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Abstract. The asymptotic behavior of dissipative hyperbolic systems is very sensitive to the
precise nature of the dissipation. Dry (Coulomb) friction is a limit case that has not been fully
analyzed, for instance with respect to the asymptotic time behavior of solutions. Examples of such
a problem are given by simple models of granular materials in containers. A numerical approach for
generic problems of this type is proposed. The algorithm is based on the Discontinuous Galerkin
method; the resulting scheme is briefly analyzed. Numerical results show the asymptotic stress
profiles to be distinct but “close” to those predicted by an elementary analysis due to Janssen (1895)
that still plays a role in Engineering today.
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1. Introduction. This paper is concerned with a problem of the type

∂tu− ∂zv = 0, (1.1)
∂tv + ∂zσ(u) ∈ h(u, v), (1.2)

where σ and h are given functions of their arguments. In what follows, u will be
thought of as a strain, v as a velocity and σ as a stress; Lagrangian coordinates
are used throughout. The function σ satisfies σ′(u) ≤ 0, making the above system
hyperbolic. The function h typically corresponds to dissipative effects, in a sense to
be made precise below.

If h ≡ 0, (1.1, 1.2) is the so-called p-system, a standard model problem. The case
h(u, v) = −αv, α ≥ 0 is also well studied [7, 13, 15, 19, 20, 26]. The popularity of that
latter example is mainly explained by the relative ease with which energy arguments
can be applied. Indeed, multiplying (1.2) by v clearly yields a right hand side with a
definite sign. The diffusive character of more general cases requires a deeper analysis,
see for instance [18] where h depends nonlinearly on v in a water-hammer problem.
General approaches are starting to emerge, as in [12] where refined energy estimates
are used.

In this paper, h is proportional to the stress σ. The resulting problem corresponds,
for instance, to wave propagation in a granular material in the presence of dry –
Coulomb– friction. A model is described in detail in Section 2. A discretization of
the resulting problem by a Discontinuous Galerkin method is proposed in Section
3, together with an analysis of the semi-discretized problem. Numerical results are
discussed in Section 4. In particular, the long time behavior of solutions to (1.1, 1.2)
for specific initial/boundary conditions is studied numerically. Under the assumptions
retained, and to the best of the authors’ knowledge, the corresponding theoretical
problem is open. This study also provides a dynamical version of the classical model
of stress distribution proposed by Janssen in 1895 [16] described in Section 2.

∗Department of Mathematics and Center for Research in Scientific Computation, North Carolina
State University, Raleigh, NC 27695-8205, USA. Current address: Sandia National Laboratories,
Albuquerque, NM.

†Department of Mathematics and Center for Research in Scientific Computation, North Carolina
State University, Raleigh, NC 27695-8205, USA (gremaud@unity.ncsu.edu). Partially supported
by the National Science Foundation (NSF) through grants DMS-0204578, DMS-0244488 and DMS-
0410561.

1



2 K. COFFEY & P.A. GREMAUD

2. Janssen’s model. Consider a vertical container filled with granular material.
When measuring the (average) stress in the material as a function of the depth d, one
finds the stress to increase linearly with depth, for small values of d. However, at
larger depths, the stress eventually asymptotes to a constant value, independent of
d. This behavior results from the presence of frictional forces between the grains and
the wall that partially support the material. More than a century ago, Janssen [16]
proposed a mathematical model describing this phenomenon. Janssen’s model, while
far from perfect, provides approximate values for the stress variations in the material.
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Fig. 2.1. Geometry and coordinates.

Janssen’s model was originally written for right vertical cylindrical domains with
circular cross sections. While more general geometries can easily be considered, see
e.g. [6], we retain this simple setting and use the cylindrical coordinates (r, θ, z), see
Figure 2.1. The mechanical state of the material is described by its stress tensor
T and velocity v. Neglecting radial and angular dependencies, we get by virtue of
axisymmetry (with a slight abuse of notation)

T (r, θ, z) =

 Trr(z) 0 Trz(z)
0 Tθθ(z) 0

Trz(z) 0 Tzz(z)

 and v(r, θ, z) =

 0
0

v(z)

 .

Janssen’s approach is based on three questionable assumptions
1. on each cross section, all physical quantities are constant;
2. Tzz and Trr are principal, i.e., T is diagonal;
3. Tzz and Trr are proportional: k = Trr

Tzz
where k is determined experimentally.

The forces acting of a slice of material between z and z + ∆z are due to the
internal stresses in the material: πR2(−Tzz(z +∆z)+Tzz(z)), gravity: πR2∆zρg and
friction forces at the wall: −2πR∆zτw, where R is the radius of the cylinder, ρ is
the density, g is the acceleration due gravity and τw is the average wall shear stress.
Therefore, conservation of momentum leads to

ρ ∂tv + ∂zTzz +
2
R

τw = ρg.
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We adopt the simple frictional model

τw = µw sgn(v)Trr = kµw sgn(v)Tzz,

where µw is the coefficient of friction between wall and grains and sgn stands for the
usual graph

sgn(v) =

 −1 if v < 0,
(−1, 1) if v = 0,

1 if v > 0.

Note that sgn defined this way is a maximal monotone graph [4]. More involved
frictional models can be found in the literature [21, 25]. Conservation of momentum
can be rewritten

ρ ∂tv + ∂zσ − ρg ∈ − 1
λ

sgn(v)σ, z > 0, (2.1)

where σ = Tzz and λ = R
2kµw

is a characteristic length. Constitutive assumptions are
needed to close the model. Elastic responses are assumed from the granular medium.
Accordingly, the stress σ is taken as a function of the strain u, more precisely

σ(u) = max{0,−σ0u|u|m−1}, (2.2)

where σ0 > 0 and m >= 1 are two constants, see [3] for derivation and range of
validity. Relation (2.2) is compatible with both σ ≥ 0, reflecting the fact that a
granular material can support only compressive stresses, and σ′ ≤ 0 which corresponds
to hyperbolicity.

Theoretical and experimental studies differ as to the values of m, respectively
m = 3/2 [10] and m = 2 [9]. In [3], only the linear case m = 1 is studied. The
material is supposed to be at rest before the experiments. The following values are
typical [23]

R = 1/4 ft, k = 1/3, µw = tan(π/9), ρg = 60 lb/ft3.

This determines the magnitude of the characteristic length λ as about λ ≈ 1ft.
The problem can be rewritten in a non dimensional form by introducing

z̄ =
z

λ
, t̄ =

√
σ0

ρ

t

λ
, v̄ =

v√
σ0/ρ

, σ̄ =
σ

σ0
.

From now on, we shall use exclusively the non dimensional quantities defined above;
for convenience, the “bars” are omitted. The problem consists then in determining a
velocity v and a strain u satisfying the following equations

∂tu− ∂zv = 0, z > 0, t > 0, (2.3)
∂tv + ∂zσ(u)−G ∈ −sgn(v)σ(u), z > 0, t > 0, (2.4)

u(0, t) = ub, ∀t > 0 (2.5)
u(z, 0) = v(z, 0) = 0, ∀z > 0 (2.6)

with G = ρgλ
σ0

and where ub is such that σ(ub) ≡ σb corresponds to the normal stress
applied at z = 0. Even though straightforward energy arguments along the lines
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of [7, 13, 15, 19, 20, 26] cannot be applied, the above system admits the canonical
entropy function E(u, v) = 1

2v2+Σ(u) with Σ′(u) = −σ(u); E is convex since σ′(u) ≤ 0.
Multiplying (2.3, 2.4) by E ′ and rearranging shows that every smooth solution satisfies

∂tE + ∂zF = G,

where F(u, v) = vσ(u) is the entropy flux and G(u, v) = Gv − |v|σ(u). Recent
progress has been made in the analysis of such systems. However, while (2.3, 2.4)
can be shown to be entropy dissipative, it is not strictly entropy dissipative (see
[12], Definition 2.2), precluding the direct application of the results from [12]. This
difficulty is compounded by the possible presence of “vacuum states” (for nonlinear
cases, m > 1, σ′ vanishes for u = 0 and strict hyperbolicity is lost). Other difficulties
include the presence of a boundary condition, (2.5), the stiffness of the source term,
and the initial discontinuity at the boundary.

An outstanding question for partially dissipative hyperbolic systems is the asymp-
totic behavior of the solutions. This question has only recently been solved for the
easier case of the p-system with frictional term proportional to the velocity, see [14, 15]
and the references therein.

We take equilibrium solutions to be states for which the entropy production G
vanishes [2]; hence, those solutions are here characterized by v = 0. Note that this is a
different and more thermodynamical definition than the dynamical system approach
taken in [12], which would require in the present case sgn(v) = 0. While it seems
natural to conjecture that the velocity converges to zero, v(·, t) → 0, as t → ∞, the
asymptotic behavior of the strain u is less clear. In his original work [16], Janssen
considered that the material had reached a steady state. Further, it was assumed that
the grains at rest were about to slide down (the slightest increase in vertical stress
would result in motion). This corresponds to assuming sgn(v(·, t)) → 1 as t → ∞
in (2.4). As a consequence, the frictional force takes its largest allowable value. The
resulting equations are

∂zσ + σ = G, z > 0, (2.7)
σ(0) = σb, (2.8)

where σb is the prescribed normal stress at z = 0. Equations (2.7, 2.8) is the model
proposed by Janssen. It can easily be integrated and leads to the stress profile

σ(z) = (σb −G)e−z + G. (2.9)

In [3], (2.3–2.6) is proposed as a dynamical version of (2.7, 2.8). This new ap-
proach, while retaining some of the questionable assumptions from Janssen’s model,
provides a first description of how steady stress profiles are reached and of their nature.
Boutreux et al. conclude from a partially analytical study that the stress predicted
by Janssen was not reached. The present study expands on [3] in two directions: first,
the role played by the elastic behavior of the material is examined in detail; second:
the equations are numerically solved with a high order method (third order Discon-
tinuous Galerkin method). Our numerical study shows that the asymptotic stress
profiles are indeed different from, but close to, the profiles predicted by Janssen.

The gravitational effects being not of primarily interest, the cylinder is now set
horizontally. The driving force is the boundary condition (2.8); in other words, G = 0
(g = 0) from now on, see Figure 2.2.
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Fig. 2.2. Experimental setup: a semi infinite cylinder contains a compressible granular material;
a pressure step is applied at the end.

As confirmed by the numerical experiments from Section 4, a stress front propa-
gates through the material. The states to the right of the front being zero, a simple
Rankine-Hugoniot analysis shows the front speed to be

s = |uL|
m−1

2 , (2.10)

where uL is the value of the strain at the front (from the left). In the linear case,
m = 1, the speed of propagation is constant s = 1. The value vL of the speed at the
front (from the left) satisfies

v2
L = |uL|m+1. (2.11)

In all cases, the amplitude of that pressure step is observed to decay due to the
presence of the wall friction. A stopping wave is also formed behind the pressure front;
behind this wave, all motion stops. As that latter wave propagates at a higher speed
than the pressure step, the second front catches up with the first one. Therefore, due
the dissipative frictional effects present in (2.3–2.6), the perturbation introduced at
z = 0 only propagates a finite distance through the material before dying out. All
motion eventually stops. Upper bounds for z and t are chosen accordingly, here L
and T , respectively.

The precise behavior of the solutions is delicate. Consider for instance the situa-
tion to the left of the stopping front, where v ≡ 0. If we want to maintain ∂tv = 0,
then, from (2.2) and (2.4) (with G = 0), the term sgn(v) must satisfy

sgn(v) = −m
∂xu

u
.

This is of course only possible if |m ∂xu
u | ≤ 1. As shown numerically in Section 4,

there are cases for which the subsequent loading after passage of the stopping wave
cannot be compensated by the frictional effects. We view this nonintuitive behavior
as a sign of the possible shortcomings of the considered frictional model.

Some further analysis can be done in the linear case, i.e., m = 1 in (2.2). The
resulting equations are

∂tu− ∂zv = 0, z > 0, t > 0, (2.12)
∂tv − ∂zu ∈ sgn(v)u, z > 0, t > 0, (2.13)

with again (2.5, 2.6) as boundary and initial conditions. For small times, i.e., before
formation of the stopping wave, the above problem can be solved analytically. More
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precisely, consider (2.12, 2.13) in the domain where v > 0. The equation can be
rewritten

∂ttu− ∂zzu− ∂zu = 0. (2.14)

In the domain where v > 0, a standard Fourier transform method leads to [3]

u(z, t) =


ube

−z/2

(
cosh( t−z

2 )− t
2

∫ 1

z/t

cosh(
yt− z

2
)
J1((t/2)

√
1− y2)√

1− y2
dy

)
if z ≤ t,

0 if z > t,

where J1 is the Bessel function of the first kind of order 1. The value of u at the front
of the pressure wave is thus at time t: u(t, t) = ube

−t/2, and consequently the value of
the velocity on that front is v(t, t) = −ube

−t/2. The velocity itself v can be obtained
by integrating (2.12)

v(z, t) =
{
−ube

−t/2 −
∫ t

z
∂tu dy if z ≤ t,

0 otherwise.

Note that for a given z, the above expression for the velocity eventually becomes
negative as t increases, whereas the above solution is only valid where the velocity is
positive. A physically based modification of the approach, as opposed to mathemati-
cally based, is proposed in [3].

3. Numerical method. Equations (2.3, 2.4) are discretized in space using a
Discontinuous Galerkin (DG) method of order 3 see [5] and the references therein. For
N > 0, we set ∆z = L/N and consider a uniform partition of (0, L) as {zj+1/2}N

j=0,
where zj+1/2 = j∆z. This defines N intervals Ij = (zj−1/2, zj+1/2) of center zj =
(j − 1/2)∆z, j = 1, . . . , N . At any given time, the numerical solutions are sought in
the space

Vh = {w ∈ L1(0, L) : v|Ij ∈ P 2(Ij), j = 1, . . . , N},

where P 2(I) stands for the space of degree 2 polynomials on I. More precisely, for
t ∈ (0, T ) both of the two unknowns u and v are approximated by piecewise polynomial
functions of degree 2 denoted uh and vh respectively, where

uh|Ij =
2∑

l=0

ul
j(t)Φ

l
j(z), vh|Ij =

2∑
l=0

vl
j(t)Φ

l
j(z),

where {ul
j} and {vl

j} are coefficients to be determined and Φl
j(z) = Pl(

2(z−zj)
∆z ), l =

0, 1, 2, Pl being the l-th Legendre polynomial on the interval (−1, 1). The unknowns
uh and vh satisfy the relations∫

Ij

(∂tuhp− vh ∂zp) dx + F(vh)(zj+ 1
2
)p(z−

j+ 1
2
)−F(vh)(zj− 1

2
)p(z+

j− 1
2
) = 0, (3.1)∫

Ij

(∂tvhq − σ(uh) ∂zq) dx + G(uh)(zj+ 1
2
)q(z−

j+ 1
2
)− G(uh)(zj− 1

2
)q(z+

j− 1
2
)

∈ −
∫

Ij

sgn(v0
j ) σ(uh)q dx, (3.2)
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for any t > 0, for any j = 1, . . . , N , for any p, q ∈ Vh. In (3.1, 3.2), F and G are
the local Lax Friedrichs numerical fluxes consistent with the fluxes in (2.3, 2.4). Note
that the argument of sgn has been reduced to the cell average of the velocity v0

j ;
how to deal precisely with sgn(v0

j ) will be described below. In agreement with the
initial conditions (2.6), we set uh(·, 0) = vh(·, 0) = 0. The boundary condition (2.5)
is enforced through the numerical flux, see [5] for details.

Grouping all the unknowns from the latter system into the function

Uh : [0, T ] → R6N

t 7→ Uh(t) = [u0
1(t), u

1
1(t), u

2
1(t), v

0
1(t), v1

1(t), v2
1(t), . . . , v2

N (t)],

the semi-discretized problem in space can be rewritten

dUh

dt
+ Rh(Uh) 3 Lh(Uh), t > 0, (3.3)

Uh(0) = U0, (3.4)

where Lh results from the discretization of the divergence part of the original system
while Rh corresponds to the nonlinear friction term. More precisely,

Lh : R6N → R6N

Uh 7→ Lh(Uh) = [. . . ,L0
j ,L1

j ,L2
j ,N 0

j ,N 1
j ,N 2

j , . . . ],

where Ll
j , l = 0, 1, 2, j = 1, . . . , N , are linear functions of v0

j−1, v1
j−1, v2

j−1, v0
j , v1

j ,
v2

j , v0
j+1, v1

j+1, v2
j+1, while N l

j , l = 0, 1, 2, j = 1, . . . , N , have the same nature as the
function σ, see (2.2), i.e., they are polynomials of degree m in u0

j−1, u1
j−1, u2

j−1, u0
j ,

u1
j , u2

j , u0
j+1, u1

j+1, u2
j+1. Further,

Rh : R6N → R6N

Uh 7→ Rh(Uh) = [0, 0, 0, sgn(v0
1)R0

1, sgn(v0
1)R1

1, sgn(v0
1)R2

1, . . . ,

0, 0, 0, sgn(v0
j )R0

j , sgn(v0
j )R1

j , sgn(v0
j )R2

j , . . . ],

where Rl
j is a polynomial of degree m in u0

j , u1
j , u2

j , l = 0, 1, 2, j = 1, . . . , N .
If the elastic constitutive law (2.2) is replaced by an Lipschitz regularized law,

i.e.,

σ?(u) =
{

σ(u) if |u | ≤ u?,
σ′(u?)(u− u?) + σ(u?) if |u | > u?,

(3.5)

where u? is chosen large enough, then it can be shown that the semi-discretized
problem (3.3,3.4) has a unique solution.

Lemma 3.1. If σ is replaced by σ?, then there exists ω > 0 such that Ah =
Rh − Lh + ωI is a maximal monotone operator on R6N .

Proof. Let ~uj = [u0
j , u

1
j , u

2
j ]

T and ~vj = [v0
j , v1

j , v2
j ]T . The operator Ah : R6N →

R6N takes the form

Ah : Uh =


. . .
~uj

~vj

. . .

 7→



. . .
0
0
0

sgn(v0
j )R0

j (~uj)
sgn(v0

j )R1
j (~uj)

sgn(v0
j )R2

j (~uj)
. . .


−



. . .
L0

j (~vj−1, ~vj , ~vj+1)
L1

j (~vj−1, ~vj , ~vj+1)
L2

j (~vj−1, ~vj , ~vj+1)
N 0

j (~uj−1, ~uj , ~uj+1)
N 1

j (~uj−1, ~uj , ~uj+1)
N 2

j (~uj−1, ~uj , ~uj+1)
. . .


+ ω


. . .
~uj

~vj

. . .

 .
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We have

(Ah(Uh)−Ah(Ūh), Uh − Ūh) = . . .(
−L0

j (~vj−1, ~vj , ~vj+1) + L0
j (~̄vj−1, ~̄vj , ~̄vj+1)

)
(u0

j − ū0
j )

+
(
−L1

j (~vj−1, ~vj , ~vj+1) + L1
j (~̄vj−1, ~̄vj , ~̄vj+1)

)
(u1

j − ū1
j )

+
(
−L2

j (~vj−1, ~vj , ~vj+1) + L2
j (~̄vj−1, ~̄vj , ~̄vj+1)

)
(u2

j − ū2
j )

+
(
−N 0

j (~uj−1, ~uj , ~uj+1) +N 0
j (~̄uj−1, ~̄uj , ~̄uj+1)

)
(v0

j − v̄0
j )

+
(
−N 1

j (~uj−1, ~uj , ~uj+1) +N 1
j (~̄uj−1, ~̄uj , ~̄uj+1)

)
(v1

j − v̄1
j )

+
(
−N 2

j (~uj−1, ~uj , ~uj+1) +N 2
j (~̄uj−1, ~̄uj , ~̄uj+1)

)
(v2

j − v̄2
j )

+
(
sgn(v0

j )R0
j (~uj)− sgn(v̄0

j )R0
j (~̄uj)

)
(v0

j − v̄0
j )

+
(
sgn(v0

j )R1
j (~uj)− sgn(v̄0

j )R1
j (~̄uj)

)
(v1

j − v̄1
j )

+
(
sgn(v0

j )R2
j (~uj)− sgn(v̄0

j )R2
j (~̄uj)

)
(v2

j − v̄2
j )

+ ω
(
· · ·+ (u0

j − ū0
j )

2 + (u1
j − ū1

j )
2 + (u2

j − ū2
j )

2 + . . .

· · ·+ (v0
j − v̄0

j )2 + (v1
j − v̄1

j )2 + (v2
j − v̄2

j )2 + . . .
)
.

The first six lines can be estimated by repeated Cauchy-Schwartz inequalities to yield

(Ah(Uh)−Ah(Ūh), Uh − Ūh) ≥ . . .

+ (ω − L)
(
· · ·+ (u0

j − ū0
j )

2 + (u1
j − ū1

j )
2 + (u2

j − ū2
j )

2 + . . .

· · ·+ (v0
j − v̄0

j )2 + (v1
j − v̄1

j )2 + (v2
j − v̄2

j )2 + . . .
)

+ . . .

+
(
sgn(v0

j )R0
j (~uj)− sgn(v̄0

j )R0
j (~̄uj)

)
(v0

j − v̄0
j )

+
(
sgn(v0

j )R1
j (~uj)− sgn(v̄0

j )R1
j (~̄uj)

)
(v1

j − v̄1
j )

+
(
sgn(v0

j )R2
j (~uj)− sgn(v̄0

j )R2
j (~̄uj)

)
(v2

j − v̄2
j ) + . . . ,

where L > 0 depends on the Lipschitz constants of Ll
j andN l

j , l = 0, 1, 2, j = 1, . . . , N ,
i.e., on σ′(u?), by consistency of the numerical fluxes. Since σ ≥ 0, see (2.2), we have
for each of the last three terms, by monotonicity of sgn(

sgn(v0
j )Rl

j(~uj) − sgn(v̄0
j )Rl

j(~̄uj)
)
(vl

j − v̄l
j)

= Rl
j(~uj)

(
sgn(v0

j )− sgn(v̄0
j )
)
(vl

j − v̄l
j)

+ sgn(v̄0
j )
(
Rl

j(~uj)−Rl
j(~̄uj)

)
(vl

j − v̄l
j)

≥ 0− L′
(
(u0

j − ū0
j )

2 + (u1
j − ū1

j )
2 + (u2

j − ū2
j )

2 + (vl
j − v̄l

j)
2
)
,

where L′ depends on σ′(u?). Putting the last two inequalities together, it is now clear
that ω can be chosen, independently of N , such that (Ah(Uh)−Ah(Ūh), Uh− Ūh) ≥ 0,
establishing the monotonicity of Ah. Its maximality in the set of monotone operators
results from the maximality of sgn.

For any X ∈ R6N , the non empty set Ah(X) is then closed and convex in R6N ;
its element of minimum norm, the minimal selection of Ah(X) is denoted by Ah(X)o.
The next result follows directly from classical results, see for instance [4], Chapitre
III.

Theorem 3.2. If σ is replaced by σ?, then there exists a unique strong solution
Uh to the semi-discretized problem (3.3, 3.4). Further, Uh is Lipschitz continuous and
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its right derivative d+Uh

dt exists for every t and coincides with the minimal selection
of −Ah(Uh), i.e.

d+Uh

dt
+ Ah(Uh)o = 0, for any t ≥ 0.

The above problem has to be fully discretized. While explicit time discretization
methods are the natural choice for hyperbolic problems, those algorithms are well
known to perform poorly on differential inclusions and stiff ODEs [8]. While the
previous theorem leads to a natural time discretization of the inclusion, see below,
a standard explicit time discretization is retained for the hyperbolic part. The time
interval (0, T ) is partitioned in Nt uniform intervals (tn, tn+1) where tn = n∆t, n =
0, . . . , Nt − 1 and ∆t = T

Nt
.

To go from Un
h ≈ Uh(tn) to Un+1

h ≈ Uh(tn+1)
(i) set U

(0)
h = Un

h ,

(ii) U
(1)
h = ΛΠh

{
U

(0)
h + ∆tLh(U (0)

h )−∆t R
(1)
h

}
,

(iii) U
(2)
h = ΛΠh

{
3
4U

(0)
h + 1

4U
(1)
h + ∆t

4 Lh(U (1)
h )− ∆t

2 R
(2)
h

}
,

(iv) U
(3)
h = ΛΠh

{
1
3U

(0)
h + 2

3U
(2)
h + 2∆t

3 Lh(U (2))−∆t R
(3)
h

}
,

(v) Un+1
h = U

(3)
h ,

where ΛΠh is a modified van Leer slope limiter [22]. The explicit part of the algorithm
is the third order TVD Runge-Kutta method originally proposed in [24]. In the
absence of a right hand side, the stage variables U

(i)
h , i = 1, 2, 3, have respective stage

orders 1, 1 and 3 and correspond to approximations at time tn+1, tn + ∆t
2 and tn+1

respectively. The inclusion is solved at those respective times for each of the three
stages, before slope limiting is applied. More precisely, considering the first stage as
an illustration, R

(1)
h is computed as follows.

1. As the strain equation does not have a right side, the strain is updated from
the explicit TVD Runge-Kutta method.

2. The new velocity in U
(1)
h is assumed equal to zero and, for the velocity equa-

tions, R
(1)
h is computed so as to satisfy (ii), i.e., U

(0)
h +∆tLh(U (0)

h )−∆t R
(1)
h =

0.
3. The value of sgn(v0

j ) is computed from R
(1)
h . If sgn(v0

j ) > 1, then we set
sgn(v0

j ) = 1 and solve (ii) for the new velocity in cell j. If sgn(v0
j ) < −1, then

we set sgn(v0
j ) = −1 and solve (ii) for the new velocity in cell j.

4. The slope limiter is applied.
When possible, it may be advantageous to design numerical schemes that preserve

equilibrium solutions of the problem under consideration, see for instance [1, 11] and
the literature on well balanced schemes. Here equilibrium solutions satisfy v∞ ≡ 0
and

∂zσ(u∞) = −s(z) σ(u∞), z > 0
u∞(0) = ub,

for any function s taking its values in [−1, 1]. The corresponding plethora of solutions
makes this approach problematic. Instead, a weaker a posteriori check is performed,
see comparison with the solution to (4.1, 4.2) performed in Section 4.
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4. Numerical results. In the following experiments, the system (2.3-2.6) is
solved with G = 0 and the boundary condition u(0, t) = ub = −1, t > 0. Unless
otherwise stated, 400 spatial cells are used. The time step is determined through the
experimental stability condition

c
∆t

∆x
≤ 1

5
,

where c =
√
−σ′(u?), u? being as in Section 3 an approximate value for the largest

observed strain, see [5].
Numerical results corresponding to the three different elasticity models considered

in Section 2 are presented: m = 1 [3], m = 3/2 [10] and m = 2 [9]. The calculations
are stopped once the strain has settled to its asymptotic value.
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Fig. 4.1. Case m = 1. Top left: sgn(v); top right: asymptotic profile of sgn(v); bottom
left: asymptotic strain (solid line) and Janssen’s solution (dashed line); bottom right: log plot of
v∞(t) = maxz>0 v(z, t).

Figure 4.1, top left, shows the behavior of sgn(v). In the black area (sgn(v) = 0),
the material is at rest and has not been disturbed by the perturbation introduced at
the left boundary. Motion takes place in the white area (sgn(v) = 1). The asymptotic
profiles of both sgn(v) and strain are displayed in Figure 4.1, top right and bottom
left respectively. The asymptotic strain is clearly different from the solution predicted
through Janssen’s analysis. Figure 4.1, bottom right, illustrates the asymptotic decay
of the maximum velocity v∞(t) = maxz>0 v(z, t) as t increases.
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Fig. 4.2. Case m = 3/2. Top left: sgn(v); top right: sgn(v) at the time corresponding to critical
loading, i.e., sgn(v(, ·, t ≈ 1520)); bottom left: asymptotic strain (solid line), Janssen’s solution
(dashed line) and and approximate stationary strain uh,∞ computed from the asymptotic values of
sgn(v) (circles); bottom right: log plot of v∞(t) = maxz>0 v(z, t); dashed line: 200 spatial cells, solid
line: 400 spatial cells .

The case m = 3/2 is substantially different from the linear case m = 1. First, the
speed of propagation is not constant but decreases as the strain decreases in absolute
value. This behavior is clear from Figure 4.2, top left, which illustrates the behavior of
sgn(v). A “loading wave” is observed on the left of the domain. Our calculations show
that loading is strong enough to reach the critical value sgn(v) = 1. In Figure 4.2, top
right, sgn(v) is displayed at the time corresponding to critical loading, here, t ≈ 1520
(for a mesh with 400 cells). After that time, unloading ensues; subsequent damping
and convergence to zero are extremely slow. Figure 4.2, bottom right, illustrates the
onset of this phenomenon. The precise behavior of the velocity in that regime, unlike
that of the strain, is sensitive to the discretization parameters. The sensitivity on
the mesh size is displayed on that figure. No significant changes in the strain u can
be numerically observed during the subsequent slow transition to equilibrium. This
claim can be supported by numerically solving

∂zσ(uh,∞(zj)) = −s(zj) σ(uh,∞(zj)), j = 1, . . . , N (4.1)
uh,∞(0) = ub, (4.2)

for uh,∞, where s(zj) = sgn(v0
j ) at the end of the computational time interval. This

problem corresponds to one of our two main equations, (2.4), with the time derivative
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term dropped and sgn(v) set equal to the corresponding asymptotic numerical values.
The results are displayed in Figure 4.2, bottom left. Again, the asymptotic strain is
clearly different from Janssen’s. Further, comparison of the asymptotic strain profile
with uh,∞ shows very good agreement.
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Fig. 4.3. Case m = 2. Top left: sgn(v); top right: asymptotic profile of sgn(v); bottom
left: asymptotic strain (solid line), Janssen’s solution (dashed line) and and approximate stationary
strain uh,∞ computed from the asymptotic values of sgn(v) (circles); bottom right: log plot of
v∞(t) = maxz>0 v(z, t) (400 spatial cells) .

The case m = 2 is somewhat similar to m = 3/2. However, unlike the previous
case, most of the material stays loaded sgn(v) = 1 after the passage of the pressure
wave, as can be seen from the behavior of sgn(v) in Figure 4.3, top left. The stopping
wave which corresponds to the left boundary of the domain in which sgn(v) = 1 moves
here very slowly, as can be seem from Figure 4.3, top right. The maximum velocity
also decreases much more slowly than in the previous case, see Figure 4.3, bottom
right. The asymptotic behavior of the strain is displayed in Figure 4.3, bottom left.
Again, the numerical strain obtained at the end of the computational time interval
is compared with both Janssen’s solution and the solution to the auxiliary problem
(4.1,4.2) with m = 2. As more of the material stays fully loaded, it is not surprising to
observe from Figure 4.3, bottom left, that the asymptotic strain, while clearly distinct
from Janssen’s, is closer to it than it was for m = 3/2.
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