ofG defined ovelk, then there are subtofly and Ty of T,
whereT, is the largest anisotropic subtorus Bfand Ty is the largesk-split
subtorus ofT defined ovelk. These tori satisfy.T = Ty - Tqg and T, N Ty IS
finite (see [Bor91, 8.15]).

Throughout the papés will denote a connected reductive algebrgigroup.

2.2. k-automorphisms. A mapping¢ : G — G is called ak-automorphism
if ¢ is a bijective rationak-homomorphism whose inverse is a ratiohal
homomorphism as well. The grouplefiutomorphisms o will be denoted by
Autk(G). If kis algebraically closed we will also write A(®) instead. Fog €
G write Int(g) for the inner automorphism @ defined by Intg) (x) := gxg?.
Denote the group of inner automorphismd®by Int(G) and the group of in-
ner k-automorphisms ofs by Int(G). Then Ink(G) = Int(G) N Autk(G).
Note that Ing(G) 2 Int(Gx) = {Int(g) | g € Gk}. For a subseR C G we will
write Int(R) for {Int(x) | x € R}.
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For a subgrougs c G let

AUtk (G, S) = {¢ € Autk(G) | ¢(S) C S},
INt(G, S) = {# € INtk(G) | ¢(S) = S} = Intx(G) N Autk(G, S) and
INt(Gk, S) = {6 € INt(Gy) | ¢(S) = S} = Int(Gy) N Autc(G, S).

Note that{x € Gy | Int(x) € Int(Gk, S)} = Ng, (S) and {x € G | Int(x) €
Intk(G, S)} € Ng(9S). If kis algebraically closed we will also write A(B, S)
for Autk (G, S).

If T is a maximal torus ofs defined ovek, then by Chevalley’s restriction
Theorem (see [Che58]) we haveld(®, T) = Int(Gk, T).(Int(T) NIntx (G, T)).

2.3. Involutions of G. Letk be a field of characteristic not tw@ a connected
algebraick-group, 8 an automorphism o6 of order two andGy = {g € G |
0(g) = g} the set of fixed points of. This is a subgroup o6 which is re-
ductive if G is reductive. IfG is semisimple and simply connected, tH&pnis
connected, but in gener@y is not necessarily connected. Wh@&mandé are
defined ovek, the automorphism will also be called &-involution of G.

If G is reductive andH a k-open subgroup o6y, then we call the variety
G/H asymmetric varietand the varietyGx/Hkx a symmetric k-varietySym-
metric varieties are spherical.

Given g, x € G, thetwisted actionassociated t@ is given by (g, X) —

g X = gx0(g)~L. This action will also be called the-twisted action Let
Q={g710(g) |ge GlandQ' = {ge G| 6(g) = g 1}. The selQis contained
in Q. Both Q and Q" are invariant under the twisted action associated. to
There are only a finite number of twist€dorbits in Q" and each such orbit is
closed (see [Ric82]). In particula® is a connected closddsubvariety ofG.
Define a morphismy : G — G by

(2.3.1) 9(X) = (X)X L, (xe G).

We will omit the subscript from this map if there is no ambiguity about the
involution involved. The image(G) = Q is a closedk-subvariety ofG andt
induces an isomorphism of the coset sp&gé&, ontor(G). Note thatr(x) =
r(y) ifand only if y"1x € Gy andd(z(x)) = t(x)~ L for x € G.

2.4. If T c Gisatorus and € Aut(G, T) an involution, then we writd;F =
(TNG,)%andT; = {xe T |o(x) = x1}9. Itis easy to verify that the product
map

wiTEX T, = T, u(ty, t2) =titp
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is a separable isogeny. In particulee= T," T~ andT,” N T, is a finite group.
(In fact it is an elementary abelian 2-group.) The automorphismB(@, T)
andW(G, T) induced byo will also be denoted by. If o = 6 we reserve the
notationT+ and T~ for T;’ andT, respectively. For other involutions df,
we shall keep the subscript.

Recall from [Hel88] that a torug\ is calledd-split if #(a) = a~* for every
ae A If Ais a maximab-split torus ofG, then® (G, A) is a root system with
Weyl groupW(A) = Ng(A)/Zc(A) (see [Ric82]). This is the root system
associated with the symmetric variegB/H. To the symmetrik-variety Gy/
Hx one can also associate a natural root system. To see this we consider the
following tori:

Definition 2.5. A k-torus A of G is called (6, k)-split if it is both #-split and
k-split.

Consider a maxima(ld, k)-split torusA in G. In [HW93, 5.9] it was shown
that ® (G, A) is a root system antlig, (A)/Zg, (A) is the Weyl group of this
root system. We can also obtain this root system by restricting the root system
of Gx. Namely letAp D A be af-stable maximak-split torus of G. ThenA =
(Ag), and® (G, A) can be identified withby = {¢|A# 0| a € ®(G, Ag)}.

We will need several properties of the centralizer of a maxitiak)-split
torus. The key result in the study of these is the following result (see [HW93,
4.5]).

Proposition 2.6. Let A be a maximalo, k)-split torus of G. Let C, L, Lo de-
note the central, anisotropic and isotropic factors @f(A) over k respectively.
Then we have the following conditions:

(1) Ais the unique maximapb, k)-split torus of Z(A).

(2) L, C H.

(3) If Ag is any maximal k-split torus of g A), then A is #-stable and
moreover Cl C Zg(Aop).

Corollary 2.7. Let A be a maxima{6, k)-split torus of G, A D A a maximal
k-split torus and S A a maximal-split k-torus of G. Then Aand S com-
mute. In particular there exists a maximal toruscTZg(A) with Ag C T and
ScT.

Proof. Let C, L1, L, denote the central, anisotropic and isotropic factors of
Zs(A) overk respectively. Thei® c CL;. Since by Proposition 2.6(8)L; C
Zc(Ap) the result follows. O
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Remark2.8. If Ais a maximal(9, k)-split torus ofG, then we will we will call

a maximalk-torus T C Zg(A) a6-standard maximal k-torug T is 6-stable,
contains a maximak-split torus of G and T, is a maximalg-split k-torus of
G. These maximak-tori will play an important role in the classification of
k-involutions.

2.9. P-orbits on Gx/Hg. Let P be a minimal parabolik-subgroup ofG.
The double coset&\ Gk/Hk play an important role in the classification of
k-involutions. In this subsection we briefly review some results about these
double cosets from [HW93]. There are several way’s in which one can charac-
terize the double cosef\ Gx/Hk. One can characterize them as teorbits
on the symmetrik-variety Gx/Hk (using thed-twisted action), one can take
the Hg-orbits on the flag variety/ P« or one can consider thig x Hg-orbits
on Gg. All these characterizations are essentially the same. For more details
see [HW93]. We will use th& x Hg-orbits onGy to characterizé\ G/ Hk.

Let A be ag-stable maximak-split torus ofP, N = Ng(A), Z = Zg(A) and
W = W(A) = Ng(A)/Zc(A) the corresponding Weyl group. As in [HW93,
6.7] setVx = {x € Gk | T(X) € Nk}. The groupZy x Hy acts onVy by (X, z) -
y=XxyzZ 1, (X,2) € Zx x Hy, Yy € Vk. Let Vi be the set of Zx x Hy)-orbits on
V. If v eV, we letx(v) € Vi be a representative of the orbitin V. The
setV is essential in the study of orbits of minimal parabolic subgroups on the
symmetrick-variety Gx/Hg. The inclusion mayx — Gy induces a bijection
of the setV of (Zx x Hg)-orbits onVy onto the set of B x Hg)-orbits on
Gk (see [HW93]). The se¥ is in general infinite. In a number of cases one
can show that there are only finitely mag® x Hg)-orbits onGy. If k is
algebraically closed, the finiteness\éf was proved by Springer [Spr84]. The
finiteness of the orbit decomposition foe= R was discussed by Wolf [Wol74],
Rossmann [Ros79] and Matsuki [Mat79]. For general local fields this result can
be found in Helminck-Wang [HW93]. An example that in most cases thegset
is infinite can be found in [HW93, 6.12].

2.10. W-action on Vk. The Weyl groupW acts onVy. This action is defined
as follows. Letv € Vi and letx = x(v). If n € Nk, thennx € Vi and its image
in Vk depends only on the image nin W. We thus obtain a (left) action &
on V, denoted by(w, v) - w-v (w e W, v e V).

Let Ak denote the set of maximétsplit tori of G and IeLAﬁ be the fixed
point set ofd i.e., the set ob-stable maximak-split tori. The groupHk acts on
A by conjugation.
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If X € Vk, thenx~1Ax is again a maximak-split torus and conversely any
6-stable maximak-split torus in4{ can be written ag~1 Ax for somex € V.

If ve Vi thenx(v) 1Ax(v) € Aﬁ. This determines a mapof V to the
orbit set,Aﬁ/Hk. It is easy to check that this map is independent of the choice
of the representative(v) for v and is constant oklV-orbits. So we also get a
map of orbit setsyy : Vk/W — AL i/ Hk. In fact we have a bijection:

Proposition 2.11([Hel97, 1.9]) Let G,Aﬁ and yk be as above. Thep : W/
W — A /Hy is bijective.

Remark2.12 The characterization of the isomorphy classe&-givolutions

as given in this paper holds for any fiekdwith only the restriction that the
characteristic ok is not 2. For the classification of the irreducible indices
corresponding to the isomorphy classes of kh@avolutions we will restrict

to the case thak is a perfect field. In fact we only give a classification of
these indices fok the real numbersp-adics fields, finite fields and number
fields. The corresponding symmetikevarieties are also mainly studied for
these fields. So to avoid unnecessary technical difficulties we will assume for
the remainder of this paper thiais a perfect field of characteristic not 2. We
leave it to the reader to check that this restriction is not needed in section 8,
where we give the characterization of the isomorphy classksrafolutions.

3. Hk-conjugacy classes of maximal (6, k)-split tori

The Hy-conjugacy classes of maximél, k)-split tori will play an important
role in the classification of the isomorphy classe&-afivolutions. In this sec-
tion we will prove a few facts about these conjugacy classes. Recall that a first
characterization of the conjugacy classes of maxig@ak)-split tori was given
in [HW93, 10.3]. This result is the following.

Proposition 3.1([HW93, 10.3]) Let Ax and A be maximal(6, k)-split tori
of G and A a maximal k-split torus of G containing.AThen there exists
g e (Za(AYHO) such that gt A;g = As.

We note that one can replacBg (A) H%) in the above result byH® Zg (A) )k
and letg € (H°Zg(A))k act onAvia: gAg™ ! (instead ofg~ 1 Ag).

The maximalk-split tori containing the maximalé, k)-split tori are conju-
gate undex Zg(A)H?%)y as well as follows from the following resuilt.

Corollary 3.2. Let A, and A be maximal(, k)-split tori of G andA1 D AL
and A, O A, maximal k-split tori of G. Then there existseg(Zg (A1) HO)y
such that g1 A;g = Ay and g 1A;g = Ay.
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Proof. By Proposition 3.1 there existse (Zg(A1)H%) such thag=1A g =
A. Leth e HOandz e Zg (A1) such thag = zh Theng~1A;g=h-1A;hand
A, ared-stable maximak-split tori of Zg(Ap). Let Go = [Zc(A2), Zc(A2)].
By Proposition 2.5 1 A1g N Gg and A, N Gg are maximak-split tori of Gg N
H, hence there exists; € (Go N H) such thahy (g1 A1gN Go)hyt = AN
Go. But then alsd g~ Ajghy! = Ay. Clearlyghy! € (Zg(A) HOx. O

It follows from the above results that to characterizekfpeconjugacy classes
of the maximal (6, k)-split tori one needs to analyze th#x x Zg-orbits in
(H%Zg(A))i (or equivalently thez, x Hy-orbits in (Zg(A)HO),). Before we
characterize these orbits we first note the following:

Lemma 3.3. Let g= zhe (Zg(A)HO)y, where ze Zg(A) and he H. Then
7(2) € t(Zy) ifand only if there is a h € Hx and z € Zx such that zh= z1h;.

Proof. If t(2) € t(Zx) then there existg; € Zx such thatr(z) = t(z;). But
thenz; 1z e H. Takehy = z;1zh Thenzh= z1h; € (Zg(A)HO)k and since
71 € Z it follows thath; € Hg. The opposite statement is immediate. [

3.4. LetVy be the set of representatives of the double caggtsZg (A)HO)y/ Hy.
This set basically consists out of a set of representatives foHgheonjugacy
classes of maximab, k)-split tori and the Weyl group cos@{ (A, H)/W(A, Hy).
In the following we make this all a bit more explicit.

Let A1 C Aﬁ be the set ob-stable maximak-split tori containing a maxi-
mal (6, k)-split torus. From Corollary 3.2 it follows that; = {g"1Ag| g €
(Zg(A)H%),}. The groupHy acts on.1 by conjugation. LetA1/Hy de-
note the orbit set. Lef: Vx — Aﬁ/Hk be as in 2.10. Then(V1) = A1/ Hk.

In the following we show that the fiber af restricted toVy corresponds to
W(A, H)/W(A, Hy). First we need the following:

Proposition 3.5. Let g= zhe (Zg(A)HO),, where ze Zg(A) and he H. If
zhe (Zg(A)H)Kk N Ng, (A) then he Ny (A). Conversely if e Ny (A), then
there exists  Zg(A) such that zhe (Zg(A)H)k N Ng, (A).

Proof. SinceNg (A) = Ng, (A).Zg(A) the first statement is clear.
Leth e Ny (A). SinceW(A) has representatives Mg, (A), there exitsz e
Zs(A) such thazhe Ng, (A). It follows thatzhe (Zg(A)H)kN Ng, (A). [

Corollary 3.6. W(A, H) has representatives i(Zg(A)H ).
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3.7. W(A, H) act onVk andV; is W(A, H)-stable. This can be seen as fol-
lows. Letw € W(A, H), h e N4(A) a representative. By Proposition 3.5
there existsz € Zg(A) such thatzh e (Zg(A)H)k N Ng, (A). Let x(v) =

z:h1 be a representative ofe Vi. Thenw - x(v) = zhahy = zhzah~thh, €
(Zc(A)H)k. Itis easy to verify that this is independent of the representatives
zandh for w and also independent of the representatiue of v.

Note that the seZg(A)H N Ng, (A) consists of representatives for the el-
ements ofW(A, H). The Zx x Hy orbits of these elements give a set of rep-
resentatives isomorphic W(A, H)/W(A, Hy) as follows from the following
result:

Proposition 3.8. The mapy: : Vi/W(A, H) — A1/H is a bijection.

Proof. Surjectivity follows from Proposition 3.1. As for injectivity |, g2 €
(Zo(MH)k and A; = gr'Agr and Az = g;'Age. Then¢(gr) = &(gy) ff
and only if A; and A, are Hg-conjugate. Say € Hy such thath™1Aih =
A;. We may assumey; = A, Thenx := g20;1 € Ng (A). Letz, 2 €
Zs(A) andhy, hy € H such thatg; = z1h; andgy = zohy. Thenx = gzgzl =
zhoh 1z thhsthohtt € (Zg(A)YH)K N Ng, (A). If w is the Weyl group ele-
ment corresponding te, theng, = w - g1. From Proposition 3.5 it follows now
thatw € W(A, H), which proves the result. O

Corollary 3.9. Let{x(v) | v e V1} be a set of representatives of ¥ (Zg(A)H ).
Write x(v) = z,h,, where h € Hand z, € Zg(A). Then{x(v) - A= x(v) 1 Ax(v) =
h1Ah, | v € V1} is a set of representatives for the-donjugacy classes @f
stable maximal k-split tori containing a maxim@l, k)-split torus.

Remark3.1Q If all maximal (6, k)-split tori of G are Hg-conjugate, theiv; ~
W(A, H)/W(A, Hk). This happens for example for any p&i, 6) in the case
thatk = R and for many pairgG, 0) in the case thak is thep-adic numbers.
The classification of th&-involutions of G is considerably simpler when this
happens. Therefor we define these pairs as follows.

Definition 3.11. Let G be a reductivék-group as above antle Autx(G) ak-
involution. The pair(G, ) is called aspecial pairif all maximal k-split tori of
G containing a maxima(lé, k)-split torus areHy-conjugate. If alk-involutions
of G are special, then we will also call special

Corollary 3.12. AssumgG, 0) is special. Then ¥~ W(A, H)/W(A, Hy).

Remark3.13 For many special pairsG, ) it also happens thatg(A) has
representatives itdy. (Here A is a maximalk-split torus of G containing a
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maximal(6, k)-split torus). This implies that/(A, H) = W(A, Hk) and hence

V1 >~ {id}. This happens for example whey is k-anisotropic and for many
pairs (G, 0) in the case that = R (see [Hel88]) and for many pair<G, 6) in

the case thak is the p-adic numbers (see also 9.23). However even in these
cases itis not true in general as can be seen from the following example.

Example3.14 Letk = R, G = SLy(C), 6 € Aut(G) defined byd(g) = tg~1,
g€ Gand letA = {(ga91) | a € C} be the set of diagonal matrices. Thé&n
is a maximalk-split torus of G, which is a maximal torus as well. Moreover
A = A;. Both G and6 are defined oveR, Gg = SLz(R) andH = Gy =
SOx(k) = {( 3 B) | a,bek, a®+b?=1}. Note thatin fact = Int(x) where
x=(97). Leto = Int(y), wherey = (93). Theno = 6#Int(b), where
b= (1 %) e A The involutiono is also defined oveR andG, = {(£2) |
abek a?—b*=1}.1fg=(88) e Gyand(f %) € A theng({ %) g7 =

(gzrr:gzrrj ggrrj:gg), sog e Ng(A) ifand only ifab= 0. If b = 0, theng €

A= Zg(A) and ifa = 0 thenb = =i. It follows thatW(A, G, (R)) = {id} C
W(A, G,) = W(A). A similar computation give8V(A, Gg(R)) = W(A).

Remark3.15 Note that in general we do not need to have th&(A) =

Wy (A). However in a few cases we can actually show that these groups are
equal. Examples are the case thhts anisotropic ovek (see [HW93, 10.6])

and the case th&t= R (see [Hel88, 6.16]). In general we can show the follow-

ing:
Lemma 3.16. Let Ay D A be a maximal k-split torus and  A; a maximal

k-torus of G such that = T, is maximal-split. Any element of W(A) has
a representative in B (A) N Ng, (A1) or Ng(A) N Ng (A1) N Ng(T)

Proof. Let A; O Abe a maximak-splittorus, Wi (A1) = {w € W(A1) | w(A) C
A} andWp (A1) = {w € W(A1) | w(a) = a, forallae A}. ThenW(A) ~
Wi (A1)/Wo(A1). Namely ifw € W (A), n € Ng, (A) a representative, then
A> = nAin~! ¢ Zg(A) a maximalk-split torus. So there existse Zg (A)
such thaznAn—1z=1 = A, hencezne Ng, (A) N Ng, (A1).

The second statement follows with a similar argument. O

4. Group actions on root data

In 2.5 we saw that there is a natural fine structure of a restricted root system
associated with a symmettkevariety (or equivalently &-involution ) coming
from a maximal(6, k)-split torus. The underlying symmetric variety and the
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semisimplek-group have a similar fine structure of restricted root systems. In
those cases the restricted root systems are related respectively to méximal
split and maximak-split tori. The restricted root system of a maxiniél k)-

split torus can be obtained as restrictions from either of these. All three of these
restricted root systems can be obtained by group actions on the underlying root
data. In this section we study these group actions on these root data and the
relation between all the restricted root systems involved.

4.1. Root Data. To deal with the notion of root system in reductive groups it
is quite useful to work with the notion of root datum. First we review a few
facts about root data. These results can be found in [SLT9,

4.1.1. Arootdatumis aquadruplal = (X, ®, XV, ®V), whereX andX" are
free abelian groups of finite rank, in duality by a pairdg« XV — Z, denoted
by (-, -), ® and®" are finite subsets ok and X with a bijectiono — «"

of ® onto®V. If @« € ® we define endomorphisnsg ands,v of X and X",

respectively, by

The following two axioms are imposed:

Q) fa € @, then{o, ") = 2;

(2) if a € ®, thens, (®) C P, s,v (PY) C DV.
It follows from (4.1.1), thatsﬁ =1, sy(e) = —a and similarly fors;. Put
E = X®z R. For a subsef2 of X we denote the subgroup of generated by
Q by Q7 and writeQg = Q7 ®7 Q and Qg := Q7 ®7 R. We considei2g
andQr as linear subspaces Bf Let Q := &7 be the subgroup oKX generated
by ® and putV = &g = Q ®7 R. We considel as a linear subspace &
Define similarly the subgrou@" of XV and the vector spacé”. If & # ¢,
then® is a not necessarily reduced root systenVim the sense of Bourbaki
[Bou81, Ch.VI, no. 1]. The rank ob is by definition the dimension df. The
root datumy is called semisimple iiX ¢ V. We observe thas,w = 's, and
s«(B)Y = syv(BY) as follows by an easy computation (c.f. Springer [Spr79,
1.4]). Let(-, -) be a positive definite symmetric bilinear form &y which is
Aut(®) invariant. Now thes, (@ € ®) are Euclidean reflections, so we have

(x,a”) = 2(a, oz)_l.(x, o) (x € E,a € ®).

Consequently, we can identifp" with the set{2(a, «) la | @ € ®} anda”
with 2(ar, ) 1. If ¢ € Aut(X, @), then its transposkp induces an auto-
morphism of®", so ® induces a unique automorphism in Ad), the set of
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automorphisms of the root datum. We shall frequently identify AutX, ®)
and Aut( ).

For any closed subsystedy of ® let W(®1) denote the finite group gener-
ated by thes, for « € ®;.

Exampled.2 If T is a torus in a reductive grou@, such thatd(T) is a root
system with Weyl groupN(T), then the root datum associated to the pair
(G, T)is: (X*(T), ®(T), X((T), ®Y(T)), whereX*(T), ®(T), X,(T) and
®Y(T) are as defined in 2.1. So in each of the casesThiateither a maxi-
mal torus ofG, a maximalk-split torus ofG, a maximal-split torus ofG or a
maximal (6, k)-split torus ofG, then the above root datum exists.

Remarkd.3. If T; andT, are tori andp is a homomorphism of; into Ty, then
the mappind¢ of X*(T,) into X*(Ty), defined by

(4.3.1) '(x2) = x20¢, x2€ X*(To)

is a module homomorphism. # is an isomorphism, thelp— is a module
isomorphism from( X*(Ty), ®(T1)) onto (X*(T2), ®(T2)).

4.4. Actions on root data. In the study ofk-involutions one has to combine
thek-structure of the group with the structure of the involution. For this one has
to combine the actions on the related root data. This can be seen as follows. Let
G be a reductivék-group, T a maximalk-torus of G, X = X*(T), ® = ®(T),

K a finite Galois extension & which splitsT andI' = Gal(K/k) the Galois
group ofK /k. If ¢ € Aut(G, T) is defined ovek, theng* := (¢|T) ! satisfies

¢*° = ¢*, l.e.

(4.4.1) op* =¢*oforallo eT.

If 6 € Aut(G, T) is ak-involution, then we will also writ® for 0* :=1(9|T) 1

Aut(X, ®). BothT" andf act on(X, ®). Let & = {1, —0} C Aut(X, &) be

the subgroup spanned byd|T. Let & C Aut(X, &) be the subgroup cor-
responding to the action df on (X, ®) and letl'y = &r.&y be the subgroup

of Aut(X, ®) generated byr and &. By (4.4.1)Ty is a finite subgroup of
Aut(X, ®). The actions ofl", 6, resp. I'y on (X, ®) all lead to natural re-
stricted root systems and as it turns out these are precisely the restricted root
systems related to a maximiasplit, 6-split resp. (6, k)-split torus. Since all

three these actions on the root datum can be described in a similar manner we
will consider in the remainder of this section the action of a finite gréum

(X, ).
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4.5. LetW be aroot datum witld # ¢, as in 4.1.1 and lef be a finite group
acting onV. Foro € & andy € X we will also write x” or o () for the element
o.x € X. Write W = W(®) for the Weyl group ofb. Now define the following:

(4.5.1) xo=xo<e>={xe><|2x":0}

o€eé
Then Xg is a co-torsion free submodule &f, invariant under the action &.
Let ®g = $g(&) = & N Xg. This is a closed subsystem &f invariant under
the action of&. Denote the Weyl group o®o by Wp and identify it with
the subgroup ofV(®) generated by the reflectiorss, « € ®g. PutW¢é =
{we W | w(X) = X}, Xe = X/ Xo(&) and letrr be the natural projection
from X to Xg. If we take A= {t e T | x(t) = eforall x € Xo} to be the
annihilator ofXg andY = X*(A), thenY may be identified withiXg = X/ Xo.
Let d¢ = n (P — Po(&)) denote the set abstricted roots ofb relative to§.

Remark4.6. In the case thag = T, thenXj is the annihilator of a maximad-
split torusA of T. Similarly in the case thag = &y, thenXg is the annihilator
of a maximal#-split torus A of G. In both these cases A is maximalk-split
resp.o-split in G thend¢ is the root system ob (A) with Weyl groupW.

We define now an order ofX, ®) related to the action &f as follows.

Definition 4.7. A linear order onX which satisfies
(4.7.1) if x>0 and x € Xo, then x° =0 forall o € &

is called a&-linear order. A fundamental system @b with respect to &-linear
order is called &-fundamental system df or a&-basis ofd.

A &-linear order onX induces linear orders ovi = X/ Xg and Xp, and con-
versely, given linear orders oty and onY, these uniquely determinegalinear
order onX, which induces the given linear orders (i.e.xi& Xo, then define
x > 0ifand only ifz(x) > 0). Instead of the abowe-linear order one can give
a more general definition of a linear order Bnusing only the fact thakXg is a
co-torsion free submodule of (see [Sat71§2.1]).

In the following we give a number of properties of &dinear order onX.

4.8. Restricted fundamental system.Fix a &-linear order> on X, let A be
a &-fundamental system @b and letAg be a fundamental system &y with
respect to the induced order 9. Let A= {t € T | x(t) = efor all x € Xp} be
the annihilator ofXg and defineAg = (A — Ag). This is called aestricted
fundamental systewf @ relative to A or also arestricted fundamental system
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of d¢. The following proposition lists some properties of these fundamental
systems.

Proposition 4.9. Let X, %, ®, ®g, ¢, etc. be defined as above andAetA’
be &-fundamental systems &. Then we have the following

(1) Ag=ANDg. B B

(2) A=A'ifandonly ifAg = AjandAg = Ag.

(3) If Ag = A, then there exists a uniquey € Wp such thatA’ = woA.

Proof. (1). Assumerank® = n, A = {a1,...,an} and Ag = {a1, ..., am},
m < n. It suffices to show that eaehe @ is a linear combination of the;'s
in Ag. Write = Zi”:lriai, r € Z. We may assume > 0, i.e.rj > 0. Since
o € &g we have) o’ =0. Sinceay,...,ame Agwe get:) oo’ =
Y oee my10me1 + ... Than)?. By the definition ofé-linear ordera‘j’ > 0 for
m+1<j<nando e & Soifanyoftherj#0, m+1<j<n, then
Y e @ > 0, what contradicts the fact thate ®o.

(2). It suffices to show—. Let > be the&-linear order defining\ and>’
the &-linear order defining\’. Let®™ ={a € ® | a > 0} andd)j, ={aed|
a > 0}. We will show thatdt = @7, what implies the result. Let € A. If
o € Ag= Ay, thena >" 0. If a ¢ Ag, thenr(a) € A = A’, hence alsa >’ 0.
SinceA determinesb, it follows that® ™ CDJ;,. The same argument shows
®F, c *, henced™ = o7,

(3). SinceAq and A, are fundamental systems @, there exists a unique
wo € Wo such thatwgAg = Ay(I"). ButthemwoA N &g = Ay(T") andrm(woA) =
Ag = Aj. So by (2)A’ = woA. O

4.10. Restricted Weyl group. There is a natural (Weyl) group associated with
the set of restricted roots, which is relatedW /Wy. SinceWp is a normal
subgroup ofW¢, everyw € W€ induces an automorphism & = X/ X =Y.
Denote the induced automorphism byw). Thenz(wy) = w(w)w(x) (x €

X). DefineWg = {7(w) | w € WE}. We call this therestricted Weyl group
with respect to the action & on X. It is not necessarily a Weyl group in the
sense of Bourbaki [Bou81, Ch.VI,no.1]. However we can show the following.

Proposition 4.11. Let X, Xg, ®, ®g, g, A, Ag, Ag, Wo, WE, W be
defined as above and let A be the annihilator f Rhen we have the following:
(1) If w e WE, thenw(A) is an&-fundamental system.
(2) Letw € WE. Thenw € Wy iff m(w) = 1iff m(w)Ag = Ag.
(3) W = WE /Wy
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(4) WE/Wo = Ng(A)/Zs(A), where N;(A) and Zs(A) are, respectively,
the normalizer and centralizer of A in G.

Proof. (1). Forw € W€ define an ordet,, on X as follows:
if xe X and x € Xo, then x >=,, 0 ifand only if w(y) > 0.

Sincew(Xp) = Xp the order>,, is an &-linear order onX andw(A) is an
&-fundamental system @b with respect to this order.

(2). If w e Wy, then from the definition ofr(w) it follows that 7(w) =
1, which implies thatr(w)Ag = Ag. So it suffices to show that the latter
condition implies thatw € Wp. Sincew(A) and A are bothg&-fundamental
systems it follows from Proposition 4.9(3) that there exisgse Wy such that
wow(A) = A, what implies thaty = wg! € We.

(3) is immediate from (1) and (2).

(4). Letn € Ng(T) andw € W(T) the corresponding Weyl group element.
Thenw(Xg) = Xo if and only if n € Ng(A). It follows thatw € W¢ if and
only if n € Ng(A). By (2) w € Wy if and only if 7(w) = 1. This is true if
and only ifn € Zg(A). SinceNg(A) = (Ng(A) N Ng(T)) - Zg(A) the result
follows. O

Remarkst.12 (1) In the case thaé is a maximak-split, 6-split or (0, k)-split
torus, thend¢ is actually a root system with Weyl grolys. The general
question whenbg is a root system ity = X/ Xg was studied in [Sch69].

(2) In the remainder of this section we will also wrile A, W instead of
®¢, Ag, Wg Whenever it causes no confusion.

4.13. Action of & on A. From Proposition 4.11 it follows thaw¢ acts on the
set of §-fundamental systems d#. There is also a natural action &fon this
set. If A is a&-fundamental system ob, ando € €, then theg-fundamental
systemA? = {a® | o € A} gives the same restricted basis/msi.e. A° = A.

This follows from the fact thakj = «f mod Xp) for all @i € A, o € €. From
Proposition 4.9 it follows that there is a unique elem&x;}te Wo such that
A% = w,A. This means we can define a new operatiog oh X as follows:

(4.13.1) AT =wlx°, xeX oecé.

It is easily verified thaty — x[°! is an automorphism of the tripleX, @, A)
and thaty[?l"] = yloYl forall o, y € €, x € X.

In the following we prove some properties of the actionsobn A which
will be needed lateron. We will assum is as defined in (4.5.1) and is an
& order onX.
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Lemma4.14. Let; € A andg; € A such thatr (o) = Lj. Ifo € &, thenwe
have the following:

(1) of = ap+ Y4 en, Cir (0)ar for somen, € 7~ t(xj), cir(o) € Z.
@) ol = ap+ 3, e, bir(0)ar for somenp € 7 1(4)), bir(o) € Z.

Proof. Letrank®) = n. Writea{ = szlci,r(a)ar, wherec; (o) € Z. Since
aj € A andA is aé-fundamental system eb we may assume that, (o) >0
if o & Ao, andcir (o) =0if oj € Ag ande, ¢ Ap. Reorder the fundamental
roots, if necessary, so that— Ag = {o1, ... ,am} andAg = {ems1, . .. , an}-
Then the matricegci; (0))1<i.j<n are integral, and of the forr(#‘g S{;), where
all entries of A, and B, are> 0. Since the product of the matricésj(o))
and (cjj (0~1)) is the identity matrix, it follows tha#\, is necessarily a permu-
tation matrix, hence i ¢ Ao, of =ap+ ) Cir(0)ay. Sincer(wj) =
n(af) = Aj it follows thatap € 7=1(1)).

(2). Foro € € let w, € Wy such tharai["] = w;laf’. Letcir (o) € Z and
ap € w1(1j) suchthat? = ap+ Y Cir (0)ar. Then

(XrEAO

ar€Ag
A= w ap+ Y cir(@ar) = wyt@p) +wy (Y cir(o)ar).
(XrEAO O[rEAO
Sincew, ! € W it follows that w; (3", ca, Cir(@)ar) = Xy ca, Gir (0

for somed (o) € Z. Similarly w; 1 (ap) = ap+ Y, ca, 8.r (0)ar for some
6.1 (0) € Z. Lt (0) = dir (0) + &, (o). Thenal =ap+ 3, o, bir(0)er.
U

Lemma 4.15. Let Q = Ag(&) U {all —a | @ € A — Ag(€) andal?] £ «}.
Then %(&8)g = Q¢ andcard2 = rankXy(&).

Proof. Clearly 2 is a linear independent set anahkXy(&) > card2. So it
suffices to show thaf2 generatesXyg(&). From the definition ofXy(&) and
X¢ (&) it is clear thatXo(&)g is generated ove® by the set{a® —a | o €
I'ae A} If o € Ag(8), thena® € ® N Xg(8) = Pg(&). SinceAg(8) is
a fundamental system @bo(€) it follows thata® — a € Ag(€)7 C Q7. If
a € A — Ag(€), then for allo € T we havern(x) = n(x®) = A for some
A € Ag. By Lemma 4.14 we getl?] € y~1(1) anda® = «l° + y for some
y € Ag(€)7. Butthena® — o = ol —a + y € Q7. O

Corollary 4.16. Let X, Xo(&), @, ®o(8), dg, A, Agbe defined as above
and letAg = {11, ..., A} be a restricted fundamental systemdaf, with the
(Aj mutually distincy. Theniy, ..., A, are linearly independent.
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Proof. SinceA spansX it follows that A¢ spansXe, so rankXe <r. But since
rankX = rankXg(&) + rankXg it follows from Lemma 4.15 that rankg =,
henceiq, ..., A, are linearly independent. O

The diagram automorphism]relates the simple roots i, which are lying
above a restricted root ing:

Lemma 4.17. Let A be a (T, 0)-basis of® and«, B € A, o # B such that
n(a) = w(B) # 0. Then there is @ € € such thatg = «l°l.

Proof. For eacho € € let w, € Wp such that §] = w;lo—. Sincen(a) =
m(B) #0we havax = g mod Xo(&). Butthen) .o =) __.p°. Onthe
otherhand , e a® =", c woal® =Y ol 48, with §; € SpanAg(§)).
Similarly 3¢ 87 = 3", ¢ BT + 82 with 8, € Span(Ag(€)). But then we
have)", ¢ (al?l — glol) = §; — 8,. It follows thats; = 8, and 8 = «l°! for
someo € §. ]

5. (T, 6)-indices

The actions ofl" and 6 on the root datum can be described by an index.
These indices not only determine the fine structure of restricted root systems
with multiplicities etc. of the correspondiniggroup and symmetric variety,
but also play an important role in the classification&-gfroups and symmetric
varieties (or equivalently involutions of reductive groups). In this section we
extend these indices to get an index which describes the actidaiokalution.
Similar as fork-groups and symmetric varieties this index describes the fine
structure of restricted root systems with multiplicities etc. of the corresponding
symmetrick-variety, but also plays again an important role in the classification
of k-involutions in section 8.

5.1. Theindex of &. Throughout this section ek be a semisimple root datum
with ® # ¢, as in (4.1.1)& a (finite) group acting o, like in 4.5, A a &-
basis of® andAg = Ag(&) = AN Xo(&). In equation (4.13.1) we defined an
action of& on A, which we denote byd]. The action ofé on W is essentially
determined byA, Ag and p]. Following Tits [Tit66] we will call the quadruple
(X, A, Ag, [0]) anindex of& or an&-index. We will also use the nan&e-
diagram, following the notation in Satake [Sat71, 2.4].

5.2. Asin [Tit66] we make a diagrammatic representation of the index of
by coloring black those vertices of the ordinary Dynkin diagran®ofwhich
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represent roots ithg(&) and indicating the action ob{ on A by arrows. An

example in typeD, is:
0—O—0—Q—<> [o]

To use these&-indices in the characterization of isomorphy classes of reduc-
tive k-groups or involutions, we need a notion of isomorphism between these
indices.

Definition 5.3. Let ¥ andW¥’ be semisimple root data agda group acting on
them. Acongruencep of the &-index (X, A, Ao, [o]) of W onto the&-index
(X', A’, Ag, [0]") of ¥ is an isomorphism which map, A, Ag) — (X,
A, Ap), and satisfiesd]’ = ¢[a]p 2.

For k-involutions it suffices to consider two actions &fon the same root
datum. In that case we will also use the tasomorphicé-indices instead of
congruenig-indices. In this case one can differentiate between inner and outer
automorphisms.

Definition 5.4. Let ¥ be a root datum anél;, & C Aut(¥) the subgroups of
Aut(W¥) corresponding to actions éfonW. Two indices(X, A, Ag(81), [o]1)
and(X, A’, A;(&2), [0]2) are said to b&V(®P)- (resp. Aut®))-isomorphicif
there is aw € W(®) (resp. w € Aut(®)), which maps(A, Ag(€1)) onto
(A', AY(&)) and satisfiesv[o]w™! = [0],. Instead ofW(®)-isomorphic
we will also use the ternmsomorphic

Remarks.5. An index of & may depend on the choice of tebasis ofd, i.e.

for two &-basesA, A’, the corresponding indicegsX, A, Ag(€), [o]) and (X,

A', Ay(€), [0]") need not be isomorphic. However this cannot happapgif
is a root system with Weyl groug:

Proposition 5.6. Let ¥ be a semisimple root datum agdc Aut(W¥) a group
acting on¥ such thatd¢ is a root system with Weyl groifs. If A, A" are &-
bases ofb, then(X, A, Ag(8), [0]) and (X, A’, Ay(€), [0]’) are isomorphic.

Proof. Let Ag and A}, be restricted fundamental systemsdaf induced byA
andA’ and letw € Wg such thato (A} ) = Ag. Since by Proposition 4.11(3)
W = W& /Wy there existsw; € W€ such thatr(w1) = w. By Proposition
4.11(1)w1(A") N dg is a basis ofdg, hence there exist®y € Wy such that
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wow1(A") NPy = Ag(8). Letw = wow1. Then from Proposition 4.11(2) it
follows thatw(A’) = A andw(Ay(&)) = Ao(8).

It remains to show thatv satisfies §] = w[o]'w™!. Leto € & and w,,
w’ € Wp such thatr(A) = w,(A) ando(A’) = w,(A’). Then p] = w; o
and p]’ = (w)) to. Now

(5.6.1) We(A) = wew(A) = (A) =ow(A)
= owo lo(A) = owo twl (A).

It follows thatw,w(A’) = cwow, (A"), hencerw o tw, w(A’) = w (A).
Since bothow o~ lw,w andw!, € W it follows from (5.6.1) that

(5.6.2) ow to twow = w.

Now if x € X, then

(5.6.3) wlol'w (x) = ww,) tow (%) = ww tw; lowo ow (x)
= w, o () = [0] (),

what proves the result. O

Remarks.7. In the case thabg is a root system with Weyl groug, then the
restricted root system together with the multiplicities of the roots can be easily
determined from th&-index. See for example [Hel88].

For the general congruence of thendices we will use the following result:

Theorem 5.8. Let G, G, be connected semisimple groups defined over k. For
i =1,2 let Tj be a maximal k-torus of GW¥; = (X*(Tj), ®(Ti), X (Tp),

@Y (T)) the root datum corresponding {&;, T;), &€ a (finite) group acting on

Wi, X0 (6, T) ={xe X*(T) | Y pee x” =0}, A={teTi| x(t) =eforall x
Xo(&, Ti)} the annihilator of X%(&, Ti), A(Tj) a &-basis of®(T;), Ao(T;) =
A(Ty) N Xo(&) and [o]; the action of¢ on A(T;). If ¢ : (Gy, Ty, A1) —

(G2, To, Ap) is a k-isomorphism ang* = '(¢|Ty)~! is as in (4.3.1) then
there exists a uniquev € W¢(T») such thatw(¢*(A(T1))) = A(T2) and

¢l*l := we* is a congruence fromX* (Ty), A(T1), Ag(Th), [0]1) to (X*(To),
A(T2), Ao(T2), [0]2).

Proof. Since¢ : (G1, Ty, A1) — (Go, To, A) is ak-isomorphism it follows
that the induced mag* : (X*(Ty), ®(T1), Xo(T1)) — (X*(T2), ®(T2), Xo(T2))
is an isomorphism as well. Singg(®*(Ty)) is a set of positive roots with
respect to &-linear order ond(T>) it follows that ¢*(A(T1)) is a &-basis
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of ®(T2). Since ®(Ay) is a root system with Weyl groupV(Ay) it fol-
lows from Proposition 4.11 that there exists a unique W€ (T,) such that
w(p*(A(Ty))) = A(T2). From Proposition 5.6 it follows now that the-
indices(X*(T2), A(T2), Ag(T2), ¢*[0]1(¢*)~1) and(X*(T2), A(T2), Ao(T2),
[0]2) are congruent. Lep!! := wg*. With a similar argument as in (5.6.1)
and (5.6.3) it follows now thap!*! is a congruence of thé-indices (X*(Ty),
A(T1), Ao(Ty), [o]1) and (X*(T2), A(T2), Ao(T2), [0]2). O

Definition 5.9. If ¢ : (G, T1, A1) — (Gg, T2, A2) is ak-isomorphism as in
Theorem 5.8, then we will call the congruengé! := we* of the &-indices

(X*(T1), A(T1), Ao(Ta), [o]1) and (X*(T2), A(T2), Ao(T2), [0]2) thecon-

gruence associated with

In the cases of = &y and& = I" we get the well know@-index andl"-index,
which are essential in the respective classifications. Since the classification of
k-involutions depends on a classification of these, we will briefly review these in
the next subsections. First we need still a notion of irreducibilityéfendices.

Definition 5.10. Let & C Aut(X, ®) be a subgroup and a &-basis ofd. An
indexdD = (X, A, Ao, [0]) is &-irreducibleif A is not the union of two mutu-
ally orthogonal §]-invariant (non-empty) subsysteras, A”. The systemD
is absolutely irreduciblef A is connected. In the case= &r (resp. &) we
will also call ang-irreducible index ark-irreducible index (respé-irreducible
index).

5.11. #-index. In this subsection we discuss the index associated with an in-
volutorial automorphism of a reductive algebraic group. Gebe a reductive
algebraic groupd € Aut(G) an involution andT a #-stable maximal torus of

G. Write X = X*(T), ® = ®(T) and let&y, = {1, —6} C Aut(X, ®) be the
subgroup spanned byd|T. In this case we will also writ&g(6), Xg, ©o(8),

Dy, W1 (0), Wy, Ao(8), Ag instead of, respectivelyo (&), Xe,, Po(&s), Pe,,
Wo(Ep), W1 (&p), V_Vgg, Ao(8p), Age. A &y-order onX will also be called a
g-orderon X, a&y-basis ofd ad-basisof ® and a&y-index ag-index.

Let A be af-basis of®. To find thed-index we need to find the action of
[—6]on (X, ®, A). Sinced(—A) is also &-basis ofd with the same restricted
basis, it follows from Proposition 4.9 that thereuig(0) € Wp(0) such that
wo(0)0(A) = —A. Putd* = 0*(A) = —wp(0)6. Theno* = [—6]. Note that
0% (A) € Aut(X, @, A) = {¢ € Aut(X, @) | p(A) = A}, #*(A)2 = id and
0" (Ao(0)) = Ao(0).

Remark$.12 (1) 6 = [—6] can be described by its action on the Dynkin
diagram ofA. Notice that
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(a) if @ is irreducible, therd* is either the identity or a diagram automor-
phism of order 2. The latter happens onliis either of typeA (1 (> 2),
Dai41(1(= 2) or Eg.

(b) if ® = &1 U Py with &1, O irreducible andd(P1) = oo, thenb* ex-
changes the Dynkin diagrams @f and®». In particular®q(6) = ¢, so
wo(#) = id andd = —6*.

(2) If 6 = id and A is a basis of®, then6*(A) = —wq(id) is called the
opposition involutiorof A. In this case we shall also write®idA) for 6% (A).
For @ irreducible the opposition involution is non-trivial if and only df is
either of typeA (I (> 2), Dy +1(1 (= 2) or Esg.

(3) The action ob* on Ag(6) is determined by\q (), becaus®™|Ag(0) =
—wp(0) is the opposition involution oiAg(0), which is uniquely determined
on each irreducible component @ (0) by the type of the root systehg(6).
So for thep-index we can omit the action éf on Ag(6).

(4) For @ irreducible, the action of* can only be non-trivial ifb is of type
A (1 >2),D(>4)orEg.

(5) The involutiond is determined by itg-index, sinced = —6*wq(6) and
wo(0) is completely determined by the type 0§ (6).

The indices of involutions of X, ®) can be easily determined using the fol-
lowing result from [Hel88]:

Lemma 5.13([Hel88, Lemma 2.14]) Let A be a basis ofb, Ag C A a sub-
set andd* e Aut(X, ®, A) such thatd*(Ag) = Ao, (6*)?> =id. Let X be
the Z-span of Ag in X and ®(Ag) = ® N Xp. Then there is an involution
0 € Aut(X, @) with index(X, A, Ag, 6*) if and only if6*|Ag = id*(Ag) (the
opposition involution ofAg with respect tob (Ap)).

Remark5.14 The abovef-index may depend on the choice of thédasis.
However if T, is a maximab-split torus, then by [Ric82, 4.7 = O(T, ) is
a root system and by Proposition 5.6 thendex does not depend on théasis.
Combined with the conjugacy of the maxingakplit tori underGg it follows
now that thev-index is uniquely determined by ti&isomorphism class df:

Proposition 5.15. Let A be a maximad-split torus of G, TO A a maximal
torus andA a 6-basis of®(T). The#-index (X, A, Ag, 6*) is uniquely deter-
mined (up to congruence) by the isomorphy class of

Proof. Let 61, 62 € Aut(G) be involutions and assunggee Aut(G) such that
$020~1 = 6,. Fori = 1,2 letT; be a¢;-stable maximal torus witm'l'i)gi a
maximal 6;-split torus of G and let A(T;) be a6j-basis of (X*(T;), ®(T;))
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with respect t@;. Now T3 = ¢(T») is af1-stable maximal torus Witl(ng)gl a
maximal 61-split torus of G. By Richardson [Vus74§1] there existdh € Ggl

such thahTsh~! = T;. Replacingp by Int(h)¢ we may assume that(T,) =
T1 andq&((Tg)gz) = (Tl)e_l' Now the result follows from Theorem 5.8. [

Remarks.16 We will see in 7.1 that for involutions there is in fact a bijective
correspondence between conjugacy classésmdices and isomorphy classes
of involutions. For isomorphy classes of reductksgroups ork-involutions,
the respective indices do not characterize the isomorphism classes.

5.17. I'-index. In this subsection we introduce the index related to the isomor-
phy classes of semisimplegroups. For the remainder of this section (&t

be a reductivek-group, A a k-split torus of G, T O A a maximalk-torus, K

the smallest Galois extension kfwhich splitsT, I' = Gal(K/k) the Galois
group of K/k, X = X*(T), ® = ®(T), Xo = Xo(I"), &g = ®o(I"), etc. Let

Go = G(®g) denote the connected semisimple subgrougajenerated by
{Uy | @ € ®g}. The groupGy is the semisimple part dg(A). If Ais a maxi-

mal k-split torus, therGg is anisotropic ovek and is uniquely determined (up
to k-isomorphy) by th&-isomorphism class db. In that casésg is also called

the k-anisotropic kernel o6.

5.18. LetA be aI'-basis of®, and letAg = A N Xp. Asin (4.13.1) we have
an action ofl" on A, which we denote byd]. The 4-tuple(X, A, Ao, [0])
is called thel-index of (G, T, A). If Ais a maximalk-split torus ofG, then
we will also call this thel™-index of G. It was shown by Tits [Tit66] that the
k-isomorphism class o uniquely determines, up to congruence, thendex
of G. Using Proposition 5.6 this can also be seen easily as follows.

Let G1, G be connected semisimple groups defined &namdeg : G — Gy
ak-isomorphism. For =1, 2 let A; C G; be a maximak-split torus,T; D A a
maximalk-torus ofG; and A (Tj) aI'-basis of® (T;). Now ¢ (A7) is a maximal
k-split torus of Gy, hence there exists@e Gy such that Intg)¢ (A1) = Ao.
Then Int(g)¢(T1) D Ay is a maximalk-torus. LetK be the smallest Galois
extension ofk which splitsT; and T.. Then there existx € Gk such that
Int(X) Int(Q)¢p(T1) = To. Let ¢y = Int(X) Int(g)¢. Theng1 : (G1, T1, Ar) —
(Gg, T2, A2) is a K-isomorphism and by Theorem 5¢§ = Y1 T1) "t asin
(4.3.1) (modulo a Weyl group element 8#(T,)) is a congruence from thie-
index of (G1, T, A1) onto thel'-index of (G, To, A2). Summarized we have
now the following result:

Proposition 5.19([Tit66]). The k-isomorphism class of G uniquely determines
(up to congruence) thE-index (X, A, Ao(I"), [o]) of G.
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Remarks.2Q In the special case th&i is k-anisotropic(G = Gp), one has
A = Ag(T"), so thel-index of G may be abbreviated byX, Ag(T"), [0]).
Applying this to thek-anisotropic kernel$o, Gj of G, G’ it is easily seen
that a congruence : (X, A, Ag(I"), [o]) = (X', A’, AH(T), [0]) induces a
congruencepo : (Xo, Ao(I), [0]|X0) = ((Xg, A', Ag(D), [o]'| Xg) of the -
index of Go onto thel'-index of G;. The mapgy is called therestrictionof ¢
to (Xo, Ao(I), [0]]Xo0)-

5.21. Tp-index. In this subsection we discuss indices related to the isomorphy
classes ok-involutions.

Let G be a connected semisimpktegroup, 6 € Aut(G) an k-involution, A
a (0, k)-split torus of G, T O A a #-stable maximak-torus of G and X =
X*(T), ® = &(T). Let K be afinite Galois extension &fwhich splitsT, I' =
Gal(K/k) the Galois group oK /k as in subsection 5.17 ai®ij = {1, —6} C
Aut(X, @) be the subgroup spanned by|T as in 5.11. Letr C Aut(X, ®)
be the subgroup corresponding to the actioif oh (X, ®) and letl’y = &r.&y
the subgroup of AutX, ®) generated byer and &. As in 4.5.1 letXg =
Xo(Tg), &g = Po(Iy), etc. We will also use the notatioo(T", 6) (resp.
Ao(T, 0)) for ®g(Ty) (resp. Aog(I'p)). In addition, letGy = G(dg) denote
the connected semisimple subgroup®fgenerated byU, | « € ®o}. The
groupGo is the semisimple part &g (A). Moreoverdr, = ®(A) is the set of
restricted roots ofA, which, by [HW93, 5.9] is a root system A is a maximal
(6, k)-split torus ofG. Let A be al'y-bases ofb, and letAg = A N Xg. Similar
as in (4.13.1) we have an action B§ on A, which we denote byd]. The 4-
tuple (X, A, Ao, [0]) is calledtheT'y-index of (G, T, A, 0). If Ais a maximal
(0, k)-split torus ofG, then we will also call thisheI'y-index of(G, T, 6).

In the case of-indices orT"-indices the indices did not depend on the choice
of the maximal torus, when one choose the tohusvolved to be maximal. The
aboverl's-index of (G, T, 6) depends on the choice ®f> A. For example one
can choosd such thafl, is maximald-split or one can choosE such thafT,"
is a maximal torus oZg (A) N H. In most cases this leads to non congrugsnt
indices. We can obtain By-index uniquely determined by the isomorphy class
of the k-involution by taking A maximal (0, k)-split andT > A a 6-standard
maximalk-torus ofZg (A) asin 2.8, i.e.T contains a maximad-split torus and
T, is a maximab-split k-torus of G. We will call aI'g-index of (G, T, A, 6)

a I'g-index of (G, #) if A is a maximal(é, k)-split andT > A a #-standard
maximal k-torus of G. This index is uniquely determined by the isomorphy
class of thek-involution 6:
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Proposition 5.22. Let 61 be a k-involution of G. The k-isomorphism class of
01 uniquely determines (up to congruence) theindex (X, A, Ag(Ty), [o])
of (G, 61).

Proof. Assumef, € Autx(G) a k-involution and¢ € Autx(G) a k-automor-
phlsm such thapbr¢p~1 = 6,. Let Aq be a maX|maI(91, k)-split torus of G,
A1 D Ala maximalk-split torus ofG andT; D A; a6;-standard maximat-
torus of G. Similarly let A, be a maximak6,, k)-split torus ofG, A, D Ara
maximalk-split torus ofG and T, D A, a 6,-standard maximak-torus of G.
Let A1 be al'y-basis of® (Ty) and A, aTl'y-basis ofd (Ts). By Corollary 3.2
there exists & € Gy such that Inth)¢p(A2) = A; and Inth)¢(A) = A;. Let
K be the smallest Galois extension I¢f which splitsT; and T, and letT =
Int(h)¢(T2). Now Te—1 and (Tl)e—1 are maximal(61, K)-split tori of Zg(Ay).
Again by Corollary 3.2 there existshg € Gy such that In¢h1)(T9_l) = (Tl)g_1
and Inthy)(T) = T1. Let¢1 = Int(hy) Int(h)¢. Theng; maps(G, T, A2, 62)
onto (G, Ty, A1, 61) and preserves thiEg-action. Now the result follows from
Theorem 5.8. O

Remarks.23 Similar as for the&-index andl'-index one easily determines the
restricted root system of a maximé@, k)-split torus of G from the I'y-index
(X, A, Aog, [o]) of (G, 0).

5.24. (I', #)-order. TheT'y-index of (G, #), as defined above, corresponds to
a I'p-order on(X, ®). However there is a lot of additional structure present,
which is not represented in thHe;-index. We also have é-index and al"-
index. This can be seen as follows. Assufé a maximal(6, k)-split torus

of G, A D A a maximalk-split torus of G and T > A a ¢-standard maximal
k-torus. LetX = X*(T) and® = ®(T). Then we have the usu@itorder on
(X, ®). On the other hand sincE;” is a maximalg-split torus ofG, we also
have a9-order on(X, ®). Finally sinceA is maximal(6, k)-split we also have
al'y-order. All these can be defined simultaneously #n®) as follows.

Definition 5.25. Let W be a semisimple root datum and I&t6 act on(X, ®)
asin5.21. Alinear order oKX which is simultaneously B-, 6- andI"y-order is
called a(T", #)-order. A fundamental system & with respect to &T", 6)-order
is called a(T", 9)-fundamental system df.

From the above remarks it follows thatAf, A;, S, T are as above, then a
(T", 6)-order on(X, ®) exists. However not everyjy-order is a(I", 6)-order.
Another characterization of d", #)-order is given in the following result.
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Proposition 5.26. Let ¥ be a semisimple root datum and assume act on
(X, @) as in 5.21. The following are equivalent:

(1) (X, @) has a(T", 8)-order.

(2) DT, 0) = Po(T") U Do (6).

(3) If &1 C Po(T, 0) irreducible component thed; C dg(0) or &, C
Oo(I).

Proof. (1) = (2). Assume>- is a (I, #)-order on(X, ®) and let®™ be the
set of positive roots with respect to this order. Therinduces an order on
®o (T, 8) which is both ar'-order and a-order of ®o(T", ). Namely suppose
thatthereisa € @ N (T, ) such that(e) #a and) " -« #0. Then
a>0,—0(a) = 0andforallc € I": o(x) = 0 and—o6(x) > 0. It follows that
for eacho € I'y we havex® > 0, hencezgere a® > 0. But sincex € ®q(T", 9)
we have) . «” = 0, what contradicts the assumption.

(2) = (3). Assumedy(I", ) = Oo(I") U dg(0). Let d; € (T, 0) be an
irreducible component and let be a basis ofb;. Assumed; ¢ @ (I') and
&y ¢ ®(F). Then there exista € A such thaix ¢ &(I'"), i.e. > ra’ #0
and there existg € A such thatg ¢ ®(0), i.e. 6(B) # B. Sincedo(T', 0) =
Do(I") U Og(0) it follows thata € ®(0) and B € do(I'). Sinced, is irre-
ducible, there exists a string of simple roats= «, A2, ..., Ay = B connecting
a andB. Moreover we can choose 8 € A suchthatfoi =2,...,r —1we
havelri € ©o(I") N Pg(0). Leth = A1+ ---+ Ay € &1. Then

doar=3"2=>) " #0,
oel oel oel’
sox & &o(I"). Similaré(x) = A1+ ---+ A1+ 60(B) # A, SOL & $p(0). But
theni ¢ ®g(0) U &o(I") = (T, ), what contradicts the assumption.
(3) = (1). The condition implies thabo(I", #) has an ordes1, which is
both aI"-order and &-order. By choosing any order oiare this order extends
to al'y-order on®, which is then also &'-order and &-order. O

Using similar arguments as in the result above we can also prove the follow-
ing result which is useful in the study of thi&, 6)-indices.

Lemma 5.27. LetW be a semisimple root datum and assumeé act on( X, ®)
asin 5.21. Assume % Xo(I", #) and > is an order on(X, ®), which is both
a I'-order and af-order. Then we have the following:

(D) If x e Xwitho(x) = xforall o € " and6(x) = —x, theny = 0.
(2) fa e & =PI, 0),then)_  a® =00r0(x) = .
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Proof. (1). Letx € Xwitho(x) = x forall o € I" andf(x) = — x, then for all
o € 'y we haves(x) = x. But sinceX = Xq(T, §) we have 0= ZJEF@ x° =
> ser, X» hencey = 0.

(2). Leta € . Assume}_ o’ # 0 andd(«) # a. Since} o’ =
Y ser(o(@) —ob(a)) = O it follows that

Z o(a) = Z () = 9(2 o(a)).

oel’ oel’ oel’

We may assume thate ®*. Since> is al-order it follows thaty_" . o(«a) >
0. Similarly since> is ag-order it follows thatd(}_ . o(«)) < 0. It follows
that either) o =0 0ro(a) = . O

Remark$.28 (1) A (T, #)-order, as above, is completely determined by the
sextuple

(5.28.1) (X, A, Ao(T), Ag(0), [0], 6%).

We will call this sextuple anndex of (T, 6) or an (I", 8)-index. This termi-
nology follows again Tits [Tit66]. We will also use the nar(, 6)-diagram,
following the notation in Satake [Sat71, 2.4].

(2) The above index ofl", #) determines the indices of both andé# and
vice versa.

(3) We can make a diagrammatic representation of(th&)-index by col-
oring black those vertices of the ordinary Dynkin diagramdgfwhich rep-
resent roots imM\o(I", #) and giving the vertices oA o(I") U Ag(6) which are
not in Ag(I") N Ag(0) alabell’ or 0 if @« € Ag(I") — Ag(I') N Ag(f) Orua €
Ag(0) — Ao(T") N Ag(0) respectively. The actions of] and6* are indicated
by arrows. Here is an example wiéh of type D1o:

This (T", #)-index is obtained by gluing together the indices

S
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O oooc<

of I' resp.6 with the above recipe.

(4) A (T, 0)-index of "'y may depend again on the choice of (g 0)-basis
of ®. However if®r, is a root system, then it follows similar as in Proposition
5.6 that the(T", 6)-index is independent of the choice of ttie, 6)-basis.

The congruence between these indices is defined similar as in 5.3:

Definition 5.29. Let ¥ = (X, ®, XV, ®Y) and ¥ = (X, ®’, X'V, ®’") be
semisimple root data on which acts as in 5.21. Lef; € Aut(X, ®) and
02 € Aut(X’, ") be involutions. Acongruencep of the (T, #)-index (X, A,
Ao(T), Ag(61), [o], 5(A)) of (T, 61) onto the(T", H)-index (X', A’, Aj(I),
Ao(62), [0]’,05(A")) of (T, B2) is an isomorphism which magX, A, Aq(T'),
Ao(el))onto(x A, Ag(T), Ay(62)) and which satisfies:

(5.29.1) woi (Mw™t = 05(A") andw[o]w ™ = [o].

If ¥ =W, then we will call the(T", 9)-indices Aul X, ®)-isomorphic re-
spectivelyW (®)-isomorphic ifp € Aut(X, @) respectivelyW(d). In the lat-
ter case we will also call the indices isomorphic.

6. k-automorphisms and k-structure

In the previous section we analyzed the actions of the involution and the
Galois group on( X, ®). We need to extend this to the whole group. For this
we will use among other things / k-forms of the related Chevalley group and
a realization of the root system in G.

6.1. The fundamental/existence theorems due to Chevalley [Che58] show the
existence of a groufs (called Chevalley group), unique up keisomorphy,
corresponding to a paiiG, T), whereT C G is a maximal torus. This result
enables us to consider atkygroup as aK/k-form of the related Chevalley
group. This is a powerful tool in the study &fgroups. In the following we
introduce the notation and briefly review some of the results needed.

Let T be a maximal torus o, X = X*(T) and® = &(T). By Chevalleys
existence Theorem [Che58] the pa¥, T) (or (G, T)) determines unique up to
k-isomorphy a semisimple connected aIgebkagroqu = G(X, &), which
is k-split (i.e., G contains a maximal toru$, which is k-split). LetK be a
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splitting field for T andT" = Gal(K/k) the Galois group. The is a K/k-
form of G. In particular there exists K-isomorphismg : (G, T) — (G, T)
(see also Theorem 7.10). The Galois grdupcts on the coefficients of the
polynomial mappingp. Foro € I let ¢, = ¢” o ¢~ 1. Then the system of
iIsomorphisms ¢, )scr IS @ one cocycle, i.e. it satisfies the condition

(6.1.1) o' 0@y =¢s, o,yeT.
The converse is also true by the following well known result:

Proposition 6.2. The one cocyclép, )scr of I' in Autk (G, T) uniquely deter-
mines the mag as above.

6.3. LetX = X*(T) and X = X*(T) be the character modules &fand T
respectively, and®d = & (T) and® = q>(T) the root systems itX and X with
respect tol andT. ThenX is al"-module, X is a trivial T-module andb is I'-
invariant. Ifp, = ¢ 0 1 € Autk (G, T) is as above, thelp, € Aut(X, @),
and iftg (%) = x, for ¥ € X, x € X, then'¢ o 'p, (%) = x°. Thus the automor-
phismsly, transpose the action #fon X to an action of” on X. We will often
identify X and X via the isomorphisme¢. In that case, wheiX is regarded
as the character module @f, the action ofl" is non-trivial, and we identify
%% =95 (X), wherey = x under the identification. WheX is regarded as the
character module of, T acts trivially.

The mapsp, € Autk (G, T) and in fact any automorphism in AU, T) can
be described by their action on a realizationdofn G. We discuss this in the
following.

6.4. Realization of ®(T) in G. Let G be a reductive algebraic group, a
maximalk-torus of G, X = X*(T) and® = &(T). Letk denote the algebraic
closure ok. Fora € ®(T), letx, be the corresponding one-parameter additive
subgroup ofG defined byx. This is an isomorphism of the additive subgroup
onto a closed subgroup, of G, normalized byT, such that

(6.4.1) (O =X (@(1)8), (teT Eek)
The x, may be chosen such that
(6.4.2) Ny = Xy (1)X_a(=1)X, (1)

liesin Ng(T) forall« € ®(T), as can be derived usingSi,-computation. In
that case we have

(6.4.3) Xo (E)Xe (—E DX (8) = @V (E)Ny, (£ €K),
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herea" € X, (T) is the coroot otr. Moreovemn, T is the reflectiors, € W(T)
defined byw andt, :=n2 = oV (=1), N_y = tyNg, t_o =tq.

A family {Xy}oco(T) With the above properties (6.4.1), (6.4.2) is called a
realization of® (T) in G. Similarly the set of root vector¥, = dx, (1) € g4 IS
called arealization of®(T) in g. We then have A@) X, = a(t)X,, (t € T).

For these facts see Springer [Spr81, 11.2].

6.5. Assume now thaf is a maximalk-torus. The Galois group Géd/ k)
acts on the one-parameter additive subgroxgpswhich are unique up to a
scalar multiple. So if we apply € Gal(k/k) to both sides of equation (6.4.1)
we get for allg € k:

(6.5.1) X5 (€) = Xqo (dy,6&),

with d, » € k*. From (6.5.1), we see thatjf € Gal(k/k), then
Xo' (§) = X0 (Al 0&) = Xaor (Al 50eo,1§),

hence the systend, .} satisfies the condition

(6.5.2) do.oy = doo 0 -

Let K be the smallest Galois extensionlofvhich splitsT. We can choose a
realization{X,}oco Of ® in G such that alk, are defined ovekK:

Lemma 6.6. Let K be the smallest Galois extension of k which splits T and
I' = Gal(K/k). There exists a realizatiofX,},co Of ® in G such that all ¥
are defined over K.

Proof. Let « € ®. Then is defined overK. Letk > K be the algebraic
closure and lel'y, = {0 € Gal(k/k) | «® = «}, and letK, c k be the fixed
field of I'y. Sincea is defined oveK it follows thatI'y, > I" and K, C K.
Then by (6.5.2), the systefd, »}s<r, IS @ one cocycle of Gek/k) in k*, so
by Hilbert’s Theorem 90, it follows that there is an eleménte k* such that
oo = sgg;l. But then ifX, is defined byX, (&) = xa(sojls), thenX, satisfies
(6.4.1), anX = X, for all 0 € T'y, hencex,, is defined oveK,. O

Remark6.7. Let K be the smallest Galois extensionlofvhich splitsT and
I' = Gal(K/k). Arealization{x, }4co Will be called aK-realization of® in G

if all x, are defined oveK. In this case the action df on x, defines a system
of scalardd, - }scr in K satisfying the condition (6.5.2) above.

The scalargl, , essentially describe the maps as above. To see this we
have to look first at the relation between tKerealization and automorphisms.
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6.8. Realization and isomorphisms.Let G, G’ be connected semi-simple al-
gebraic groups defined ovkylet T be a maximak-torus of G, T a maximal
k-torus of G, and assumK is a splitting field forT andT’. Write ® = &(T),
X=X*T), ® = &(T"), X = X*(T') and let{X,}wco» be aK-realization of
® in G and{X),}4cq’ be aK-realization of®’ in G'. Suppose there is K-
isomorphismy : (G, T) — (G, T'). Theng* :=(¢|T)1is an isomorphism
of (X, ®) — (X/, ') satisfyinge(U,) = U(;* (a). Sinceg o X, Is an isomor-
phism from the additive subgroupto U(;,,(a), the uniqueness odfp*(a) implies
that there exist,,, € K* such that fok € k

(6.8.1) (X (8)) = X(/p*(a)(ca,wf)

Sincex, andx/, are fixed the scalars, , € K* are uniquely determined by
¢. SinceG is generated by and{U,, | « € ®}, equation (6.8.1) shows that
¢ is uniquely determined by* and{c,,,, o € ®}. We will denote this corre-
spondence by < {¢*, Cy (o € ®)}. If there is no ambiguity about the root
system involved we will often omit the root systetnfrom this notation and
denote this correspondence py> {¢*, Cy o).

Definition 6.9. Let G, G/, T, T’ etc. be as above, let : (X, ®) — (X', ®')
be an isomorphism and l¢t, ,, o € ®} be a set of scalars iK. We will
call a system{¢*, Cy ,(a € @)} admissibleif there exists aK-isomorphism
¢: (G, T)— (G, T) (andK-realizations ofb in G and of®’ in G’) such that
@ <> {¢*, Cyp(a € ®)}. Inthe case thak = G’ andT = T’ then{g*, Cq ,(a €
®)} is admissible if and only if there exigt € Aut(G, T) such thaty <
{¢*, Cap(a € D)}

To determine whether an automorphism(&, T) is k-automorphism ofc
we have to combine the above with theaction on theK-realization{X,}yc®
of ® in G as above.

Proposition 6.10. Letg € Aut(G, T) and{X,}sce» a K-realization of® in G.
Then we have the following:

o d w01
Q) If o € T, theng® < {¢* , c” wdwi%a}.
a’ TLe a”_l,a

(2) ¢ is defined over k if and only #*° = ¢* and @, oUg* (@).0 = Cao,pOa.o
forall o € I' anda € ®.

(3) Ift € A, thenint(t) is a k-automorphism if and onlyd® (t) = «(t) for
allo eT.
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Proof. (1). If we applyo to both sides of equation (6.8.1), then (6.5.1) implies

(6.10.1) 97 (X (8)) = X (0) (Ca,0) = Xpu7 4y (A (@), 0Cqr, o6 ) -
On the other hand from (6.5.1) and (6.8.1), one gets
(6-10-2) QDU(Xg(E)) = (Pg(xoc" (doe,a'i:)) = Xgoa*(acr)(da,acot",w“S)-
Combining the two equations (6.10.1) and (6.10.2), it follows #tat= ¢
o O+ (a),0 . o1 .

andcye oo = €y, d . Replacingx by «® ~ in the argument, the assertion
follows.

(2) and (3) are immediate from (1). O

For isomorphisms of semisimpkegroups a similar result holds.

6.11. Using Proposition 6.10 we can now describe the relation between the
scalargd, , as in (6.5.1) and the mags as in 6.1. We use the same notation
as in 6.1. In particular leG be defined ovek, T a maximalk-torus of G,

X = X*(T), ® = d(T), K a splitting field forT, I' = Gal(K/k) the Galois
group andG = G(X, ®) a Chevalley group. Lep : (G, T) — (G, T) be

the correspondind-isomorphism and for € I" let ¢, = ¢” 0 ¢~ 1 Asin

6.1 we identify X and X := X*(T) by x = ¢*(x) for all X € X, and for each

a € ® = &(T) fix X, defined ovek. If we definex, = ¢ Lo %, foralla € @,

then sincep o X, is an isomorphism from the additive subgrougig (o), the
unigueness 0%y () implies that

P (Xe (§)) = Xipu (o) (£)
fora € ®. Itfollows thatg < {¢*, Cy ¢+ = 1(ax € P)} and hence ! {¢*_1,
%W4=1meéﬂ.&m%F%SUM%ym&mmhwﬁﬂgziM@L

henced:,[,(7 = 1forallo € I". With a similar argument as in Proposition 6.10(1)
it follows now that

(6.11.1) 97 o (¢*,d ! L (@e ).

Sinceg, = ¢° o ¢~ Landg’ = ¢°" 0 ¢~ = ¢*" 0 ¢* " it follows now that
(6.11.2) 9o < (95 C, _1m%¢ﬁéa¢,4._daa 1o(0 € @)}

Since by Proposition 6.2 is uniquely determined by the syste@,)ser, it
follows that thek-isomorphism classes @& are determined by the systems

{0}, d(;,l—1 U(‘x € ciD)}JEF-



ON THE CLASSIFICATION OFk-INVOLUTIONS 39

We conclude this section with a result due to Chevalley which reduces the
computation of the above structure constants to a basis (@kee [Che58, 17-
08,09)):

Lemma 6.12. Let A be a basis ofb, 6 € Aut(X, ®) an involution andy €
Aut(G, T) such thaty|T = 6. Theng is uniquely determined by the tuple

{Ca,go}aeA-
7. Isomorphy classes of involutions and k-groups

In each of the cases of symmetric varieties, symmetvarieties and se-
misimplek-groups there is a natural fine structure associated with these spaces.
For a study of these spaces and their representation theory it is important to have
a classification of these spaces together with this fine structure of restricted
root systems with multiplicities and Weyl groups. This fine structure easily
follows from the index as defined in section 5. On the other hand this index can
also be used as an invariant to characterize the isomorphy classes. In the case
of isomorphy classes of involutions these indices completely characterize the
isomorphy classes. In the case of isomorphy classes of semiskguteups
one needs a second invariant to characterize the isomorphy classes and in the
case of isomorphy classeslofnvolutions three invariants are needed.

Since the classification df-involutions depends on the classifications of
semisimplek-groups (see [Tit66]) and the classification of involutions over al-
gebraically closed fields (see [Hel88]), we will first briefly review some facts
about both these classifications, which will be needed later in the classification
of thek-involutions.

7.1. Characterization of the isomorphy classes of involutions.The classifi-
cation of isomorphy classes of involutions can be reduced to a classification of
W(T)-conjugacy classes of involutions normally related to a maximal tdrus
(see [Hel88]). In this subsection we briefly review these results. We use the
same notation as in 5.11. In particular Btbe a reductive algebraic group,

6 € Aut(G) an involution andl' a maximal torus ofs. Write X = X*(T) and

® = O(T). To relate the isomorphy classes of involutions to the indices as in
5.11, we define the following:

Definition 7.2. Let T be a maximal torus o6. An automorphisn® of G of
order< 2 is said to benormally related to Tif 6(T) = T andT,” is a maximal
6-split torus ofG.

Note that, since all maximal tori o& are conjugate under 10&), every
involutorial automorphism o6 is conjugate to one which is normally related
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to T. The involutions normally related b can be characterized now as follows
(see [Hel88, 3.7]).

Theorem 7.3. Let61, 62 € Aut(G) be such tha? = 63 = id and assumeé, 6,
are normally related to T. Then we have the following:

(1) 61 and 6, are conjugate undeimt(G) if and only if61|T and6,|T are
conjugate under WT).

(2) 61 and 6, are conjugate undeAut(G) if and only if61| T and62|T are
conjugate undeAut(T).

We showed in Proposition 5.15 that teisomorphy class determines the
6-index up to congruence. From Theorem 7.3 it follows now that these indices
actually completely characterize the isomorphy classes. To formulate this result
we need to define first a notion of admissibility.

Definition 7.4. Let6 € Aut(X, ®) be an involution. Then is calledadmissi-
ble if there exists an involutio® € Aut(G, T) such tha®v|T = 6 and Té— is a

maximalé-split torus ofG. If X is semisimple, then the indices of admissible
involutions of (X, ®) are callecadmissibleg-indices.

7.5. Recall that an involutiod of (X, ®) determines &-index, but for ar-
bitrary involutions of (X, ®) this index is not uniquely determined by thi¢-
isomorphy class of. However ifé is an involution such thaby is a root system
with Weyl groupWs, then by Proposition 5.6 the isomorphy clas® ahiquely
determines, up to congruence, théndex. Conversely &-index determines
uniquely an involutior® of (X, ®). Namely defin® = — id 6*wo(0), whereg*
is determined by thé-index andwq(6) is the opposition involution o¥\Vp(6)
with respect toAg(6). The latter is completely determined Iy (6). Since
admissible involutions of X, ®) have the property thabg is a root system
with Weyl groupW, we have now the following:

Lemma7.6.Let G, T,® and W= W(T) be as above. There is a bijective
correspondence between the W-isomorphy (réggt(®)-isomorphy) classes
of admissible involutions ofX, ®) and the W-congruence (respAut(®)-
congruence) classes of admissiBlendices.

Combined with the above result we have now the following characterization
of the isomorphy classes of involutions in term®ehdices. Note that thege
indices yield most of the fine structure of the corresponding symmetric variety
G/ Gg.
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Theorem 7.7. Let G, T be as above and assume G is semisimple. Then there
is a bijection of the set dht(G) (resp. Aut(G)) conjugacy classes of involu-
torial automorphisms of G and the W-congruence (résyt(®)-congruence)
classes of indices of admissible involutiong ¥f (T), ®(T)).

7.8. Characterization of the isomorphy classes of semisimplie-groups. In

the remainder of this section we give a characterization of the isomorphy classes
of semisimplek-groups. Most of these results can be found in [Tit66] and
[Sat71].

7.9. We use the same notation as in 5.17. In particulaGlbe a connected
semisimple groups defined ovierand letA C G be a maximak-split torus,
T > Aa maximalk-torus ofG, X = X*(T), ® = ®(T), K the smallest Galois
extension ok which splitsT andA = A(T) aT'-basis of®(T).

In Proposition 5.19 we demonstrated that thendex is an invariant for the
isomorphy classes of semisimptegroups. Another invariant is the following.
Let Go = G(®p) denote the connected semisimple subgrouafenerated
by {U, | @« € ®g}. The groupGq is the semisimple part oaZg(A) and isk-
anisotropic ifA is maximalk-split. LetTo = T N Gg. This is a maximak-torus
of Gp. Since all maximak-split tori of G are conjugate undegy, it follows
that Gg is uniquely determined (up tk-isomorphism) by thé-isomorphism
class ofG. We will call Gy thek-anisotropic kernebf G.

We have shown now that theisomorphism class d& uniquely determines
the I'-index (X, @, Ag(I"), [o]) of G and thek-anisotropic kernelg of G.
The following result shows that these two actually suffice to characterize the
isomorphy classes (see [Tit66] or [Sat71]).

Theorem 7.10. Let G, G’ be connected semi-simple algebraic groups defined
overk. LetT, A, X, @ To, etc., T, A, X/, Gj, T, etc. be as defined above,
and corresponding to G and’Gespectively. There exists a k-isomorphism

(G, T, A) — (G, T/, A) if and only if the following conditions are satisfied:

(i) There exists a congruenge: (X, A, Ao(I), [o]) — (X!, A’, Aj(D),
[0]") of theT'-index of G onto thé&-index of G.

(ii) There exists a k-isomorphismgy : (Go, To) — (G, Ty) such that the
restriction ¢g of ¢ to (Xg, Ag(I"), [0]| Xo) IS associated t@g as in 5.9
(i.e., oM = ¢o).

0

TheT-indices, which belong to connected semi simple groups will be called
admissible. They are defined as follows:
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Definition 7.11. If X is a free module of rank, A a fundamental system
of a root systemd in X, Ao(I") a subset ofA, and [] a homomorphism
of the Galois groud” into Aut(X, A, Ag(I")), we will say that the system
D = (X, A, Ag("), [o]) is admissiblef there exists a connected semi-simple
groupG defined ovek havingd asI'-index.

Remark7.12 The above result reduces the problem of classifying connected
semisimple algebraic groups defined okeo the following two problems:

(1) classification of all admissiblE-indices.
(2) classification of alk-anisotropic semisimple algebraic groups.

For arbitrary base fields not much is known aboutktanisotropic semisim-
ple algebraic groups. The first problem is discussed in Tits [Tit66]. See also
10.18.

7.13. Fork = R every complex semisimple group contains a compact real
form, which is unique up to isomorphism (see [Hel78]). So in this case there
is a one to one correspondence between isomorphy clasdearo$otropic
semisimple groups and isomorphy classes of complex semisimple groups. Since
the latter (modulo the center) are completely characterized by the correspond-
ing Dynkin diagram, the classification of real semisimple groups reduces to a
classification of the admissiblé-indices.

For ap-adic fieldk = Qp the only k-anisotropic semisimple groups are
SL(1, X), whereX /k is a normal division algebra . So in particular the
index of ak-anisotropic semisimple group ov&, can only consist of copies
of the Dynkin diagrams of typé\,.

8. Characterization of the isomorphy classes of k-involutions

In this section we give a characterization of the isomorphy classds of
involutions of G. The isomorphy classes of involutions of connected semi-
simple algebraic groups defined over an algebraically closed field are charac-
terized by thev-index, while the isomorphy classes of connected semi-simple
algebraic groups defined ovkrwere determined by thE-index and an iso-
morphy of thek-anisotropic kernels. So to characterize the isomorphy classes
of k-involutions one will minimally need thé-index, I'-index and an isomor-
phy of the involutions restricted to theanisotropic kernels. In most cases an
additional invariant is be needed.

8.1. LetG be areductiv&-group and ak-involution of G. We will consider
isomorphy classes d-involutions under the action of I6Gy), Intc(G) and



ON THE CLASSIFICATION OFk-INVOLUTIONS 43

Autk(G). We will say that twdk-involutions are isomorphic undéy (or G-
isomorphic) if they are isomorphic under (@x). We want to characterize

the isomorphism classes in a such a way that we also get a classification of
the natural root systems of the symmetigarieties. This means we need to
characterize the isomorphism classes ofkhevolutions on a fixed maximal
k-split torus. For this we define the following notion:

Definition 8.2. Let A be a maximak-split torus ofG. A k-involution 6 of G
is normally relatedo Aif 6(A) = Aand A, is a maximal(6, k)-split, torus of
G.

Lemma 8.3. Let A be a maximal k-split torus of G. Every k-involution ig G
isomorphic with one normally related to A.

Proof. Let A; be a maximak-split torus such thatA;), is a maximal(é, k)-
split, torus of G. There exists @ € Gk such thatgAlg—1 = A. Thené; =
Int(g)@Int(g~1) is normally related toA. ]

8.4. In the following we letA denote a maximat-split torus,T > A a maxi-
mal k-torus of G and we will writeW(A, T) = {w € W(T) | w(A) C A} and
Aut(A, T) ={¢ € Aut(T) | ¢(A) C A}l

We can either consider congruence classeslob)-indices or conjugacy
classes of admissible involutions und®i( A, T) or Aut(A, T) depending on
whether we consider inner or outer automorphisms. For this we need to adjust
the definition of congruence as follows:

Definition 8.5. Let 61, 62 bek-involutions of G normally related to a maximal
k-split torus A of G, T1, T € Zg(A) maximalk-split tori such tha®; is nor-
mally related toT;, (i = 1, 2), let A be a(T", 6)-basis ofTy, A" a (T, #)-basis
of T, and letx € Zg(A) be such thakTyx~1 = T,. A congruencep : (X,
A, Ao(T), Ao(6r), [o], 05) — (X, A/, AYT), Ay(62), [o]’, 63) of the
(I, 61)-index of (G, 61) onto the(T", 62)-index of (G, 62) will be called an
Int(G)-congruence ifp Int(x 1) € W(A, T») and an AutG)-congruence if
dInt(x~1) € Aut(A, To).

The admissible involutions are defined as follows.

Definition 8.6. Let G be a reductivek-group, A a maximalk-split torus of
G andT D> A a maximalk-torus of G, K D k a splitting extension foil. An
involutiond € Aut(X*(T), ®(T)) is said to be amdmissible k-involutiofwith
respect ta(G, T, A)) if there exists &-involution 6 of G, normally related to
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Aandx € Zg, (A) such that In¢x)8 Int(x~1) is normally related ta, x 1T x
is ak-torus and In¢x)0 Int(x 1| T = 6.

An admissiblek-involution 6 € Aut(X*(T), ®(T)) is said to be arspecial
admissible k-involutiofwith respect ta G, T, A))if the pair(G, 6) is a special
pair.

Remark8.7. If Ais a maximak-split torus ofG, T > A a maximalk-torus of
G, K D k a splitting extension foll andé a k-involution of G, normally re-
lated toA, then there exists € Zg, (A) such that In€x)@ Int(x~1) is normally
related toT.

Lemma 8.8. Let A be a maximal k-split torus of G, le1, 6, be k-involutions
of G normally related to A, letil To C Zg(A) be maximal k-tori such thak is
normally relatedto i, (i = 1, 2) and letA be a(T", 0)-basis of( X*(T1), ®(T1))
and A’ a (T, §)-basis of( X*(T2), ®(T2)). If ¢ : (X*(Tq), A, Ag(T"), Ag(071),
[0],67) = (X*(T2), A, Ap(T), Ag(62), [0]', 63) is a congruence of the, 6)-
index of (G, 01) onto the(T", 6)-index of(G, 62), then there existge € Aut(G)
such thatp(A) = A, o(T1) =T, o(T]) =T, and<p(A9—l) = A9—2. Moreover
@ is contained innt(G, A) = Ng(A) if and only ifp| A € W(A).

Proof. By Chevalleys existence Theorem [Che58] there exists ag@put(G)
such thatp(Ty) = T, andgp* = ¢. By Lemma 4.15%o(T") is spanned by (T")
and{al?l —« | & € A — Ag(I") andal?l # a}. So¢ maps a spanning set of
Xo(I') to a spanning set oK,(I"), i.e. ¢(Xo(I')) = X{(I'). SinceA is the
annihilator of Xo(I") in Ty as well as the annihilator ok(I") in T it follows
thatp(A) = A. Similarly ¢ maps a spanning set & (6) to a spanning set
of X5(6) and sinceT; (resp. T, ) is the annihilator ofXo(61) (resp X;(62))

it follows that (T, ) = T, . Finally with a similar argument it follows that
¢(Xo(I'9)) = Xy(Tp), hencep(A; ) = Ay, 0

In the following we show that the classification can be splitin 3 problems. We
first characterize the involutions @ (A) which have the sam@", 6)-index.

Theorem 8.9. Let A be a maximal k-split torus of G, 3 A a maximal k-
torus of G, KD k a splitting extension for T4, 02 € Aut(X*(T), ®(T)) ad-
missible k-involutionsdy, 62 € Autk(G), normally related to A and % x, €
Zg, (A) such that for(i = 1, 2), Int(x; )6, Int(xi*1) is normally related to T,
T := x~1Tx the corresponding k-tori antht(x)6; Int(x~1)|T = 6;. LetA be
a (T, 0)-basis of(X*(Ty), ®(T1)) and A’ a (T, §)-basis of(X*(T2), ®(T>)).
Then the following are equivalent:
(1) 61 and#, are conjugate under WA, T) (resp.Aut(A, T)).
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(2) 61 and#, are conjugate under l(A) (resp.Aut(G, A)).

(3) The (T, 0)-index (X, A, Ao(T"), Ao(0), [a], 67) of (G, Ty, A, 61) and
the (T, 6)-index (X', A, Ay(I"), Ay(), [0]', 65) of (G, Tz, A, 61) are
Int(G)-congruent (respAut(G)-congruent).

Proof. We prove the result fow (A, T), Ng(A) and In{G)-congruence. The
proof in the case of outer automorphisms is similar.

(1) = (2). For(i = 1,2) let6 = Int(x)8; Int(x"1). Thend;|T = ;. Let
w e W(A, T) such thawd,w™! = 6 and letn € Ng (A, T) be a representative.
Letd = Int(n)f1 Int(n~1). Thend|T = 6. By [Hel88, 3.8] there existse T,
such that) = 6, Int(t). If we taketo € T, such that;? = t, thentytnx, €
Ng(A) and InttyInx)01 Int(ty Inxy) =1 = 6,. But thenx; t5inx € Ng(A)
and Intx; 1ty 1nx1)91 Int(x; 1t—lnxl) 1= 9,.

(2) = (3). Letn € Ng(A) such that Intn)1 Int(n)~1 = 6,. Since In{n)f
Int(n) 1A= 6| Awe havenAéE 1= Ai LetTo=nTint c Zg(A). This

is afy-stable torus oZg(A) contalnlng a maximaf,-split torus. There ex-
istsh e GO N Zg(A) such thathToh~ = T,. ThenhnT; n"th~1 = T, and
Int(hn) mduces amap1 from (X*(Ty), ®(Ty)) to (X*(T2), ®(T>2)) mapping
Atoa(T, 9)-basisA” of (G, Ty, 62). But then there is a unique € W(A, T,)
such thatw(A”) = A’. The mapp = we¢; gives the desired congruence.
(38) = (1). Assume that : (X, A, Ag(I"), Ag(6), [o], 07) — (X, A,
Ap(T), Ay(0), [0]', 0%) is a Int(G)-congruence. Lekx = xglxl € Zg (A).
ThenxTix 1 =To, ¢ Int(x~1) € W(A, T2) andg Int(x~1) maps Intx)6s Int(x~1)| T
t0 62| To. Letd = Int(x2)¢ Int(x~1) Int(x; 1) = Int(x)¢ Int(x1). Sincep Int(x 1) e
W(A, T) it follows that¢ € W(A, T), what proves the result. O

SinceNg (A) = Ng, (A).Zg(A) the next step is to analyze when tikan-
volutions, normally related t@\, restricted toZg(A) are isomorphic. First we
characterize the involutions which coincide dg(A). If we take involutions
normally related toA we can also restrict to the centralizer of a maxirgtak)-
split torus.

Proposition 8.10. Let A be a maximal k-split torus of @y, 62 € Autk(G) k-
involutions, normally related to A satisfyingy= Ay, =Py, Thend1| Zg(A) =
021 Zg(A) if and only if61|Zg(A) = 62| Zg(A).

Proof. The~only if statement being clear we assufaeZg(A) = 621 Zg(A).
Write Zg(A) = C- L3 - Lo as the almost direct product kfgroups wher&€ >
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A is the maximal central torud,; is semi-simple anisotropic ovérand L,
has no anisotropic factors ovkr By Proposition 2.6 we have; C Gy, and
alsoLy C Gg,, i.e. 81|L1 = 62|L1 = id. SinceA c C- L1 andL, commutes
with C andL it follows thatL, € Zg(A). From the assumption it follows that
01|Lo = 62| Lo. Finally sinced1| A = 65| A the result follows. O

The following result will be useful in the sequel.

Lemma 8.11. Let A be a maximal k-split torus, D A a maximal k-torus of

G, K D k be a minimal Galois extension such that T splits over K and let
I' = Gal(K/Kk). If t € Z(Zg(A)) such thatint(t) is a k-automorphism, then
oc(t)=t modZ(G) forallo €T.

Proof. Lett € Z(Zg(A)) such that Intt) is ak-automorphism and let € T.
By (4.4.1) we have Int)?|T = Int(t)|T. From Proposition 6.10(3) it follows
thata®(t) = a(t)? forall @« € ®(T) ando € I'. But then Info(t)) = Int(t),
henceo(t) =t modZ(G) forall o € T. ]

In the following letd be ak-involution, A a 6-stable maximak-split torus
such thatA = A, is maximal (6, k)-split andT > A a ¢-stable maximak-
torus of G such thatT,” is a maximalg-split torus. LetK > k be a minimal
Galois extension such thatsplits overK, letI" = Gal(K/k) and let& = I'y
be as in 5.21.

We will need the following result:

Lemma 8.12. Let A, T,I', I'y be as above and a I'y-basis of®(T). Then
we have the following:

(1) Ift € Npenyr Ker(B) thenal®l (t) = a”(t) = a(t° ) for all & € (T)
ando e T.
(2) Ift € Ngeagry) Ker(B) ando(t)t € Z(G) then for alle € & (T) we have

ad9l(t) = (1) = a(t° 1), (o € T) andd* (@) (t) = a(t).
Proof. If t € Ngeagry Ker(p) ando € T, then
a1 (t) = wo(0)a® (1) = wo(o)ar(t )

= wo(a) (@) (7 ) = a(t” Hy(t® )
for somey e SpanAg(I')). SinceNgeaqr) Ker(p) is I'-stable and since
B(t) = 1 forall B € do(I) it follows thaty(t) = 1 and hencell (t) = «?(t) =
-1
a(t? 7).
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(2). SinceAg(I') C Ag(Ty) it follows from (1) thatel?l(t) = a°(t) =
a(t"_l) foralla € ®(T) ando € I'. As for the other statement note that since
Ao(0) C Ao(Ty) we haves(t) = 1 for all 8 € ®g(0). But then

6" (@) (1) = wo(B)a(B(t) ™) = wo(6) (@) () = a(Hy(t)

for somey € SpanAg(6)). Soy(t) = 1, henced* () (t) = a(t) for all « €
Do(T). ]

Involutions which coincide oiZg(A) can be characterized now as follows.

Proposition 8.13. Let A be a maximal k-split torus of G and let, 6, €
Autk(G) be k-involutions normally related to A with |Zg(A) = 62| Zg(A).
Then there exists a A;Z such that; = 62 Int(a).

Proof. Let § = 61| Zg(A) = 62| Zg(A) andT O A a6-stable maximak-torus
of Zg(A) such thafl,~ is a maximab-split torus ofG. By [Hel88, 3.8] there is
at e T, such tha®, = 61 Int(t). Let A= A, . This is a maximal®, k)-split
torus of Zg(A). Let K D k be a finite splitting field foilT andI” = Gal(K/k)
the Galois group. Le€ = I'y and let®o(I'p) be as in 5.21. Thedo(I'y) =
{ € ®(T) | @(a) = 1, forall a e A}. This is the root system s (A) with
respect toT. Since by Proposition 8.10 we ha@@ZG(A) = 62| Zg(A) it
follows thata (t) = 1 for alla € ®g(I'y) andt € Z(ZG(A))

Let A be a(T", 6)-basis of® (T) and letA (T, 8), Ag be asin4.8. Iy € Ag
anda, B € A, a # B, such thatr (o) = 7 (8), then by Lemma 4.17 there exists
o € & such that/S = «l°l. Since Intt) is ak-automorphism it follows from
Lemmas 8.11 and 8.12 that’! (t) = «(t) for all o € T.

For eachy € Ag, take nowa € A such thaty = n(a) = «| A and choose
u, € A such thati (u,) =1 for A € Ag, A £y andy(u)z,) =o(t). Letu=
[1,ca, Uy- Then by Lemmas 4.17, 8.11 and 8.12 we find.u=2) = 1 for all
o € A. Sot.u=2 € Z(G) and it follows that Intu)é1Int(u=1) = 61 Int(u=2) =
61 Int(t) = 6o. ]

We have now the following characterization of the isomorphy classes of the
k-involutions ofG.

Corollary 8.14. Let G be a connected semi-simple algebraic group defined
over k, A a maximal k-split torus of G ard, 62 k-involutions of G, nor-
mally related to A. TheBf; is Ge-isomorphic tod, Int(a) for some ae AQ—2 if

and only if91|Zc (A) and6,| Zg (A) are isomorphic under (o

Proof. This result is immediate from Proposition 8.13. [
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The elements € A, as in Proposition 8.13 and Corollary 8.14 do not need
to be contained irA; (k) as can be seen from the following example:

Example8.15 Letk = R, G = SL,(C) and6 € Aut(G) defined byd(g) =
'g71, g € G. ThenG andé are defined oveR andGr = SLy(R). Let A =
{(§.21) | x € C} be the set of diagonal matrices. Thénis a maximalk-
split torus of G, which is a maximal torus as well. Moreovér= A,. Let
a=(} %) € A Then In{a) is aR-automorphism ofz andéInt(a) is aR-
involution of G which is not isomorphic t@ underGg (but isomorphic to
underG).

8.16. k-inner elements. Denote the set oh € A, such thatInt(a) is ak-
involution of G by Ix(A, ). This will be called theset of k-inner elements of
A
QNote that for anya € A, the automorphisnd Int(a) is an involution ofG.

So the question is for whica € A, this involution is in fact &-involution of

G. Sincef is ak-automorphism this is equivalent to the condition thatant

is ak-automorphism of5. Combined with Proposition 6.10(3) we get now the
following characterization of the sét(A; ):

Lemma 8.17. Let A be a maximal k-split torus of @ € Aut(G) a k-involution
normally related to A, T A a6f-stable maximal k-torus of G, K k a finite
splitting extension of T and = Gal(K/k). Then k(A;)) ={ae A, |a°(a) =
a(@)? foralla € ®(T), o e I'}.

Remark3.18 In Corollary 8.14 the isomorphy of the involutions 4§ ( A) can

be split in an isomorphy of the involutions restricted to a maximal torus con-
taining A (i.e. a congruence of the correspondifig 6)-indices) and an iso-
morphy of thek-involutions of thek-anisotropic kerneGy = [Zg(A), Zg(A)]

of G. Unfortunately the isomorphy of thieinvolutions of thek-anisotropic
kernelGp of G is under the action of IiGy) and not undeNg, (A). Similarly

for the isomorphy of the involutiongInt(a) with a € Ix(A; ) we also have to
look at the action ofGk on Ix(A;) (acting via theg-twisted action, see 2.3)
instead of the action undéMg, (A). Namely ifg € G anda € Ix(A,) then
Int(g)6Int(a) Int(g) ! = 6Int(@(g)ag™?). If all maximal (8, k)-split tori of

G are Hk-conjugate then one can reduce this in both these cases to an action of
Ng, (A) instead ofGy. The action ofNg, (A) can then be split in an action of
the Weyl group and an action of tlkeanisotropic kernel. This is for example
the case whek = R. Unfortunately in general the maxim@, k)-split tori are

not Hg-conjugate and this creates a major complication in the characterization
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of these isomorphy classes. For example this means tha-tmalutions nor-
mally related toA can beGg-isomorphic, but their restrictions tdg(A) are
not isomorphic undeNg, (A). It turns out that we can restrict to the action of a
slightly larger group themNg, (A). This group will also be used in section 9 to
characterize the isomorphy classes ofkfiavolutionsg Int(a) for a € Ik(A;)

(or equivalently the9-twisted orbits inl (A, )). In the following we analyze
all these complications and describe this extension of the Weyl group.

8.19. For the remainder of this section we fix a maxihabplit torus A of
G, 0 a k-involution of G normally related toA and we writeZ = Zg(A)
and N = Ng(A). Let F(A,0) be the set of restrictions tdg(A) of the
k-involutions of G, normally related toA, which are isomorphic t®@ under
Gk. SO0 F(A,0) = {0]Zc(A) | 0 € Aut(G), 62 =id, o(A) = A, 0 =
Int(g)6 Int(g)~* for someg € Gi}. Although all these involutions are isomor-
phic underGy, their restrictions taZg(A) can give a number of isomorphy
classes depending on th&-conjugacy classes of maxim@, k)-split tori. A
description of théNy-isomorphy classes iff (A, 6) can be obtained as follows:
Let {vj | i € I} be a set of representatives 6f/ W(A, H) and let{x(vj) €
(Zc(A)H)k | i € I} be asetof representatives forthe|i € I} in (Zg(A)H)k.
For each e | write x(vi) = zh; with z € Zg(A) andh; € H. Then# (A, 6) =
{hi—lAhi | i € 1}is asetof representatives for thig-conjugacy classes of max-
imal k-split tori containing a maximald, k)-split torus. LetZ(A,0) ={z | i €
I}andletC(A, 0) = {elnt(e(zi)zi_l) | i € 1}. Thisis a set of representatives for
the Ng-isomorphy classes dfinvolutions of G, normally related toA, which
are Gg-isomorphic but nofNg-isomorphic. The above observations lead to the
following result.

Proposition 8.20. C(A, 0) is a set of representatives for thec-féomorphy
classes inF (A, 6).

Proof. Let g € Gy such that Intg)@Int(g)~t € F(A,6). Let S= g 1Ag.
Then Sis 6-stable andS; is maximal (62, k)-split. By Proposition 3.1 there
existshe # (A, 0),ze Z(A, 0) suchthathe (Zg(A)G))kandh~1z 1 Azh=
g~1Ag. Itfollows thatn = gh-1z-1 € Ng, (A). So we may assume thgit= zh
But then In(g)@Int(g) ! = 6Int(8(z)z1) what proves the result. O

8.21. TheZg, (A) x Gg(k) orbits in (Zg(A)Gg)k play an important role in
the classification ok-involutions isomorphic t@. However, as follows from
Proposition 8.13 we have to consider also the involutihst(a) with a €
lk(A, ). Sofor these one needs thg, (A) x Gyint(a) (K) orbits in(Zg (A) Ggint(a) k-
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In the following we look at the correspondence of these orbits for the invo-
lutions 6 and@Int(a). First we look at the orbits which have a representa-
tive contained inWy (A). In the following leta € Ik(A;) ands € A, such
thats? = a—. Write H2 = Gginta). ThenH2 = sHs™! and (Zg(A)H?)y =
(Zg(A)Hs 1)k In particular we have the following:

Lemma 8.22. Let A be a maximal k-split torus of @, a k-involution of G
normally related to A, & Ix(A;), s€ A; suchthat$= a1, w e Wy (A),
h € Ny (A) representative ofv and ze Zg(A) such that zhe (Zg(A)H)k.
Then we have the following:

(1) ha = shs ! € Nya(A) is a representative ab.

(2) Wi (A) = Wha(A).

(3) If za € Zg(A) such that gzh, = zhe Ng, (A), then z = zw(s)s ™.

(4) There exists he H2 such that zh € (Zg(A)H?) is a representative of

w if and only ifw(s)s™ € Zg, (A)ZH (A).

Proof. Leth, = shs1. Sinceh € Ny (A) ands € Ait follows that Int(hy) | A =
Int(h)| A, soh, is a representative ab as well.

(2) is immediate from (1).

(3). Letx = hhy! = hshris™1. Sinceh, = shst andh are both represen-
tatives forw the elemen = w(s)s™ € Zg(A). Thenzy = zhig! = zx=
zw(s)s~1, what proves the result.

(4). If hy € H? such thatzhy € (Zg(A)H?) is a representative ab, then
there existe; € Zg, (A) such thaiz;zhy = zw(s)s tha. Sincehah! € Zy(A)
the result follows. O

Examples indicate that the sed$A, ) andZ (A, 6Int(a)) can be identified,
what would somewhat simplify the classification of the isomorphy classes of
thek-involutions. We conjecture this result in the following:

Conjecture 8.23. Let A be a maximal k-split torus of @,a k-involution of

G normally related to A and & Ix(A, ). There exists a set of representatives
{z |1 € l}for Z(A, 0) which is also a set of representatives fofA 6 Int(a)),

i.e. for each ie | there exist ft € H® such that 8 = zh? € (Zg(A)H®*) and
{6 LA | i € 1} is a set of representatives of theltdonjugacy classes of
of maximal k-split tori containing a maxim&b Int(a), k)-split torus.

For special pairgG, 0) the above complication does not occur. In particular
from Corollary 3.12 it follows that we have the following result:
Corollary 8.24. If (G, 0) is a special pair, then ZA, ) = {id} andC (A, 0) =
{6}.
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8.25. To avoid the above complication with the various Z&t&, 6Int(a)) we
use the following setinstead. LB(A, 0) = {ze Zg(A) | Fac Ik(A;) andh e
Goint(a) such thathe (Zg(A)Goint(a))k}- Then3 (A, 0) = Zg, (A) (Vaciy (A7)
Z(A,0Int(@)).Zgy q (A)). If the above conjecture holds, thej(A, 6) =
Z6, (A)Z(A. 0) Uaci(Ar) (ZGyma (A).

We have now the following characterization of the isomorphy classés of
involutions:

Theorem 8.26. Let G be connected semi-simple algebraic group defined over
k, A a maximal k-split torus of G, &&= [Zg(A), Zg(A)] the k-anisotropic
kernel of G with respect to A amii, 6, k-involutions of G, normally related
to A. Thermd; is Gc-isomorphic (resp.ntx(G) or Autk(G)-isomorphic) with
6> Int(a) for some ac Ik(Ag_z) if and only if the following conditions are satis-
fied:

(1) If Ty, To € Zg(A) are maximal k-tori such that is normally related to
Ti, (i=1,2), xe Zg(A) such that xTx 1 = T, andf; = Int(x)0;1 Int(x~ 1),
thend| T, and 6| T» are W(A, T,) conjugate (respAut(A, T,) conju-
gate).

(2) 611Gois Ng, (A)-isomorphic (respintk (G, A) or Auty (G, A)-isomorphic)
to 02 Int(02(z)Z 1) |Go for some ze 3(A, 62).

Proof. Assume first thap € Aut(G) such thaipdi1¢p~1 = 65 Int(a) for some
acA,. Theng(A) is a maximalk-split torus of G containing a maximal
(62 Int(a), k)-split torus of G. By Proposition 3.1 there exigte Zg(A) and
he ngmt(a) such thatzh e (Zg(A)nglm(a))k such thazhp(A)h—1z-1 = A
Now Int(zh)g € Autk (G, A) and Ini(zh)pf19~ L Int(zh)~1 =6, Int(a) Int(A2(2) 27 1).
So Int(zh)pbrp~ L Int(zh)~1|Gg = 6, Int(62(2)z 1) |Gy what proves the sec-
ond condition. Note that Irizh)p € Int(Gy, A) if and only if ¢ € Int(Gy) and
Int(zh)g € Int (G, A) if and only if ¢ € Intx(G).

As for the first condition lefly, T» € Zg(A) be maximalk-tori such thab,
is normally related tdT;, (i = 1, 2), x € Zg(A) such thatxTyx~! = T, and
61 = Int(x)01 Int(x1). Write T = Int(h)e(T1). The element Inth)¢ is con-
tained in Au{G, A), so it follows thatT is a2 Int(a)-stable maximal torus
of Zg(A) with 62 Int(a) normally related tol. Since#,Int(a) is also nor-
mally related toT, there existdhy € Gy, inta) N Zg(A) such thath; T hIl =
To. So Intthih)g € Aut(G, A) mapsTy to To. Let o1 = Int(hih)gInt(x)~1.
Theng; € Aut(G, A, To) = {¢p € Aut(G) | p(A) = Aand¢(T,) = Tp} and
91601| T2 = Int(h1h)o10~ L Int(h1h) ~1| T2 = 62 Int(a)| T2 = 62| T2, what proves
the first condition. Clearly1|T, € W(A, T) if and only if ¢ € Int(G).
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Conversely letpg € Autc(G, A) andz € 3(A, 62) such thaipe1pg11Go =
02 Int(62(2)z~1)| Go. From (1) it follows thatpeb1¢g 1| Aandé,| A are Aut(A)-
conjugate. Letp; € Auty(G, A) such thatp1pofigy ter A= 62| A. Letp =
¢1900. Theng e Aut(G, A) andgb19~ Y Zg(A) = 62 Int(02(2)27 1) | Za (A).
Letb € Ik(A,) andh € Gy, nyb) such thatx = zhe (Zg(A)Ggintb) k- Take
se A;) such thas®? = b~1. Then

INt(X) "1ph10 L Int(x)| Za(A) = Int(h™2z7 1), Int(62(2)Z72) Int(zh) | Zg (A)
= Int(h™ 16, Int(h)| Zg (A)
= 02Int(62(h™ 1) Int(h)| Zc (A)
= 02 Int(b~th™1bh)| Zg(A) = 62| Zc(A).

But then by Proposition 8.13 there exiats A; such that In€x) ~Lpb10 L Int(x) =

6, Int(a). Clearly Int(x) 1y € Int(Gy) if and only if g, ¢1 € Int(Gy, A) and
Int(x)"1e € Int(G) if and only if g, 1 € Int (G, A). This proves the re-
sult. O

Theorem 8.26 shows that we cannot restrict to conjugation of the involutions
underNg, (A). We need to extend this group with a set of representatives for
Z(A, 0). This then leads to another characterization of the isomorphy classes
of k-involutions of G. We discuss this in the following:

Notation8.27. Let A be a maximak-split torus ofG, 6 a k-involution of G,
normally related toA. Let Z(A, 6) be asin 8.19 and let
N (A, 0) = Ng (A).Z(A,0).

Similarly let

Int(A, 6) = It (G, A). Int(Z(A, 6)),

Aut(A, 0) = Autk(G, A).Int(Z(A, 0)) and

Z(A,0) = Zg, (A).Z(A,0).
We note thatZ(A,0) c N(A,0) C Nc(A) and Int(A,0) C Aut(A,0) C
Aut(G, A).

Remark8.28 From Corollary 8.24 it follows that for special pai(&, ) we
have NV (A, 0) = Ng (A). This is in particular the case fér= R, where all
pairs(G, 6) are special.

We have now the following equivalent characterizations of the isomorphy
classes ok-involutions which induce the sankeinvolution of Zg (A):
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Theorem 8.29. Let A be a maximal k-split torus of G aig, 6> k-involutions
of G, normally related to A. The following are equivalent.
(1) 621 Zc(A) andb1| Zg(A) are isomorphic undew (A, 62) (resp.Int(A, 62)
or Aut(A, 6,)).
(2) 62|1Zc(A) and 61| Zc(A) are isomorphic under S (resp. Intx(G) or
Autk(G)).
(3) 02 isisomorphic under (resp.Intx (G) or Autk(G)) with 61 Int(a) for
some a Ae_l .
(4) 62 is isomorphic undewv (A, 62) (resp.Int(A, 62) or Aut(A, 62)) with
01 Int(a) for some ac Ae_l-

Proof. We prove the result foGg-isomorphy. The proof for isomorphy under
Int, (G)) or Autc(G)) follows with a similar argument.

(1) = (2). Assumé)| Zg(A) andd1| Zg(A) are isomorphic unde¥ (A, 01).
Letn e Ng, (A) andz e Z(A, 62) be such that Innz)02 Int(n2)~1|Zg(A) =
011 Zg(A). This implies that

INt(n)02 Int(92(2)z~ 1) Int(n) "L Zg (A) = 61| Zg(A).
Leth e # (A, 62) such thazhe (Zg(A)Gg,)k. Thennzhe Gy satisfies
Int(nzh)6, Int(nzh) ~1| Zg(A) = Int(n2)62 Int(N2) 1| Zg(A) = 61| Zg(A).

(2) = (3). Letg e Gy such that Intg)62 Int(g) 1| Zg(A) = 61| Zg(A).
From Proposition 8.13 it follows now that there exists an eleraentA, such
that Int(g)6, Int(g) 1 = 61 Int(a), what shows (3).

(3) = (4). Letg e Gy such that In¢g)6z Int(g)~! = 61 Int(a) for some
ae A;. Let S=g 'Ag ThenSis f,-stable andS,, is maximal (62, k)-
split. By Proposition 3.1 there exists € ng, z € Zg(A) such thathz e
(GQZZG(A))k andhzAzh—! = g-1Ag. By 8.19 we may assume thate
Z(A, 07). Itfollows thatn = ghze Ng, (A). Letn; = nzle N(A, 6,). Then
Int(n1)62 Int(n)~1 = Int(gh)é, Int(gh)~* = Int(g)6, Int(g) 1 = 61 Int(a).

Finally, since (4= (1) is immediate, the result follows. O

From Theorem 8.29 and Corollary 8.24 it follows now that for special pairs

we have the following result:

Corollary 8.30. Let A be a maximal k-split torus of G afg, 6> k-involutions
of G, normally related to A. If the pair6G, 1) and (G, 62) are special, then
the following are equivalent.

(1) 621Zc(A) andb1|Zg(A) are isomorphic under B (A).
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(2) 621 Zc(A) andb1| Zg (A) are isomorphic under
(3) 62 is isomorphic under with 61 Int(a) for some ae A_
(4) 62 is isomorphic under & (A) with 61 Int(a) for some ae A—

8.31. Using the above results we can divide the characterization of the iso-
morphy classes df-involutions in 3 parts. This can be seen as follows. Fix a
maximalk-split torus A of G and writeZ = Zg(A), N = Ng(A). Denote the
family of all k-involutions of G by %, and the family of alk-involutions ofG,
which are normally related té by #(A). Denote the set dbk-isomorphism
classes infx by Cx. From Proposition 2.6 and the conjugacy of the maximal
k-split tori of G it follows that everyk-involution of G is Gx-isomorphic to one
normally related toA, so every class i®x has a representative #(A).

Let T O Abe a maximak-torus ofG, W(A, T) = {w € W(T) | w(A) = A},
T the set ofW(T)-isomorphy classes of involutions ¢X*(T), ®(T)) and
T (A) the set ofW(A, T)-isomorphy classes of involutions 6K*(T), ®(T),
®(A)). By Theorem 8.9 theN-isomorphy classes are related to conjugacy
classes of admissibleinvolutions. Denote the set d-isomorphy classes of
k-involutions inFk(A) by Ck(A, G).

From the conjugacy of the maxim@dsplit tori of G it follows then that every
involution in £ (A) is isomorphic undeZg(A) with one normally related to
T. So we have a natural map

ON : Ck(A, G) — T (A).

From Theorem 8.9 it follows thaty is one to one. Denote the imagem§ by
To(A). These are th®&V (A, T)-isomorphy classes of admissitienvolutions,
which by Theorem 8.9 can be described by'ad)-index (see also 10.35).

8.32. The next step is to determine when tkvimvolutions in £ (A) which
are N-isomorphic are in facGg-isomorphic. For this we note first that there
exist also a natural map @ into Cx(A, G). This can be seen as follows. If
01,02 € Fk(A) are |somorph|c undeBy, thend, = Int(g)6» Int(g)~ 1 for some
g € Gy. The torusA = gAg ! is maximalk-split, 6;1-stable andAg is maX|maI

(01, k)-split. By Proposition 3.1 there existse (ZGy, )k such thakAx 1 = A.
Write x = zhwith ze Z andh € ;. ThenhgAgth=! = A sohge Ng(A).
Sinced; = Int(hg)é, Int(hg) 1 it follows thaté, andé, are N-conjugate. This
defines a natural map @ into Cx(A, G).

Using Theorem 8.29 we can split this map into two parts. EgtA, Z) =
{0|1Z € Aut(Z, G) | 6 € Fk(A)} the restrictions of th&-involutions inF, (A) to
Zg(A). So we essentially identify all the involutiofdnt(a), (ae A;). Let



ON THE CLASSIFICATION OFk-INVOLUTIONS 55

Ck(Z, G) denote the isomorphy classes of the involutionFit A, Z), which
are isomorphic unde@x. By Theorem 8.29 these are exactly thg A, 6)-
isomorphy classes of involutions ik (A, Z). We have now natural maps from
Cxto Ck(Z, G) and fromCk(Z, G) to Ck(A, G). This can be seen as follows. If
01,02 € F(A, Z) areN (A, 6)-isomorphic, then by Theorem 8.29 there exists
ge N (A, 61)andae Ay suchthatintg)6zInt(g)~* =61 Int(a). Letse Ay
with s = a. Then In{s)é1 Int(a) Int(s)~1 = 61 Int(s~2a) = 6;. Sinceg ¢
N (A, 61) anda € A, it follows that6; andé, are N-conjugate, hence we have
a natural map : Ck(Z, G) — Cx(A, G). This map is clearly surjective and
its fibers are essentially th&x-isomorphy classes df-involutions of Zg(A)
(coming from involutions ofG), which give the samé&l-isomorphy class.
Finally we also have a natural map fratpto Cx(Z, G) by taking restrictions
of k-involutions in £ (A) to Zg(A) (i.e. the restriction map fronFy(A) to
Fk(A, 2)). Denote this map by. The fibers ofu can be characterized by a
set ofk-inner elementga; € Ik(A,) | i € I}. Summarized we have now the
following sequence

(8.32.1) Cx 5 Cu(Z,G) - en(A, G) 2N 7 (A)

For ak-involution 6 of G, normally related toA we denote itSGy-isomorphy
class (or equivalentlyy (A, 6)-isomorphy class) irGx (resp. Ck(Z, G)) by
[6] (resp. P]z) and itsN-isomorphy class irék(A, G) by [f]n. For an ad-
missiblek-involution 6 we denote thé&-involution in Autc(G) representing the
isomorphy classml(e) = [6]n In C(A, G) also byd. Denote the fiber ob
above Pln = ppt(9) by C(6) = v=1py(0). Finally for an isomorphy class
[0]z € Ck(Z, G) denote the fiber oft by Ca(8). For isomorphy classes &t
involutions under Ini(G) (resp. Auk(G)) we have a similar characterization
and we writeG, £, T (A) (resp.C, £, T (A)) instead ofe, F, T (A).

The above results give us now the following characterization of the isomor-
phy classes dk-involutions.

Theorem 8.33. Let A be a maximal k-split torus of G and¥ A a maximal
k-torus of G. Write Z= Zg(A), N= Ng(A), X= X*(T) and® = & (T).

(1) There is a bijection between the (A, T)-isomorphy classes of admis-
sible k-involutions of X, ®, ®(A)) and the N-isomorphy classes of k-
involutions inCk (A, G).

(2) The G-isomorphy classes i@ (0) (¢ an admissible k-involution afX,
®, ®(A))) consist of{[6]z | | € 1}, where the); are representatives of
the G-isomorphy classes (a¥ (A, 6)-isomorphy classes) of k-involutions
of Z, which are N-isomorphic te.
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(3) The isomorphy classes ®a(6;) ([6i]z € C(0), with 6 an admissible k-
involution) are represented by a set of k-inner elemdts < Ik(A;) |
je g}

Remark8.34 The above result reduces the classificatiok-ofvolutions of G
to the following 3 problems.

(1) a classification of admissibleinvolutions.

(2) a classification ok-involutions ofk-anisotropic semisimple groups.

(3) for eachk-involution of (G, Zg(A)) a classification of thé&-inner ele-
ments characterizing the isomorphy classeS A1i6).

Corollary 8.35. Let A be a maximal k-split torus of G and3 A a maximal
k-torus of G. Write Z= Zg(A), N = Ng(A), X = X*(T) and® = ®(T).

If 6 € Aut(X, @) is a special admissible k-involution, then the-iGomorphy
classes irC (0) consist of[6]z | | € |}, where the); are representatives of the
Ng, (A)-isomorphy classes of k-involutions of Z, which are N-isomorphéc to

Remarks8.36 (1) The isomorphy classes of admissilslenvolutions can be
represented by &', 6)-index. A classification of these for a number of base
fields, including finite fields, number fields;adic fields and the real numbers
will be discussed in more detail in 10.35.

(2) A classification of thek-inner elements ik (A;) representing the iso-
morphy classes i®a(6;) (see Theorem 8.33(3)) depends on the base kield
and for generak a classification of these is a difficult problem. The group
Gk acts only(A, ) with the 6-twisted action as in 2.3. A characterization of
thesed-twisted orbits will be discussed in the next section. For most fiklds
the groupG has infinitely many orbits i, (A,;") (see for example 9.9). Kis
a finite field,p-adic field or the real numbers then there are only finitely many
Gy-orbits inlx(A;) and a classification is visible. Fér= R the Gk-orbits in
Ik(A;) were classified in [Hel8848]. The classification of th&y-orbits in
Ik(A;) for k = Qp will be dealt with in a future paper.

(3) The classification of thk-inner elements is somewhat simpler in a num-
ber of cases. This includes the case wksns k-anisotropick-split, 6-split or
(6, k)-split (i.e. a maximal9, k)-split torus ofG is also maximab-split). The
main reason for this is that the description of #xex Hy-orbits in(Zg(A)H)k
is simpler and the underlying geometry is more transparent. For more details
on these cases, see [HW93].

8.37. Involutions of compact real groups. For k = R there is a one to one
correspondence between isomorphy class&samfisotropic semisimple groups
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and isomorphy classes of complex semisimple groups (see 7.13). For involu-
tions of compact groups we have a similar correspondence. This can be seen as
follows. If 6 is an involution of a complex grou@, then there exists a conju-
gationo of a compact real form of G such thato = o6 (see [Hel88, 10.3]).
Thend|U is an involution ofU. Conversely any involution df can be lifted to

an involution ofG by extending the base field. It is easy to show then that there
exists a one to one correspondence between isomorphy classes of involutions of
k-anisotropic semisimple groups and isomorphy classes of involutions of com-
plex semisimple groups (see [Hel78, Chap. X, 1.4]). By Theorem 7.3 the latter
are characterized by isomorphy classes of admissible involutions. This means
that the classification of thieinvolutions reduces to the first and third problem

in 8.34. A classification of the isomorphy classekeofvolutions, fork = R,
together with all the fine structure, can be found in [Hel388].

9. Isomorphy of k-involutions related to an admissible involution

In this section we analyze the isomorphy of the involutieret(a), a
Ik(A, ), which characterize the isomorphy classes in the&sgb) as in 8.32.

9.1. LetAbe amaximak-split torus ofG andé ak-involution of G, normally
related toA. Let Fa(0) = {0Int(a) € Fk(A) | a< Ik(A,)}. By Proposition
8.13 every class i@ a(0) has a representative #ia(6).

If g e Gy such thatIn¢g)@Int(ar) Int(g)~t =6 Int(ay) foray, ar € (A,
thend Int(6(g)arg~1) = #Int(az). So modulo the center & we haved(g)a; g~ =
as. In order to characterize th€&-isomorphy classes itFa(6) one needs
to find representatives for thetwisted Gy-orbits in Ix(A, ). Unfortunately
Ik(A;) is not stable under the-twisted action ofGy. It can happen that
ae Ik(A;), g € Gcand the elemert(g)ag=! ¢ A;, so also not inlk (A ).
The g € G¢ which stabilizel, (A, ) under thes-twisted action are essentially
contained in(Zg(A)HO), as follows from the following result:

Proposition 9.2. Let A be a maximal k-split torus of @,a k-involution of G,
normally related to A and g Gy such thatint(g)éInt(g)~! = 6Int(a) for
some ac Z(Zg(A)). Then ge (Zg(A)HO)y.

Proof. Since In{g)6Int(g)~1 = 0Int(v(g)g—1) = AInt(a) it follows thatd(g)g—?* €
Zg (A). Let P D> A be a minimal6-split parabolick-subgroup ofG and

Po ¢ P a minimal parabolik-subgroup containing\. Then by [HW93, 4.9
and 9.2]PyH c G open. LetP; = gPgtandA; = gAg™L. If x € A then
o(gxg™ 1) = 6(9)0(x)0(g) 1 = gd(x)g~L. It follows that (A1), = gA; g1

is a maximal(0, k)-split torus of G. With a similar argument it follows that
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6(Py) N Py = Zg(A1). HenceP; is alsoé-split andghyg~t ¢ Py is a min-
imal parabolick-subgroup containingd;. Again by [HW93, 4.9 and 9.2]
ghPg~1H c Gopen. But therPog~tH = PyH and hencg ! € PyH. With a
similar argument one shows that alge PyH.

On the other hand we also haveég) = 0(g)g~! € Zg, (A), henceg e
7 1(Ng(A))k. LetU = Ry(P) be the unipotent radical d®. Write g = uzh
with u e U, ze Zg(A) andh € H. Thend(g)g~t = 0wz lut=ne
Ng(A), henceUz9(z)~16(U) = Und(U). By [BT65, 5.15],29(z) 1 = n and
as a consequenaeluze U?. SinceU? c HOY it follows thatg = z(z luz)h e
Zs(AH. O

This result leads to the following characterization of whdgiavolution in
Fa(0) is Gg-isomorphic tos.

Corollary 9.3. Let A be a maximal k-split torus of @,a k-involution of G
normally related to A and & Ix(A, ). Then the following are equivalent:

(1) 6 anddInt(a) are isomorphic under
(2) 6 anddInt(a) are isomorphic undetZg(A)Gy)k.
(3) There exists £ Z(G) such that az t(Gy).

Proof. The equivalence of (1) and (2) is immediate from Proposition 9.2, so we
show the equivalence of (1) and (3).6landé Int(a) are isomorphic undesy,
then Intg)@Int(g)~1 = #Int(a) for someg € Gy. But then Inté(g)g—1) =
Int(a), henced(g)g—! = azfor somez e Z(G).

Conversely assume there exigts Z(G) such thatze t(Gy). Letg € Gk
such thatr(g) = az Then In{g)0Int(g)~t = 6Int(0(g)g~!) = bInt(az) =
0 Int(a), what proves the result. O

To determine the isomorphy of involutioA$nt(a) andéInt(b) with a, b €
Ik(A, ) one needs to consider the action of the G&t(A)Gyinta) )k and not
(Zg(A)Gy)k. Combined with the above result we get the following:

Corollary 9.4. Let A be a maximal k-split torus of @,a k-involution of G
normally related to A and @ € Ix(A;). Then the following are equivalent:
(1) fInt(a) and@Int(b) are isomorphic under
(2) fInt(a) anddInt(b) are isomorphic unde(Zg(A)Ggint(a) k-
(3) There exists £ Z(G) such that bz tginta) (Gk).

For a special pair the above result can be sharpened as follows:

Corollary 9.5. Let (G, 0) be a special pair, A a maximal k-split torus of G,
such tha® is normally related to A and assumeg@) = {e}. Ifa, b e Ik(A,)),
then the following are equivalent:
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(1) 6Int(a) anddInt(b) € Fa(0) are Ge-isomorphic.

(2) fInt(a) anddInt(b) € Fa(0) are isomorphic unde¢Zg (A)Gginta) )k N
Ng, (A).

(3) There existsy € W, (A) such that b= tgin(a) (zh) = to(zhw(@a ! e
79(G)w(a)a Lt where zhe Ng, (A) is representative fow WGy inta) (A) -

Proof. If 6Int(a) and@Int(b) € Fa(0) are Gg-isomorphic, then by Propo-
sition 9.2 they are also isomorphic und&c(A)Gyinta))k- Let x = zhe
(Zc(A)Ggint(a) )k such that Ingx)6 Int(a) Int(x)~1 = 61Int(b). Hereze Zg(A)
andh e Gyinta). ThensincgG, 0) is a special pair there exigts € Gyint(a) (K)
such thahh; € WGelnt(a) (A). But thenxhy € (Zg(A)Gginta))k N Ng, (A) and
Int(xhy)@Int(a) Int(xhy)~1 = @Int(b), what proves (1) implies (2).

Assume next that = zhe (Zg (A)Gginta) )k N Ng, (A) such thab Int(b) =
Int(x)6Int(a) Int(x)~L. Hereze Zg(A) andh € NGy nia) (A)- Letw € Wi (A)
be the corresponding Weyl group element. From Corollary 9.3 it follows that
b = tginta) (zh) = 6(2)z" L. Sinced(h) = aha ! we get

10(zh) = 0(2)0(h)h~ 'zt = 6(z)aha*h 1z ! = o)z taw(a) 2,
what proves (2) implies (3).
Finally if x = zhe (Zg(A)Gyinta))k N Ng, (A) such thab = tgintca) (zh),
then Intzh)6 Int(a) Int(zh)~! = 6Int(b) what proves (3) implies (1). ]

The equivalence of (2) and (3) also follows from Lemma 8.22.

Remark9.6. The classification of th&y-isomorphy classes ifFa(0) is inde-
pendent of the center @&. This can be seen as follows. LAtbe a maximal
k-split torus ofG, 6 a k-involution of G normally related toA and leta € A,
such thavInt(a) is ak-involution of G. Let Ad : G — Aut(g) denote the ad-
joint representation 06, G = Ad(G), A= Ad(A), 6 the induced-involution
of G andd = Ad(a). Thend anddInt(a) are isomorphic undey if and only
if  andd Int(&) are isomorphic undeBy.

For the remainder of this section we will assume tB& adjoint, i.e.Z(G) =

{e}.

Although the isomorphy of thk-inner elements depends on the involutions
6 Int(a) we can limit the possible representatives to a set which does not depend
onédlint(a):

Lemma 9.7. Let A be a maximal k-split torus of @,a k-involution of G nor-
mally related to A. Then Ak)2 € A7 (K) N Tginta) (Gk) for all a e Ik(A)).
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Proof. Letb € A (k), thendInt(a) (b)b~1 =6(b)b~t =b=2 e A; (k) N 7(Gy),
what proves the result. O

Remark®.8 (1) It follows from this result that one can find a set of represen-
tatives for theGy-isomorphy classes ifia(0) in the setlk(AQ—)/Ae—(k)z. For
many base fieldk, like the real numbers angadic numbers this set is finite
So a classification becomes feasible.

(2) If Z(G) = {e}, then an involutior® Int(a) with a € Ix(A;) can only be
conjugate t@ if a € A; (k). The otherk-inner elements ik (A;) definitely
give involutions which are not isomorphic &0 So for the isomorphy of the
involutionsé Int(a) and@ it suffices to consideA_(k)/A—(k)2 We note that
essentiallyA; (K) /(A (k)2 ~ (k*/(k*)%)", wheren = rank(A;). If kis a
real closed field (i.ek is formally real, but has no formally real proper algebraic
extension field, see [Pre84, 3.2]), thle?*‘n/(k*)2 {£1}. Recall that a field is
called formally real if—1 is not the sum of squares (see [Bec82, Pre84]). Of
coursek = R is real closed.

If k= Qp is ap-adic field andp is odd, then2},/(QF )2 contains four ele-
ments represented by 4, p, ep where 1< e < p ande is not a square mod-
ulo p. If p=2, thenQ3/(Q3 )2 consists of eight elements represented by
1,3,5,7,2,6,10, 14.

If k= Fpn is afinite field of ordep" with p prime andn odd, therk* / (k*)?
consists of 2 elements (see [Sch85, Lemma 3.7]).

In most cases it does not suffice to only mod @gt(k)2 to determine rep-
resentatives for the isomorphy classesFin(0) as follows from the following
example.

Example9.9. Let G = SL,(k), 8(x) = 'x~* and A the group of diagonal ma-
trices. ThenG, A and6 are defined ovek and A a maximal(6, k)-split torus
of G, which is also maximak-split. The fixed point group of is H = Gy =
SO(k) ={(38) labek a?+b*=1} If g=(28) e GLa(k), then
6(g) = (detg)~ 1( d =£) and

-1 _ —2( c2+d? —(ac+bd)
6(9)g™! = (detg) 2 (_GHE ~atho).

Soifg e SLa(k), thene(g)g—1 € A~ = A= Nz;a-)(A) ifand only ifac+
bd = 0. If ac # 0 theng is of the form(_3; ) with t = 2 = —§ e k and
ad(1+ t%) = detg = 1. In this case we have:

2 2
(9.9.1) 0@t = (TG e )
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If ac= 0 then eitheg = (_, 0) ando(g)g~t <o 2 ) org=(3,%)and
-1_(0a?
@9t =(3%)

Letq= (} ,1) Ix(A;). Then In{q)(g) = (C)f‘_z b(f) e GLy(Kk) if and
only if X2 € k. By Corollary 9.3 the involutiord Int(q) is isomorphic tof
underGy if and only if there existgy € SL(k) such tha®(g)g—! = qz with
ze Z(G) = {+id}, i.e. 6(g)g gt e Z(G). Since by (9.9.1p(g)g ! =

2 2 2 2 . .

(d (10+t ) a2(1°+t2)) <d (10“ ) a2(11t2)> it follows that +x € k is a sum of two
squares irk.

If k=R, thenR/R? ~ {+1}. Takeg = <|é| X 91|) Sincex € R it follows that

0(g)g~tqgl=id e Z(G) if x> 0andd(g)g~lqg = —id e Z(G) if x < 0.
SoéInt(q) is Gg-isomorphic to9. If x € R thendInt(q) is not Gx-isomorphic
to 6. In that case, since’ € R, we havex = iy for somey € R. In particular
@9 at=%(5 %)

If k=3, then(k*)2 = {1}. Letg= (3 9). Thenq ¢ AZ, butif we takea = 1,
d=2andt=1in9.9.1, therg = (} }) andg = 6(g)g~* € ©(G) N A;.

If k= TFs, then(k*)?2 = {1,4}. Letq=(39). Thenq¢ AZ, butq=
0(9)g~t € 1(Gy) N Ay, whereg = (3 2).

If k = F7, then(k*)? = {1,4,2}. Letqs = (§2) andgz = (§2). Then
1, U2 szz 3Ak, butg: = 6(g1)g;* andg = 6(92)921, whereg; = (7 3) and
02 =

In g(ene)ral fok = [, with p prime, one can show th&t; (k) = 7(Gy) N A,
since every element ik = F, can be written as a sum of 2 squares (see e.g.
[Sch85, Lemma 3.7]).

If k = Q one can get involutiongInt(q) with q € 7(Gx).Z(G) N A, (k),
which are notGg-isomorphic tof. Take x € Q such thatx is not the sum
of 2 squares. The#dInt(q) andé are notGg-isomorphic. Moreover ifj; =

(é’ y91) € Ik(Ay) is anothek-inner element oA, thend Int(q) andd Int(qy)

areGy-isomorphic if and only ifky~! is the sum of 2 squares id. So there are
infinitely manyq € Ix(A; ) N A, (k), which give non isomorphik-involutions
oInt(q) of G.

9.10. Commuting involutions. The involutionsy andf Int(a) for a e Ix(A;)
commute if and only if Inta) = Int(a™?1), i.e. a® € Z(G). We will call these
elements ink (A, ) thequadratic elements of Aand we will write Q(A; ) =

{ae lk(Ay) |a® € Z(G)).
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In many cases one can actually find a set of representatives faGgthe
isomorphy classes iffa(9) in Q(A, ). For example ik = R we get:

Proposition 9.11. Let k=R and G, A,0 be as above. Every dsomorphy
class inFa(0) has a representativeInt(a) with ac Q(A,).

Proof. Any real reductive group has a Cartan involution, unique ugste
isomorphy. In fact one can choose a Cartan involutiai G such thav6 = 6o
and such thatA is a maximalo-split torus of G (see for example [HW93,
11.17]). Ifa e Ik(A;), thendInt(a) is anothek-involution of G, which does
not need to commute with the Cartan involutienSince all Cartan involutions
of G are Gy-isomorphic there existg € Gg such that Intg)o Int(g) ! com-
mutes withd Int(a) (see for example [Hel78, Ch. Ill, Theorem 7.2]). One can
in fact choose the conjugating elemenn A, (k), what can be seen as follows.

Consider the involutiongInt(a)o6d Int(a) = #o6 Int(a®) = o Int(a®) ando,
which are both Cartan involutions & By [HW93, 11.15], there ig € Int(G)k
such that Int(a?) = gog~?1. But then

(0Int(a)o)? = oInt(@®)o = Int(@a?) = gog 1o € 7, (INt(G)x) N Int(A;).

Let S= Int(A;). Since(@Int(a)o)? = Int(a~?) e S it follows from [HW93,
Lemma 11.14] that there is a uniques S with Int(a=2) = x*. Lette A}
such that Intt) = x. Letoy = Int(t)o Int(t) 1 = o Int(t=2). Then

a161nt(@) = o Int(t%)fInt(a) = ob Int(t?a) = b0 Int(t%a)
= 0lInt(a) Int(a) Lo Int(t?a) = fInt(a)o Int(t?a?)
= 0Int(a)o Int(t™%) = OInt(a)oy.

From [Hel78, Ch. IIl, Theorem 7.2] it follows that I¢th = Int(o(g)g~?) €
Int(Ag(k)Z) for someg € Gg, since In{t) maps the compact real form related
to o to the compact real form relateddaq. It follows that there existg € Z(G)
such thaty =tz e (A - Z(G))x andx = Int(t) = Int(y) € Int(Gg, A). Let

b = y2a. Then Intb) = Int(y?a) = Int(t?a) = Int(t2a~1) = Int(y%a"1) =
Int(b~1), sob e Q(A;). SincefInt(a) andéInt(b) are isomorphic under
Int(y) € Int(Gg, A) the result follows. ]

9.12. To determine whether the isomorphy classeBi(Y) have a set of rep-

resentativeg Int(a) with a € Q(A,) it is useful to consider first the question
whenéInt(a) anddInt(a~1) are isomorphic. Fo6-isomorphy we can show
the following:
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Proposition 9.13. Let G, A,0 be as above and a Ix(A;). The involutions
fInt(a) and 8Int(a~1) are Ge-isomorphic if and only if & € Tgintca) (Gk) -
Z(G).

Proof. Assume first thaf) € Gy such that Intg)6 Int(a) Int(g) 1 =6 Int(a™?1).
By Corollary 9.4 we may assunte= zhe (Zg(A)Ggint(a) )k, Whereze Zg(A)
andh € Gyinta)- ThendInt(a)(g)g—t =0Int(a)(2z71 = 4(2)z" 1. Moreover

6Int(0(g)ag™t) = Int(g)¢Int(a) Int(g) ! = Int(2)6Int(a) Int(z) ~*
=6Int(0(z)az ) = 0Int(6(2)z ta)
=6Int@Int(a)(g)g~1) Int(a) = oInt@™?t).

It follows that Int(@ Int(a) (g)g~1) = Int(a=2), henced? € tginta) (Ck) - Z(G).
If converselya? € tgintca) (Gk) - Z(G), then als@ =2 € tginta) (Gk) - Z(G).
Let g € G, such that Int(a)(g)g—1a? € Z(G). Then

Int(g)éInt(a) Int(g) ! = #Int(a) Int(Int(a)(g)g—?)
= 6Int(a) Int(@=?) = HInt(a) "3,
what proves the result. OJ

Remarkd.14 If we consider isomorphy classes underli@d) instead ofGy-
isomorphy, then the involutiongInt(a) andéInt(a—!) are always isomor-
phic. Namely Inta) is contained in Int(G), hence Inga)éInt(a) Int(a)~1 =
oInt(a~t). If ae Ay (k), thendInt(a) andd Int(a~?1) are alwayGk-isomorphic.

9.15. The remaining question is now wherk-anvolution #Int(a) is Gy-
isomorphic withg Int(q) for someq € Q(A; ). Using the above result we get
the following result:

Corollary 9.16. Let G, A,6 be as above and & Ix(A;). The involution
fInt(a) is Ge-isomorphic withdInt(q) for some ge Q(A,) if and only if
a2 € Tgint(a) (Gk)? - Z(G).

Proof. Assume first thaty € G such that In¢g)éInt(a) Int(g)~1 = #1Int(q)

for someq € Q(A, ). By Corollary 9.4 we may assunge= zhe (Zg(A)Goint(a) )k
wherez € Zg(A) andh € Ggntay- ThendlInt(a)(g)g~t = 6Int(a)(2)z ! =
0(2)z71, so6(g)ag—t = af(z)z~1. Now Int(6(g)ag?) = Int(q), soé(g)ag—tq! e
Z(G). Sinceq? € Z(G) we get(d(g)ag g 1h)? = (ad(2)z )% € Z(G). It
follows thata? = (z0(2)~1)? modZ(G) = (gfInt(a)(g)~1)? mod Z(G),
hencea? T@Int(a)(Gk)z - Z(G).
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Conversely assune € tint(a) (Gk)? - Z(G). Letg e Gyandze Z(G) such
thata?(6Int(a)(g)g~1)? = ze Z(G). Letx=6(g)ag~ L. Thena?(a~16(g)ag 1)? =
axa x =z, sox? = (A(g)ag 1)? = ze Z(G). It follows thatx € Q(A;).

Now Int(g)fInt(a) Int(g)~t = @Int(6(g)ag—t) = 6Int(x), what proves the
result. O

9.17. Weyl group action on Ix(A,). The above result gives a first character-
ization of theGy-isomorphy classes iffa(6). By Lemma 9.7 we know that we

can find a set of representatives of @Bg-isomorphy classes itFa(6) in the
setlc(A;)/A; (k)2 The Weyl groupW(A; ) acts onli(A;) and A (k)? by

the usual conjugation action and it would be natural to try and use this Weyl
group to reduce the set of representatives to a Weyl chamber or even a fun-
damental domain. Unfortunately we do not have the usual conjugation action
but thep-twisted action. This means thatdgfe Ng, (A) is a representative of

w € W(A,) anda e Ix(A;), then

(9.17.1) o(@ag ! =0(9)g rgag ! = 6(g)g 1 w(a).

So besides the action af there is an additional translation facté¢g)g—!
which could pushw(a) out of Ix(A;). We will show next thaW (A, ) does
actonlg(Ay).

We note first that the full Weyl grouig, (A) does not act otFa(6), since
an element ofNG (A)/ WH (A) could map &-inner element inA;" to Ag. In
particular from Proposition 9.2 we get the following result:

Corollary 9.18. Let A be a maximal k-split torus of @,a k-involution of G,
normally related to A, A= A, w € W(A), ne Ng, (A) a representative and

ae lk(Ay)). If Int(n)fInt(a) Int(n)~1 € Fa(), thenw € W (A).
Proof. Assume Intn)éInt(a) Int(n)~1 = 6Int(b) for someb € Ag. Since

Int(n)@Int(a) Int(n)~* = Int(n)6 Int(n) "L Int(n) Int(a) Int(n) !
= Int(n)@Int(n) "t Int(w(a))

it follows that Int(n)6 Int(n)~1 = 6 Int(b) Int(w(a)) 1. But then from Propo-
sition 9.2 it follows thain € (Zg(A)Gy)k. Write n = zhwith ze Zg(A) and
h € Gy. By Proposition 3.51 € Ny (A) is a representative ab as well, hence
w € WH(A). O
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9.19. The groupNy (A) is essentially the Weyl group of;. Before we
describe this relation we give first another description of the ghg A).

Let X = X*(A), Xo(0) = {x € X*(A) | 8(x) = x} and P (0) = {a € ®(A) |

f(a) = a} be asin5.11. Similarly as in 4.5 write

(9.19.1) WI(A) = Wi (A, 0) = {w e W(A) | w(Xo(8)) C Xo(8)}
andWp(0) = Wo (A, 8) = W(Do(h)). Then by Proposition 4.11 we have
(9.19.2) W(A;) =~ WI(A)/Wo(8).

The groupWy (A) corresponds with? ( A) due to the following result.

Proposition 9.20. Let A be a maximal k-split torus of @ a k-involution of G,
normally related to A and A= A;. Then we have the following.

(i) Anyw € W(Ap) has a representative itH°Zg (A))x N Ng(Ag).
(i1) Ng(Ag) = Npo(Ao) Zg(Ao).

Proof. (i) Letn € Ng,(Ag) be a representative fav € W(Ap) and P a min-
imal 6-split parabolick-subgroup ofG. ThenP; = nPri ! is also a minimal
0-split parabolick-subgroup ofG containingA. By [HW93, 4.9] there exists
x € (HO°P) such thaxPx~1 = P;. Let Py be a minimal parabolik-subgroup
of P containingA and letU = R,(Py) be the unipotent radical df. Then
HOPy = HOP (see [HW93, 4.8]). On the other hand by [HW93, 10.2] we have
(HOP), = (H9Zg(A))kU. It follows thatx = hzuwith h € H®, ze Zg(A)
andu € Uy. If we takeg = hze (H°Zg(A))k, thengPg™! = P; andgAgg~?
is (0, k)-split. MoreovergAog—t c PLNO(P1) = Zg(Ag), SO0 gAIg 1Ay
is a (0, k)-split torus of G. Since Ap is maximal (6, k)-split it follows that
gAqg—! = Ag, what proves the result.

(i) follows immediately from(i). O

Corollary 9.21. Let A be a maximal k-split torus of @,a k-involution of G,
normally related to A and A= A, . Then W (A) = Wy (A).

Proof. ClearlyW(A, H) ¢ W/(A). As for the other inclusion lety € WY (A)
and letw be the corresponding element\W(Ap). By Proposition 9.20 there
exists a representative € Ny (Ag) of w. Moreover there existg € Zg(A)
such tha = hze (HZg(A))k. ThenA = x Ax~1 is a maximak-split torus of
Zg(Ag). Now Af and Af are maximalk-split tori of Zg(Ag) N H, hence
there existshy € (Zg(Ag) N H)k such thathlAhI1 = A. But thenhih €
NH (A) N NH(Ag). Let wy € WY(A) be the corresponding Weyl group ele-
ment. Since botlw andw; inducew in W(Ap) it follows from (9.19.2) that
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wwil e Wo(0). So it suffices to show thatp() = Wo(A, ) C W(A, H).
Since Ag is maximal (6, k)-split it follows from Proposition 2.6 that for every
roota € ®g(0) C ®(A) the groupG, as in 2.1 is contained ifl. This proves
the result. O

Remark9.22 It follows from the above results that instead of the action of
WH (A) on Ik (Ay) it suffices to consider the action @i (A, ) on Ix(A; ). So
instead of showing that/y (A) acts onFa(0) it suffices to show thatviy (A7)

acts onFa(6). This would be immediate W (A, ) has representatives Iy,

but as the proof of Proposition 9.20 indicates, this will not always be true.
However¥a (6) always contains k-involution for which this is true. We define
this as follows:

Definition 9.23. Let A be a maximak-split torus of G, 6 a k-involution of
G, normally related toA and Ap = A;. The pair(G, 0) is called aweakly
standard painf W(Ag) has representatives Hy. In this case we will also call
0 a weakly standar#-involution.

Remarkd.24 For k = R one can define these standard pairs also using the
signatures of the roots of a basis®{ A, ). For this one can modify similar
definitions in [HS97] and [Hel88]. They are defined as follows: Teb Abe a
maximalk-torus ofG ando € I' = Gal(C/R), o # id. Denote the conjugation

of G corresponding t@ also byo. There exists a conjugationof a compact

real form of G, which commutes witlr. Let g(Ap, A) denote the root space
corresponding ta. € ®(Ag) and letA = A(T) be a basis ofb(T). Since
o(A) =X, (M) = —Ax andf(L) = —A, tob stabilizesy(Ag, 1). Set

a(Ag, V)% = (X € g(Ag, 1) | ToB(X) = £ X}
m* (i, 00) = dimg(Ag, 1)1

For A € ®(Ag) call (m*(x,00), m (A, 00)) the signatureof A. Following

[Hel88, 6.11] we say tha{G, 0) is a standard pair (resp.weakly-standard
pair) if mt (1, 00) > m~ (A, 06) (resp.m™ (1, 06) # 0 or m* (21, o) # 0)

foranyi € A.

The two notions of weakly-standard pairs are the same as follows from the
following result (see [HS97]):

Proposition 9.25([HS97]). Let G,0, T, A, A and A be as above and assume
k = R. Then W Ag) has representatives inHf and only if m™ (i, 08) # 0 or
m*(2x, 00) # 0foranyi € A.



ON THE CLASSIFICATION OFk-INVOLUTIONS 67

For general field& one can show that every s (6) contains a weakly-
standard pair.

Proposition 9.26. Let A be a maximal k-split torus of @ a k-involution of G,
normally related to A and A= A,. There exists & Ag such thatInt(a)
Fa(0) and W(Ag) has representatives indat(a) (K).

For a proof of this result we refer to [Hel99], where we classify kianer
elements for symmetrik-varieties over th@-adic numbers. This result is very
useful in the analysis of theinner elements .

Remark9.27. In general there can be more than one isomorphy class of weakly
standard pairs itFa(6). However fork = R one can show that there is a unique
isomorphy class of standard pairs. For this see [Hel88, 8.21].

Corollary 9.28. Let A be a maximal k-split torus of @,a k-involution of G,
normally related to A and A= A, . The Weyl group WAo) acts onFa(0).

Proof. By Proposition 9.26 we may assume th&, 6) is a weakly-standard
pair. Then by (6.15) everw € W(A) has a representatiiec (G, N Gy)°.
Soifélint(a) € Fa(0), w € W(Ap) andh € Gy (k) a representative ab, then
Int(h)@Int(a) Int(h)~1 = gInt(hah™ 1) = dInt(w(a)). O

Remark9.29 The setlk(A; ) depends on the base fieddso a classification of
the W(A, )-conjugacy classes itk (A, ) depends on the base figtdas well.
Fork = R a classification of th&/( A, )-conjugacy classes iR (A, ) was given
in [Hel88, §8]. Fork = Q a classification will be given in [Hel99].

9.30. Ifxe N (A, ) acts onFa(6), then this action can be split in an action
of WH (A) on Fa(6) and an action oZ (A, 6) := Zg, (A).Z(A, 6) on Fa(6).
Above we described the action ¥4 (A). In the remainder of this section
we analyze the other question when two pairsFig(6) are isomorphic under
Z (A, 0). We note that if(G, 0) is a special pair theZ (A, 6) = Zg, (A).

Remark9.31 Fora € A the restrictions of anddInt(a) are the same, so in
particularZy (A) = Zgy ) (A)-

Proposition 9.32. Let A be a maximal k-split torus of @ a k-involution of G,
normally related to A and © A a6-stable maximal k-torus of g A) such
that T, is a maximalp-split torus of Z (A). Then two k-involutiong Int(a)

andéInt(b) in Fa(6) are isomorphic undeZ (A, 6Int(a)) if and only if there
exists te T and he Zy(A) = Zg,, o (A) such that the Z(A, 0Int(a)) and

alb=0nt1L
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Proof. If th e Z(A, #Int(a)) satisfies the above conditions, then there exists
ho € # (A, 6Int(a)) such thatthhy € (Zg(A)Gginta) )k and Intthhg) maps
fInt(a) to #Int(b). So assume there is an elemgnt Z (A, 6Int(a)) such
that Int(g)6 Int(a) Int(g) 1 = 6Int(b). Let T = g~1Tg. Then

6(T) = 6Int(a)(T) = 6(g) *0(T)6(g) =g 'o(T)g=T
and 'I~'9— Is a maximal6-split torus of Zg(A). By [Vus74, §1] there exists
hi € Zn(A) such thah; T, ht = T, Thenhig™! € Ng(T;) N Zg(A). By
[Ric82, Proposition 4.7] there exidts € Ng(T, ) N Zy (A) such thahohig=1e
Zg(AT,). Now hphy T, hth; 1 and T are maximal tori inZg (AT,"). Since
Zg (AT, ) does not contain any non centtaéplit tori it follows from [Vus74,
§1] that [Zc (AT, ), Zc (AT, )] C H, hence there existsz € Zg(AT, )N H
such thathghph; T,-hth;thst = T. Finally since E (AT, ), Za(AT, )] C
H the Weyl groupW(T, Zg (AT, )) has representatives i, so there exists

hs € Zg(AT, ) N H such thath4h3h2hlg—l e T. It follows thatg = th with
t e Tandh e Zy(A), which proves the result. O

For special pairsG, 0) we can sharpen this result as follows:

Corollary 9.33. Let (G, 0) be a special pair and T, A be as above. Then two
k-involutionsé Int(a) and 0 Int(b) in Fa(0) are isomorphic under & (A) if
and only if there exists¢ T and he Zy(A) such that the (T Z4(A))x and
alb=0o(t)t L.

Fork = R we even get a much stronger result:

Corollary 9.34. Assume k=R and letd, T, A be as above. Then two k-
involutionse Int(a) andé Int(b) in Fa(0) are isomorphic under & (A) if and
only if there exists £ T such that alb = o(t)t=1.

Proof. Since(G, 6) is a special paiz (A, fInt(a)) = Zg, (A) and since Fg, (A),
Zg, (A)]is compact, the four conjugating elemehis hy, hz, hs in the proof of
Proposition 9.32 can be chosenHi instead ofH, but thenhshshoh1g™t € Ty,
what proves the result. O

For a weakly-standard pair we even get a characterizatio@fesomorphy
instead ofZ (A, 6Int(a))-isomorphy:

Corollary 9.35. Assumé€G, 0) is a weakly-standard pair. Let T, A be as above
and ae Ix(A;). Then we have the following:

(1) 6 and @Int(a) are Gc-isomorphic if and only if there exists¢ T and
h e Zy(A) such that the Z(A, 0) and a= o(t)t~1.
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(2) If (G, 0) is a special pair, the and6Int(a) are G-isomorphic if and
only if there exists € T and he Zy (A) such that the (T Z4 (A))x and
a=60tt L

(3) If k = R, thend and dInt(a) are Gc-isomorphic if and only if there is
t € Ty such that a= 6(t)t~1.

Proof. By Corollary 9.4 it suffices to consider isomorphy und&g (A) H)x.
If  andfInt(a) are isomorphic undex = zhe (Zg(A)H)y, then modulo ele-
ments ofHy, Zy (A) andW(A,) the elemenh € H is contained in¥# (A, 6).
Since (G, 0) is a weakly-standard paW(A, ) has representatives iHy as
well, so there existh; € Hx andhy € Z{ (A) such thahyhhy € # (A, 0). So
we may assume that= zhwith ze Z(A, 6) andh € # (A, 6). Now the result
follows from Proposition 9.32, Corollary 9.33 and Corollary 9.34. O

We conclude this section with a description of the conjugating elemeit
as in Proposition 9.32 in the case tlkat R. We will let A denote a maximal
k-split torus of G, 6 a k-involution of G, normally related toA andT > A a
6-stable maximak-torus of Zg (A) such thatT,” is a maximab-split torus of
Zg(A). Let Sbe the anisotropic part of. ThenSis #-stable,T = SAand
AN Sis finite, see 2.1.

Proposition 9.36. Let 8, A, T, S be as above and assume-IR. Let ae
Ik(A;). Then the following statements are equivalent:

(1) There is a te Ty such that a= 6(t)t~.
(2) a= xy where xe S; (k) N Ay (k) and ye 1y(Ay).

Proof. (1) = (2): Assumet € Ty such thata = 6(t)t~1. Write t = say,
wheres € S andag € A¢. Since bothS and A are 6-stable we can write
s=s; andag = arap With s1 € S, s, € §;, a1 € Af andaz € A;. Then
t = si;aap anda = ()t~ = s;%a52. Now a;2 = tg(ap) € A, (k) and
s;2=19(s) = aas € S; (k) N Ay (k). Takingx = s,2 andy = a; 2 the result
follows.

(2) = (1): Assume now that = xy as in (2). SinceS; is compact it
follows thatS; (k) = 79(S¢) (see for example [HS97, 11.4]). So there exists
se Scsuchthak = t(s). Letag € Ak such thaty = ty(ag). Thent = sgy € T
anda = 6(t)t~1, which proves (1). O

10. Characterization of the admissible indices

In this section we will show that an admissitidenvolution of a semisimple
root datumy¥ can be represented by(&, 6)-index and that there is a one to
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one correspondence between the congruence classes offihésendices and

the isomorphy classes of admissilidénvolutions. We will also characterize
the admissiblgT", 0)-indices. Using this characterization we will classify the
admissiblgT", 6)-indices in section 11 fdk the real numbersy-adics numbers,
finite fields and number fields. To be able to determine whether an involution
of a root datum is admissible we need to determine first whether it can be lifted
to an involution of the group. For this we use a realization of the root system in
Gasin6.4.

10.1. LetG be a reductive algebraic group,a maximalk-torus of G, X =
X*(T) and® = &(T). Letk denote the algebraic closurelofWe say that an
involution & € Aut(X, ®) can belifted if there exists an involutorial automor-
phismg € Aut(G, T) inducing6d on (X, ®). From the isomorphism theorem
it follows that there exists always a possibly non involutogad Aut(G, T),
inducing 6 on (X, ®). So the question is whegp is an involution or even a
k-involution. This is again a matter of structure constants:

Proposition 10.2. Letd € Aut(X, ®) be an involution ang € Aut(G, T) such
thatp* = 6. Then we have the following:
(1) ¢ is an involution if and only if¢|T)? = idt and G, ¢Co(a), = 1forall
ae d(T).
(2) ¢ is a k-involution if and only if it satisfies the conditions(it) and for
all o € I anda € ® we havey*” = ¢* and @ »99*(@).0 = Cav pUu,o

Proof. (1) follows from (6.8.1) and (2) is immediate from this and Proposition
6.10(2). O

10.3. The above result describes when an involuienAut(X, &) can be
lifted to an involution ork-involution. It remains to verify when this involution
is admissible, i.e. if it satisfies the normality condition 7.2 for an involution
and for ak-involution additionally the normality condition 8.2. The normality
condition 7.2 for an involution is again a matter of structure constants. Recall
first from [Hel91] that a rootr € ®(T) is calledd-singularif 6(«) = +« and

0| Za((Kera)%) # id. If () = —a we say thatr is real with respect to.

If 6(0) = a and« is 6-singular, thenx is also calledhoncompact imaginary
with respect t@. In that case, y = —1, as follows by simple computation in
SLy. If () = @ ande is noté-singular, therc, o = 1. These roots are called
compact imaginaryvith respect t@.

Proposition 10.4([Hel91, 4.12]) Let6 € Aut(X, ®) be an involution ang €
Aut(G, T) an involution withg* = 6. Theng is admissible if and only ifg, =
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1forall @ € ®g(0), i.e. ®(T) has no roots, which are noncompact imaginary
with respect t@.

Similarly a necessary and sufficient condition for an involutiorn Xf &) to
be an admissibl&-involution follows from this result and Proposition 5.26(3).

Corollary 10.5. Let A be a maximal k-split torus of G, 3 A a maximal k-
torus 0 € Aut(X*(T), ®(T), ®(A)) an involution andyp € Auty(G, T, A) a

k-involution withg* = 6. Thené is admissible if and only if ¢, = 1 for all

a € ®g(0) and for every irreducible componefit; ¢ ®o(I'y) we haved; C

Dp(8) or &1 C dg(IM).

Proof. From Proposition 10.4 it follows that is normally related tar. Since
¢ € Autc(G, T, A) we havep(A) = A and A; is the annihilator ofXq(I'y).
From the condition that for every irreducible componéatc ®¢(I'y) we have
@1 C Po(9) or @3 C Po(I) it follows thatZg (A, )/ A, contains no non triv-
ial (0, k)-split torus. But therp is normally related tA. O

10.6. Although the above result characterizes which involutioneXof® )

can be lifted to an admissible involution &, it is still difficult to determine

for which involutions there exists a suitable set of structure constants satisfying
the conditions in Proposition 10.2, Proposition 10.4 and Corollary 10.5. In the
following we derive a few more properties of these structure constants, what
will simplify the actual classification. First we note that up to a sign the above

structure constants, ¢ are of the formx (t) for somet € T. To see this we use

the following automorphism defined by Steinberg (see [Ste68, Theorem 29]):

Definition 10.7. Let A be a basis ofd. For an involutiond € Aut(X, @) let
O € Aut(G, T) denote the unique automorphism@fsuch that

(10.7.1) Oa (X (£)) = Xg(o) () fOr alla € A, & € k.

From [Ste68, Theorem 29] it follows the} g, = £1 foralla € .

By the isomorphy theorem any automorphisng@f T) inducingé on (X, ®)
is now of the forn Int(t) for somet € T. The question is then when, Int(t)
is an involution ofG and when it is admissible. Combining (10.7.1) with the
above results we get the following:

Proposition 10.8. Let 6 € Aut(X, ®) be an involution andA a basis of®.
Then the following are equivalent:

(1) 6 can be lifted.

(2) There is a te T such that,Int(t) is an involution.

(3) There is a te T such tha¥, Int(t) is an involution.
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(4) There is ate T such that g0, = «(6(t)t) forall o € A.
(5) Thereis ate T, such that g(«),0, = a(t) forall o« € A.

Proof. Let {Xy}wea(T) bE a realization ofb(T) in G and let{Cy 9, }aca(T) b€
asin (6.8.1). Then fof € k we get:

(0 INE(1))? (X (6)) = Xa (Car,0, Coar) 0, @ (DO (2) (DE).

The equivalence of (1), (2), (4) and (5) follows now from this, the definition of
6 and Lemma 6.12.

So it suffices to prove (2) implies (3). Leéte T such thatdaInt(t) is an
involution. Writet =t,t_ witht, € TT andt_ € T~. Letse T~ such that
2 =t_. Now Int(s)@lnt(t) Int(s)~1 = O Int(t,) is an involution as well,
what proves the result. O

Remarkdl0.9 (1). If ¢ € Aut(G, T) is an involution, then for any € T the
automorphisny Int(t) is an involution as well.

(2). Ifte T9+ such that, Int(t) is an involution, then, since, g, = 1 for
all a € ®, we have by (5) that(t*) = 1 for alla € @, hence* € Z(G).

Combining this result with Proposition 6.10 we get the following charac-
terization of the involutions of X, ®) which can be lifted tdk-involutions of
(G, ).

Corollary 10.10. Let6 € Aut(X, ®) be an involution and assunie acts on
(X, ®) as in 5.21. LetA be a basis ofd. There exists a € T such that
@ = Oxlnt(t) is a k-involution of(G, T) if and only if the following conditions
are satisfied:

(1) Co(a),00 = a(0)t) forall o« € A.

(2)0°=0,"=0, =0foralloel.

(3) Cg,<pd9(oz),cr = a(t)UC&@AdO(a),a = aa(t)ca(o{),@Ada,a = Ccr(oe),wdoz,a for

alle e Aando e T.

Combining Propositions 10.8 and 10.4 we get the following characterization
of the involutions of(X, ®) which can be lifted to admissible involutions of
(G, ).

Corollary 10.11. Let6 € Aut(X, @) be an involution and le\ be a#-basis
of ®. Thend is admissible if and only if there is a2 T such that

(1) Co(),0, = a(6(D1) forall o e A — Ag(0)
(2) a(t) =1forall @ € Ag(0)
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In Theorem 10.45 we will give a detailed characterization of the involutions
6 € Aut(X, ®) which can be lifted to an admissibkeinvolution of G. In fact
we will characterize these involutions by their admissifle 6)-index. The
characterization of these depends on the classifications of the undeflying
indices and’-indices. Therefor before we characterize the admissibl®)-
indices, we review in the following briefly a few facts of the classifications of
the admissibl@-indices and -indices.

10.12. Admissible @-indices. In this subsection we discuss the classification
of admissibleg-indices related to conjugacy classes of involution€sofOur
notations remain as in 5.11 and 7.1. In particulaGdie a reductive algebraic
group, T a maximal torus o5, X = X*(T) and® = &(T).

The first step is to determine when a quadruple= (X, A, Ag(0), 6*) is a
6-index. This follows from the following result:

Proposition 10.13. A quadrupleD = (X, A, Ag(0), 6*) is a#-index of an in-
volutiond € Aut(X, @) if and only if the restriction indeXDg = (Xo, Ag(6),
Ao(0), 6%|Ag(0)) is ab-index forid and Ag () is 0*-stable.

Proof. This result is immediate from Lemma 5.13. O

Remarksl0.14 (1). A 6-index for id is always admissible. Fdr-indices this
IS not the case.
(2). A complete list ob-indices for id follows from Remark 5.12.

Using this result one can easily obtain a list of the posgibiledices. The
next step is to determine which of the&éndices are admissible. For this we
can use a rank one reduction:

10.15. Rank one restriction. Recall that thaestricted rankof an involution

0 € Aut(X, @) is defined as the rank of the set of restricted robts The
classification of admissible involutions can be reduced to admissible involutions
of restricted rank one as follows. For eack @, such that%k ¢ g, letd (1)
denote the set of all rootg € ® such that the restriction gf to X, is an
integral multiple ofA. Then® (1) is a#-stable closed subsystem &f (See
[BT65, p.71]). LetX (1) denote the projection ok = X*(T) on the subspace

of E = X*(T) ®z R spanned by (1).

Proposition 10.16. Letd € Aut(X, &) be an involution and\ a 6-basis ofd.
Thend is admissible if and only if| X(1) € Aut(X(1), ®(1)) is admissible
forall A € Ay.
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For a proof of this result see [Hel88, 4.5]. This reduces the classification
of admissibleg-indices to6-indices of restricted rank one. From 5.12 it fol-
lows that it suffices to consider irreducitdendices. The irreducible, but not
absolutely irreduciblé-indices are those for whidht = —6 exchanges the con-
nected components (see 5.12). There are 17 absolutely irredagideces of
restricted rank one and the question which of these are admissible is a matter of
manipulating the structure constants satisfying the conditions in Propositions
10.2(1) and 10.4. For more details, see [Helg§,

Remarkl0.17 The classification of isomorphy classes of involutions automor-
phisms ofG is independent of the base fiekd For G of adjoint type it is
equivalent to the classification of real forms of a semisimple Lie algebra over
C, as is carried out by Araki [Ara62]. See also Sugiura [Sat71, appendix] for a
simplification of this method. A further simplification of Araki’s classification
can be found in [Hel88;4].

10.18. Admissible I'-indices. In this subsection we discuss the admissible
indices related to the isomorphy classes of semisirkjgeoups. Our notations
remain as in 5.17 (unless specified otherwise).

If D= (X, A, Ao(I"), [0]) is a admissibld’-index and(G, T) is ak-group
corresponding taD, then we will write (G, T) < D to indicate the relation
betweenD and(G, T).

10.19. Similar as in the case of involutions, the classification of admissible
I'-indices can be reduced to the case of absolutely irreducible indidesaok

= 1. That it suffices to consider absolutely irreducible indices can be seen as
follows. SupposeD = (X, A, Ao(T"), [o]) and X is simply connected. 1D

is k-irreducible, but not absolutely irreducible, than= A1 U ... U Ag, where

the Aj are mutually disjoint connected componentsAoaind correspondingly

one hasX = Xy +--- + Xs. Definel'y ={o € T'| A[l"] = A1}. Thenl" =

U1 T10i, whereAj = Al7l Let D1 = (Xq, A1, A1 N Ag(DD), [0]), where

o € I'1 and letk; be the fixed field of"1. Now we have the following:

Lemma 10.20. D is admissible as &-index if and only ifD; is admissible as
aI'1-index.

Note that if (Gy, T1)/ k1 <> D1 then(G, T) = Ry /k(Gy, T1) < D. Here
R« /k is the functor of “descent” from the fieki, to the fieldk (see [Wei61]).

This reduces the classification of admissilblendices to absolutely irre-
ducible indices.
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10.21. To classify the admissibl&indices one needs to classify first the ad-

missible'-indices fork-anisotropic groups. This can be seen as follows. If
= (X, A, Ag(I"), [o]) is an admissiblé -index, then one obtains a subsys-

tem Do = {Xo, Ao(T"), [c]} whereXg is the projection ofX on Ag(I")g (one

may write Xg = Ao(I")g with respect to som&V-invariant metric), andDg is

just theTI"-index of (Gg, Tp), thek-anisotropic kernel of the grou@s, T) hav-

ing H asT'-index. So a necessary condition for Bandex D to be admissible

Is that the subindeXDg is a admissibld™-index of ak-anisotropic group.

For general base fields not much is known aboutkfamisotropic groups.
However for a number of base fields, like the real numbers, finite fipldslic
fields and number fields, theanisotropic groups are known. For the remainder
of this subsection we will assume that the classification of admissible indices of
k-anisotropic groups is known for the base fikld/e consider. So we assume
thatD is al-index, for which the subinde®g is admissible and corresponds to
a k-anisotropic groug Go, To) whereTg splits overK. We redefine the notion
of admissibility for these indices now as follows.

Definition 10.22. Thel'-index D is said to beadmissible ove(Gg, Tp) <> Do
if there is a connected semi-simple algebraic gr&uplefined overk and a
maximal torusT defined ovelk such that(Gg, Tp) is the k-anisotropic kernel
of (G, T), andD is thel'-index of G.

From Theorem 7.10 it follows now that  is admissible ove(Gg, Tp) —
Do, then the grougG, T) as described in the above definition is unique up to
k-isomorphism.

10.23. We still need a condition for wherffaindexD = {X, A, Ao(I"), [0]}

is admissible ove(GO, To) <> Do. For this we can use the one cocyc¢le,)

of I' in Autk (G, T) as in 6.1. Recall that the mags are completely deter-
mined by the system, < {¢>, d 1 Y } (see 6.8). So similar as in the case

of involutions the problem of determlnlng whethefandex D is admissible
over (Go, Tp) <> Do comes down to a question about structure constants. The
following result gives a necessary and sufficient condition:

Proposition 10.24. Let D be aT-index and foro € I let g% = [o] tw; L.
ThenD is admissible ove(Gg, To) <> Do ifandonly if{d™t, |ae &g, o€
a’ "o

I'} can be extended to a set of scal&es’, |« e @, o € I'} satisfying
o’ .o

(10.24.1) ooy = 0% o0go., fOr o, y €T
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and for eachr € I" the map defined by, d—dl,l } is admissible in the sense
of 6.8. ’

Proof. LetD = {X, A, Ao(I"), [0]} and suppos® is admissible ovetGo, Tg) —
Do. AssumedD is the I'-index of (G, T), a connected semi-simple group
defined overk having (Gg, Tp) as k-compact kernel. The Dynkin diagram
(X, A) uniquely determines (up ti-isomorphism) a Chevalley grouss, T)
defined overk. Then (G, T) is a K/k-form of (G, T). There exists K-
isomorphismp : (G, T) — (G, T) which is uniquely determined by the system
(9o = ¢° 0 p~ 1) er Of automorphisms in Aw(G, T)). From 6.11 it follows
that o, < {¢%, d;,l_l ,}- The cocycle conditiop,” o ¢, = ¢4, implies that
P9y = ¢y, and from (6.5.2) it follows that the scalafd, ,} satisfy the con-
dition

Oo,0y = dy.o0eo , fOro, y €T
Since(Go, Tp) <> Dy, the scalar$do;,1_l o @€ Po, 0T} are given, and sois
@5 Xo. In fact the isomorphismeg? are determined by thE-index D and the
restrictionsp* | Xo. Namely, using the identification of with X as in 6.1 we
havexl?l = w;1x" = w1 (x) so¢’ = [o] w1 But the diagram automor-
phism [o] is given by thel'-index D, and sincew, € Wy, ¢}| Xo determines
wy. On the other hand, sinc® is admissible it follows from Theorem 7.10
(applied to the cas&' = G) that the set of scalarg ! aed,oel}

— 9
e 1’0

Is determined by the subs{aio;,l,1 ,» @ € ®o, o € I'}. It follows that for each
o € T the set of scalargp?, :=[0] tw;1,d~1, }is admissible in the sense
a® "o

of 6.8.
Conversely if{¢}, d;l } is admissible for each, then they determine a

-1

system of automorphismyg}scr in Autk (G, T). From equation (10.24.1)
and the definition ofp}, it follows than that the systerfy,} is a one-cocycle
of I in Autk (G, T), hence{y,} determines &/ k-form of (G, T). ThusD is
admissible overtGg, Tg) < Do. O

10.25. Restriction to k-rank = 1. Similar as in the case of involutions we
want to reduce the problem of classifying admissiblendices to the case of
I'-indices of groups having-rank= 1. Recall that thé-rank of G is just the
number of restricted fundamental roots®f.

First we give a condition for when a subgroup@&fgenerated by a subset of
a fundamental basis, iskasubgroup ofG.
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Lemma 10.26. LetD = { X, A, Ao(I"), [0]} be an admissiblE-index of(G, T),
A’ a[o]-invariant subset of and G(A’) C G the connected semi-simple sub-
group generated byU,, | « € ® N Ag}. Then GA’) is defined over k if the
following two conditions are satisfied:

1) Al = A/,

(2) ifa e A’”andpB € Ao(T") and(«a, B) # 0, thenB € A’.

10.27. LetD ={X, A, Ao(I'), [o]}. If A’is a[o]-invariant subset oA, then
we can define a subsystetn: = {X', A’, Aj(T"), [0]'} of D whereX’ is the
projection of X on Ag, Ag(I") = A'N Ag(I"), [o]" = [0]| X. The systemD
will be called acanonical subsysteof D.

If D is admissible, (G, T) <> D, and A’ is a subset ofA which satisfies
conditions (i), (i) of Lemma 10.26, then the canonical subsyst&mis clearly
admissible, andG(A’), T') <> Das, WhereT' = TN G(A’) is a maximal
torus of G(A") and A’ = AN T’ is a maximak-split torus inG(A’).

The following result gives a criterion for how one can combine admissible
I'-indices to obtain other admissibleindices.

Proposition 10.28. LetD = (X, A, Ap(T"), [0]), and supposer = A’ U A",

where A’ and A” satisfy conditiong1), (2) of Lemma 10.26 and’ N A” C

Ao(T). Ifthe canonical subsystent®,/, D~ are admissible over & A, (1)),
Go(Ag(IN)), respectively, wheraj(I') = A’'N Ap(I"), Ag(I) = A" N Ag(T),
thenD is admissible ove(Gg, Tg) <> Do.

Remarksl0.29 (1) The conditionA’ N A” C Ag(T") in Proposition 10.28 im-
plies that Ay (I") and Ag(I") consist of unions of connected component of
Ao(T"), henceGo(Ay(T")) andGo (A (")) are normal subgroups Go.

(2) This result reduces the classification to indicek-odink= 1. By Lemma
10.20 we may further assume that the index is absolutely irreducible.

Examplel0.3Q The followingI'-indices are admissible ov&:.

Thus by Proposition 10.28, the followirigtindex for Eg is admissible:

O ® I ® O O
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Remarkl0.31 From the above discussion it follows that the classification of
admissiblel-indices reduces to a classification of absolutely irreducible
indices ofk-rank= 1. For a number of base fields the semisimple algebraic
k-groups have been classified. ko R the classification was already known

to Cartan (see [Car72]). In this case thandices were classified by Araki
[Ara62]. See also [Sat71] and [Hel88] for simplifications of this classification.
The admissiblé™-indices have also been classified feadic fields, finite fields

and number fields. For more details see [Tit66] and [Sat71]. To complete the
classification for these fields one needs to classifkahisotropic semisim-

ple algebraic groups. A classification of these basically reduces to determining
the first cohomology group df in Aut(G). For p-adic fields this classifica-

tion was studied by a number of people, including Tits [Tit66], Satake [Sat63]
and Veisfeiler [Vei64]. The classification in the case of number fields was com-
pleted only recently. For simply connected semisimple algebraic groups Kneser
[Kne65] and Harder [Har65, Har66] determined the first conomology group of
" in Aut(G). The problem of constructing all central simple Lie algebras of
a given type over a number field was solved by a number of people, including
Jacobson, Ferrar and Allison, see [Jac79, Fer76, Fer78, Fer88, All92].

10.32. In the characterization of admissible indiceskiamvolutions we will
need the following result about the admissibléndices.

Lemma 10.33.LetD = (X, A, Ao(T"), [0]) be an admissibl&'-index. Write
id=—1idoid* owq(id) as in 5.12. Them\q(T") is id*-stable.

Proof. Let A be aI'-basis of(X, ®). Since—A is also aI'’-basis of (X, ®)
it follows that — A is a basis of®r, hence there exist®; € W' such that
w1(—Ar) = Ar. Thenwy o —id(Ag(I")) is a basis ofAq(I"), hence there
existsw € Wo(T") such thatwwi o —id(Ag(I")) = Ag(T"). It follows that
wwi o —id(A) = A, henceww; = wg(id). Since id = —idwg(id) and
ww1i o —id(Ag(I")) = Ag(I") the result follows. ]

10.34. Admissible k-involutions. In 6.8 we characterized the indices of invo-
lutions which can be lifted to admissible involutions of the group. Even if these
admissible involutions ark-involutions then they are not necessarily admissi-
ble k-involutions. In the remainder of this section we give a characterization
of the admissibl&k-involutions. We first note that the notion of admissibility
of the k-involutions can be induced td", 0)-indices, which will be easier to
classify. Recall that in Theorem 8.9 we showed that\WeA, T)-isomorphy
classes of admissibleinvolutions of (X*(T), ®(T), ®(A)) correspond with
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congruence classes of certain, )-indices. If we use the same notations as in
5.21 and 8.31, then we can define admissilble®)-indices as follows:

Definition 10.35. Let G be a reductivek-group, T a maximalk-torus of G,
X = X*(T), ® = ®(T), Athe subtorus ofl annihilated byXy(I'"), K D ka
splitting extension fofT andé € Aut(X, ®) an involution. If> is a (T, 6)-
order on(X, ®) andD = (X, A, Ao(I"), Ao(), [o], 6%) the corresponding
(T", )-index, thenD is said to be amdmissible(T", #)-index (with respect to
(G, T)) if Alis a maximalk-split torus ofG and if there exists &-involution
6 of G, normally related toA andx e Zg, (A) such that Inex)6 Int(x 1) is
normally related td, x 1T xis ak-torus and In¢x)0 Int(x 1| T = 6.

From Theorem 8.9 it follows now that th&/ (A, T)-isomorphy classes of
admissiblek-involutions of (X*(T), ®(T), ®(A)) correspond with the con-
gruence classes of admissilgle, 0)-indices:

Proposition 10.36. Let A be a maximal k-split torus of G andJ A a max-
imal k-torus of G. There is a bijection between th¢ AY T )-isomorphy classes

of admissible k-involutions @¢iX*(T), ®(T), ®(A)) and the congruence classes
of admissiblgT", )-indices of(X*(T), ®(T)).

10.37. To classify the admissibi€', 6)-indices we can first determine all the
possible(T", #)-indices. Recall that from Proposition 5.26 it follows thdt a
index is a(T", #)-index if and only if

(10.37.1)
If &1 C ®o(Tp) irreducible componentthen®1 C ®g(0) or &1 C Po(I).

The problem which remains then is to determine which of thi&s@)-indices
are admissible. An admissibl@, 6)-index also satisfies the following condi-
tions:

Proposition 10.38. Let D = (X, A, Ao(T"), Ao(0), [o], 6%) be an admissi-
ble (T", 6)-index. ThenD satisfies the following conditions:

(1) ®Po(0) is w,-stable for eacly € T'.

(2) Ao(0) is[o]-stable for eacly € T.

(3) ©o(T") iswo(h)-stable .

(4) Ao(T") is 6*-stable.

(5) wo(0) and[o] commute for each € I
(6) 6* and[o] commute for each € T'.

(7) w, commutes witld for eacho € T'.
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Proof. By (4.4.1)00 = 6o for all 0 e '. Leto € T" andw, € Wo(I") such
thato (Ao(I")) = wy(Ao(I")). Then by Proposition 4.9(2) we havg A) =
wy(A). Sinceo(Pg(0)) = Po(h) and p] = w;lo statement (2) is equivalent
to we (Po(0)) = do(F). We will show the latter. Since by Proposition 5.26
Do(T, 0) = do(I') U dg(A) we may restrict to the case thdt = do(T, ).
Write ®o(I", 0) = &1 U --- U &, where eachb; is irreducible(i =1, ..., n),
Dy, ..., D & ©o(0) and dryq, ..., Py C Po(F). If i >, thenw,(dj) C
dp(f). So we may assum@o(I", 0) = do(I'). Sinceoh = Ho it follows
thato(Ag(I)) is also ap-basis ofdg(I"). Moreover sinceD is admissible it
follows thatd| ®o(I") is admissible as well, hendk is a root system with basis
Ag. Theno(Ay) is a basis ofb, as well, so by Proposition 4.11(3) there exists
w € WY such thatw(o(Ag)) = Ag. Now wo(Ag(9)) and Ag() are bases
of ®g(h), so there existawg € Wp(0) such thatwowo (Ag(0)) = Ag(0). But
then alsowowo (A) = A. It follows thatw;1 = wow, but thenw, (®g(0)) =
dg(0), what proves (1) and (2).

(3) and (4). Writed = —id#*wp(6) as in 5.11. Sinc@(Po(I")) = Po(I)
it follows that (4) is equivalent tavg(0) (Po(I")) = Po(I'). With a similar
argument as in the proof of (2) we can reduce to the casebifpdt) C ()
and® = ®q(0). Note that sinceD is admissible the restriction @y to ®q(0)
is also an admissibl€-index. For each irreducible component ®§(6) we
have that eithe¢* = id, 6* = id* or 6* exchanges to irreducible components.
Now the result follows from Lemma 10.33.

(5). Recall thatwo () is the unique Weyl group element W (6) such that
wo(0) (Po(0)T) = Po(A)~. Since by (2) F](Ag(8)) = Ag(0) it follows that
[6]wo(0)[6] 1 (Po() ) = ®o(6)~, hence §lwo(H)[0]~ = wo(H).

(6). Leto € I'. Recall that by (4) the diagram automorphignleaves
Ao(T)-stable. Butthef*[s]6* (®o(I) 1) = 0*[0] (Po(I) ) = do(I")*. From
the definition of p] it follows now that6*[o]6* = [o].

Finally as for (7) note that frors6 = 6o for all o € T we getfw; 1[o] =
w; 0] = w;0[c]. From this it follows thatw, = w.6, what proves the
result. O

Corollary 10.39. Let ¥ be a semisimple root datum, |€t 6 act on (X, ®)
as in 5.21, assume that for all € I" we haved® = 6, let = be al'y-order on
(X, ®) with basisA such that conditiorf10.37.1)is satisfied and assume that
Ao(T) isid*-stable. Then the following are equivalent:

(1) [0] commutes witld* andwq(6).

(2) Ao(T) is 0*-stable andAg(0) is [o]-stable for eaclr € T'.

Proof. From the proof of Proposition 10.38 it follows that (2) implies (1).
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Write 6 = —id 6*wq(#) as in 5.11. If p] commutes witho* andwg(6), then
[0] also commutes witl®, henceAq(6) is [o]-stable for eachy € I'. Since
O(Po(I")) = Oo(I') andd* (Ao(T")) C A it follows that Ag(T") is 6*-stable if
and only if wg(0) (®o(I')) = do(I"). We will show the latter. By (10.37.1)
we have that for each irreducible componéntc ®q(I'y) eitherd, C ®g(0)
or ®; C ®g(I'). Write ®o(I",0) = &, U --- U Oy, Where eachd; is irre-
ducible(i=1, ..., n)and suchtha®, ..., & ¢ ®o(f) andd,,1,..., Py C
D (). Sincedy(0) C Po(Iy) it follows thatwg(6) can be written asg(0) =
wi...wnWith wi € W(®) fori = 1,...,n. SinceAq(I') is id*-stable it fol-
lows thatw;j(®g(I")) = ®o(I") fori=r +1,...n. Sincew; € Wo(I'") for
i=1,...,r it follows that alsow;(®g(I")) = ®o(I") fori = 1,...r, hence
wo(0) (Po(T")) = ®o(I"). This proves the result. O

This leads to the following definition.

Definition 10.40. Let W be a semisimple root datum, |[Et 6 act on(X, ®) as

in 5.21 and assum#& = ¢ for all o € I". The involutiond of (X, ®) is called

a basicl'g-involution if there exists d&'y-order> on (X, ®) with basisA such
that condition (10.37.1) is satisfiedyo(I") is id*-stable, Ao(I") is 6*-stable
andAq(0) is [o]-stable for eacly € T'. In this case we call the corresponding
6-tuple (X, A, Ao(I"), Ag(0), [o], 6*) abasicI'y-index

Notation10.41 A basicTy-indexD = (X, A, Ag(T"), Ao(0), [o], 6*) con-
tains both d"-index and &-index. Denote th&-index byDy = (X, A,Aq(T"),
[0]) and thes-index by Dy = (X, A, Ag(6), 6%).

Remarkl0.42 If D is a basicl'y-index such that the correspondiigindex

Dy is admissible, then the conditiomj(I") is id*-stable” is automatically
satisfied (see Lemma 10.33) and would not be needed in the definition of basic
['y-index. However this condition is needed to prove Corollary 10.39, which
is independent of the condition tha is admissible and will be useful in the
classification.

10.43. Similarly as for admissiblE-indices one can restrict an admissible
(T, 6)-index D = (X, A, Ao(T"), Ag(0), [o], 6%) to the k-anisotropic ker-
nel Go and obtain an admissibl@™, 6)-index Dg = (Xo(I'), Ao(T"), Ag(H),
[0]]Ao(T), 6*|Ao(T")) of the pair(Xo(I'), ®o(I')). Similar as in 10.21, the
admissibility of a(T", 6)-index D depends on the admissibility of the restric-
tion indexDo. In Theorem 10.45 we will see that one can always extend an
admissible restriction index to an admissible indexXg(I'y).

We will need the following result:
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Lemma 10.44. Let D be a basicly-index, A={t e T | x(t) =eforall x
Xo(IM)} the annihilator of X%(I") and ¢ € Aut(G, T) such thaty* = 6. Then
p(A) = A.

Proof. SinceXy(I") is 6-stable it follows that foa € Aandy € Xo(I') we have
x(p(@) =60"1(x)(a) = 0(x)(a) = e hencep(a) € A. 0

We can now characterize when a basieindex is an(I", 6)-index and when
these are admissible. These problems can be solved simultaneously.

Theorem 10.45.Let (X, ®) be as above, Idt, # act on(X, ®) asin 5.21 and
assume&”’ = 0 for all o € I'. Let A be al'y-fundamental basis afX, ®) and
letD = (X, A, Ag(I"), Ag(0), [o], 6*). Then the 6-tupleD is an admissible
(T", 8)-index if and only if the following conditions are satisfied

(1) D is a basicl'yg-index.

(2) Dy is an admissibl@™-index.

(3) Dy is an admissibl@-index.

(4) Do is an admissiblgT, 6)-index.

Proof. If D is an admissibl&I’, 9)-index, then bothDy and Dy are admissible
and clearly the restriction @b to g is admissible. By (10.37.1) and Proposi-
tion 10.38D is a basid y-index. So it suffices to show the "if’ statement.

Assumed is a basicl'y-index, such thatDy is an admissibld™-index, Dy
is an admissibl@-index anddg is an admissiblgT, 6)-index. Let{Xy}qecd
be aK-realization of® in G as in 6.7,A a (T", §)-basis andx € Aut(G, T)
the automorphism as in 10.7. Sing® is an admissibl@-index there exists
by Proposition 10.8(3) &€ -|-9+ such tha® = 6, Int(t) is an involution. Let
A be the annihilator oo (I"). SinceDy is admissibleA is a maximalk-split
torus of G. Moreover sinceD is a basicl'y-index it follows from Lemma
10.44 tha®(A) = A, henced| Zg(A) is an involution as well. Sinc®g is an
admissible(T", #)-index there exists &-involution 8; € Aut(Zg(A), T) such
that 07 = 6| Xo(I'). Let Ty = TN [Zg(A), Zc(A)]. By [Hel88, 3.8] there
existst € (Ty); such that; = 0| Zg(A) Int(t). Letd, = Int(t) € Aut(G, T).
Since(Ty), C T, itfollows from Remark 10.9 that; is an involution. Since
02| Zg(A) = 01 is ak-involution it follows from Proposition 6.10(2) that for all
o € I'anda € Ag(T):

(10451) Cg’ezde(a)’o' = Caa’ezda,o'.

Similarly if « € Ag(0), then sinceDy is admissible we have, g, = Cyo 9, =
1, hencecggezdg(a),(, = Cuv.0,d0.c. Combined with (10.45.1) it follows now
that 0| ®q(T", 6) is an admissibl&-involution, i.e. if Ag is the annihilator of
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Xo(T', 0), then6z| Zg(Ao) is ank-involution. We must show now that there
existst € Ag such thab, Int(t) € Aut(G, T) is ak-involution. Lett € Ag and
write ¢ = 62 Int(t). SinceAg C T, it follows from Remark 10.9 thap is an
involution. Define

Cogp Uo).0 () Coo, oa).o
Cao ., da,(r a’(t) Cao .0, da,(r .

We need to show now that we can find Ag such thae, , = 1 foralla € @,
o € I'. Note that sincep|Zg(Ao) is ak-involution, we have by Proposition
6.10(2)e,, = 1 for alla € ®o(T", 0), o € I'. So it suffices to show that the
Cai o @i € A — Ag(T", 6) (or equivalently thex;(t), aj € A — Ag(T", 8)) can
be modified so that, , = 1 foralla € &, 0 € T.

Sinced = ¢* andy’ = O forall o € ', Proposition 6.10 and equation (10.45.2)
imply ¢7 < {6,€ ,1 Cop) ande” o ¢! < {id, €1} It follows from

[Hel88, 3.8], that for eacla € I' there existd, € T,” such thaty® o —
Int(t,). But thenea(,_l , = a(ty). From this it easily follows that

(10.45.2) €0 =

(10.45.3) € 0o =6
eoz—i—ﬂ,a = ea,aeﬁ,o-

From these equations, itis clear that if we can choose the scalgrsyj € A —
Ao(T", 0) sothate,, , = 1forallo € T, thene, , = 1foralla € ®,0 € I'. The
relationeag_l , = a(ty) shows thag, , depends only o mod (Po(T", 0))7.

Since by (6.5.2¥y, 5y = di sdyo ,, for o, y € I it follows from equation (10.45.2)
that the scalars, , satisfy a similar condition:

(10.45.4) €0y = E4.0€0,, forallo,yeT.

FiX Ar € Ar,, @i € A — Ag(T, 0) such that,, = m(aj) € ®(Ag). Lety e T
andw, € Wo(T", 6) such thaty = w,[y]. Thenozi[)’] = w;laiy = Oliy + xo for

somexo € ®o(T,0)z. Sincexo(ty) = 1 it follows thata? (t,) = o (t,),
hencee,r , = e m . Note that sincep| Zg(Ao) is ak-involution it follows

that x(t,) = 1 for x € Xo(I'p). Sinceal”|Ag = ai| Ag = A, it follows that
oci[y] —a € Xo(Ty), hencei(ty) = o (ty) = ai[y] (t,). But then also

(10.45.5) €0 = €01 , = o forallo,y € T.
Combined with (10.45.4) it follows that
(10.45.6) €0y = Eh o€y, foraloyerl,
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hence the system of scaldas, ) is a one-cocycle of in K*. From Hilbert’s
Theorem 90 it follows that there exists an elemgn¢ K* such thate,, , =
n’u~l. SinceAr, is a basis of the root systedr, there exists;, € Ag
such thato(t;,) = Ar(t;,) = p~t andAj(ty,) = 1 for A} € Ar, with Aj #
Ar. Replacingy by ¢ Int(t,,) thenc,, , is replaced byrlcai,(p, so (10.45.2)
impliese,; » = 1 for allo € I'. Now for eachij Arg choose an element
t,; € Ao as above and lep = nk;eir(, t,;- Replacingy by ¢Int(tp) we get
eyvo = 1foralla € A ando € T', hencep Int(tp) is ak-involution.

Finally from Corollary 10.5 it follows thaf\g is a maximal(9, k)-split torus
of G. This proves the result. |

Remarkl0.46 If k= R andGg is compact, then an involutighe Aut(X, ®)
can be lifted to an admissibleinvolution of Gy if and only if it can be lifted to
an admissible involution os. From this it follows that fok = R a restriction
index Dg is admissible if and only if it is an admissibdeindex. So in the case
of real groups one can drop condition (4) of Theorem 10.45.

Remarkl0.47 For the classification of admissibiindices andl'-indices a
reduction to the restricted rank 1 indices was needed and these were classified.
For the admissibl€l’, 0)-indices this reduction is not needed, as follows from
the above result.

11. Classification of the admissible (T", 8)-indices

It follows from Theorem 10.45 that in order to classify the admissible))-
indices one needs to have a classification of 4 different indices. Two of these
are already known. The admissilifeindices were classified by Tits in [Tit66]
for a number of base fields and the admissiblé-indices were classified in
[Hel88]. It remains to classify the basi-indices and the restriction indices
of k-anisotropic groups. In this section we discuss a classification of these for a
number of base fields and combine these classifications to obtain a classification
of the admissiblgT", 6)-indices fork the real numbers, p-adic fieldQp, a
number fieldn and a finite fieldr,.

11.1. Basic I'p-indices. To classify the basid'y-indices we use Proposition
10.38 and Corollary 10.39. For a number of base fields one can sharpen those
conditions. For example in the case that R we have thatbg(I') = {x € ® |

a2’ +a=0}={oxe®|a’=—a}. Let A be aI"-basis of® andw, € Wo(I")

such thab (Ag(T") = ws(Ag(T"). Sinceo(Ag(T")) = —Ag(T) it follows that

w, IS the opposition involution ire Wp(I") with respect toAq(I") (see also
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[Hel88, 2.9]). But then¢] andw, commute. From Proposition 10.38 it follows
now that in this case*, wo(6), [c] andw, commute. Combined with Corollary
10.39 we get the following characterization of the bdgjeindices in the case

thatk = R:

Corollary 11.2. Let k=R, W a semisimple root datum and assume act on
(X, ®) asin 5.21. A sixtupleD = (X, A, Ao(I"), Ao(0), [o], 6*) Is a basic
[p-index if and only if it satisfies the following conditions:
(1) [¢] and6* commute.
(2) Ao(0) is[o]-stable,o € T', and Ap(T") is 6*-stable.
(3) for every connected componefi of Ag(0) U Ag(I") we haveA; C
Ao(I') or A1 C Ag(0).

11.3. Similarly as in the case a@f-indices (see 10.19) the classification of
the (T, )-indices can be reduced to a classification of absolutely irreducible
(I, ©)-indices. That it suffices to consider absolutely irreducible indices can
be seen as follows. Suppose = (X, A, Ag(I"), Ag(0), 6%, [0]) and X is
simply connected. IfD is irreducible, but not absolutely irreducible, then
A = A1U...U Ag, Where theA; are mutually disjoint connected components
of A and correspondingly one has= X1 +---+ Xsand® = &1 U --- U Ds.
Define &, = {0 € I'y | A[f] = A} andTl; ={oc el | A[l"] = A1}. Then
Ty = U, 6101, whereA; = AL Let D1 = (X1, A1, A1 N Ag(T), Ag N
Ao(0), 6%, [0]), whereo € I'1 and letk; be the fixed field ofi";. Denote the
underlyingI';-index of D, by D1(k1). We note thag; is the subgroup of 'y
spanned by, and{id, —6} if 6(A1) = A and&; =Ty if 6(A1) # A1

We have the following cases:

11.3.1. & =T'y. We note first that theérl™, 6)-indexD is absolutely irreducible

if and only if &1 = I'y. In Table 1 we list the absolutely irreducib{&’, 6)-
indices together with the corresponding reduced root system of the symmetric
k-variety fork the real numbers, g-adic fieldQp, a number fieldi and a finite

field Fq. In this table we use the diagrammatic representation of( Ihe)-
indices as in 5.28. For a more detailed discussion of the notion used, see 11.4.

11.3.2. 81 # 'y and &1 2 I'1. The condition&; 2 I'1 implies that—6 € &1,
henced(A1) = Aj. In this case we getcopies of the(T", 6)-index D;.

11.3.3. &1 #Tyand—60 ¢ & =T1=T. Since—0 ¢ &1, itfollows that6* (A1) #
A1. So in this cases = 2 andf exchanges two copies of the absolutely irre-
ducibleT"-index D1 (k).
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11.34.861#Ty, I'1 C T, -0 ¢ & =T'1 and Dy is irreducible. Since—6 ¢ &1
we haved* (A1) # Ay and sinceDy is irreducible it follows thas = 2. Finally
sincel’'1 C I it follows thatI™ also exchanges two copies of the diagrak).

11.35.861 # Ty, I'1 C T, =0 & & = TI'1, Dy is not irreducible andDy is
irreducible. In this cases = 2r is even and™*(Aj) # Aj foralli=1,...,s.
So6* maps one half of the irreducible components into the other half. Since
6* and [p] commute for allo € T this restricts the number of possible cases
considerably. An example of this is the following index whére C X is of

type A; and Dy consists of 4 copies oA; exchanged by, 02, 03,04 € T

[o3]

O @)
[02]& 6" [04]& 6%
O @)

[o1]

In this case the restricted root systdniA, ) is isomorphic tob;. We note that
if |I"| = 2 (for example itk = R) then this case does not occur.

11.3.6. 61 # Ty, 1 C T, -0 & & =T'1 andDy, Dk are notirreducible. Since

D is irreducible, Dy not irreducible and* commutes with the action df the
T-index Dx consists of two irreducible componeng! and DZ. Similarly
since D is irreducible and* and [p] commute for allo € I' it follows that

0* (DY) = DE. Finally sincel’; ¢ I' theT-indicesD} andD are irreducible,
but not absolutely irreducible. An example of this is the following index where
®q C XpisoftypeA; andi)k1 consists of 3 copies ok exchanged by, o2 €

I

[o1] [o2]

Note that in this case the restricted root systeA, ) is isomorphic tod;.

11.4. Inorderto be able to refer to the absolutely irreduqiblep)-indices in
Table 1, we will use the following notation, which combines the notation of Tits
[Tit66] for I'-indices and the notation in [Hel88] férindices. In particular let

D = (X, A, Ao(I'), Ag(0), [o], 6*) be a basid's-index as in 10.40 and let
Dy and Dy be the corresponding-index and the-index as in 10.41. For the
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I-indices we use the notatidtX{ ;. Here X denotes the type ob, i.e. one of

A, B,..., G,ntherank of®, r the rank ofAr andg the order of the action of

I" on the Dynkin diagram. In the case tlgp&= 1 (i.e. the Dynkin diagram has

no nontrivial automorphism) we will omit it in the notation. Finatlylenotes
either the degree of the division algebra, which occurs in the definition of the
considered form or the dimension of the anisotropic kernel. To differentiate
between these two cases we pletween parentheses when it stands for the
degree of the division algebra. In fact the degree of the division algebra is only
used if X is of classical type.

As for theé-indices they can be described by the type in the Cartan notation
together with the rank of the restricted root systap) see [Hel88, Table II].

We will use a superindex to indicate the rankf. Similar as in [Hel88] we
omit the action ofd* on Ag(6) in the 6-index, becausé@*|Ag(0) = —wg(0)

is completely determined by the type of the root systegid). So combining
these two we will denote &I, 6)-index by 9X{ ; (typeoP), wheredX{ , is as
above, typé is the Cartan notation of the involution ampddenotes the rank of
Ag. For exampIezAéIthl npp (11 ID) means tha® is of type Aony 1, 6 is of type
Allly, the action ofl" on the Dynkln diagram is the diagram automorphism,
the degree of the division algebra is 1 and raink= n+ 1, rankAy = p.

In the next column of this table we list the Dynkin diagram of the restricted
root system of the corresponding symmekeeariety, which is the root system
of a maximal(6, k)-split torus of G. The multiplicities easily follow from this
restricted root system and the correspondifigf)-index.

In the last 4 columns of this table we indicate if a particular 6)-index is
admissible or not for the 4 different types of fields we consider. Herg¢'a “
means that thigI", 6)-index is admissible for at least one field of that type (say
for example number fields). Similarly a&" means that thigI", )-index is not
admissible for all fields of that type.

In the Table we will also writd™* instead of §] if the action [] of " on A is
non-trivial, i.e. a* in the index means that for each the diagram automorphism
which is indicated with an arrow, there existg & I', such that the action of
[o] is precisely this diagram automorphismdifis irreducible them\ has more
then one non-trivial diagram automorphism if and onlybifs of type D4. So
only in this casd™ can stand for the action of more then one elemehtfith
oel.
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120 A.G. HELMINCK

For the isomorphy of thi-involutions of G we will use a notation similar to
that of the(T", 6)-indices. Since &I', 0)-index D determines only the isomor-
phy class of ark-involution underNg(A) (see Theorem 8.33) we have to add
some notation to represent thésevolutions. Ifo is ak-involution of G, nor-
mally related to(T, A) as in 8.2 with(T", 8)-index D, then the other isomorphy
classes irCa(o) differ at most &k-inner element. Therefor we will denote the
k-involutions in a clas€a (o) by: gX,‘”(typeep)(a, €i), wheregxﬁ,,r(typeep)
represents ther', 6)-index D and{¢; | i € 1} is a set ofk-inner elements in
A representing the different isomorphy classe€j(o). All these involutions
have the samé€rl’, 9)-index D.

Remarkl1.5 If the Dynkin diagram of the restricted root systeb(A;) of
the maximal(6, k)-split torusA; of G is of type By, then® (A, ) is of type Bp
or BCp. Infact®(A,) is always of typeBC,, except in the following cases:
(1) @ is of typeBy,.
(2) @ is of type Dy and thel'y-index is one of the following:

1P 1P
(}O—O—< oo o0—e-- [aﬁ or
n
1 n—-2 n—

(3) rank® (A, ) = 1 and® is of exceptional type (i.e not a restricted rank 1
case of one of the infinite families). In these cdse?, ) is of type BG;.

We conclude this section with the following result about the irreducibility of
the restricted root systed (A, ):

Proposition 11.6. Let A be a maximal k-split torus of G, A a maximal k-
torus of G,D an admissibleT", 6)-index and’ € Aut(G, A) the corresponding
k-involution. ThenD is irreducible if and only if the restricted root system
® (A, ) isirreducible.

Proof. This result is immediate from the classification of the admisgible))-
indices in Table 1. A proof independent of the above classification can be ob-
tained using an argument similar to the one used in [Hel91, 2.15]. O
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