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A PRIORI ERROR ESTIMATES FOR NUMERICAL
METHODS FOR SCALAR CONSERVATION
LAWS. PART I: THE GENERAL APPROACH

BERNARDO COCKBURN* AND PIERRE-ALAIN GREMAUDY}

Abstract. In this paper, we construct a general theory of a priori error estimates for scalar
conservation laws by suitably modifying the original Kuznetsov approximation theory. As a first
application of this general technique, we show that error estimates for conservation laws can be
obtained without having to use explicitly any regularity properties of the approximate solution. Thus,
we obtain optimal error estimates for the Engquist-Osher scheme without using the fact (i) that the
solution is uniformly bounded, (ii) that the scheme is total variation diminishing, and (iii) that the
discrete semigroup associated with the scheme has the Ll-contraction property, which guarantees an
upper bound for the modulus of continuity in time of the approximate solution.
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1. Introduction. This is the first of a series of papers in which we develop a
theory of a priori error estimates, that is, estimates given solely in terms on the exact
solution, for numerical methods for the scalar conservation law [14]

v +V-f(v)=0, in (0,T)xR%, (1.1a)
v(0) = vy, on R?, (1.1b)

Our main long term goal is to obtain a theory of a priori error estimates which
(i) can be applied to a large class of numerical schemes,

(ii) does not require regularity properties of the approximate solution,

(iii) takes into account the properties of the triangulation,

(iv) takes into account the smoothness of the exact solution.

In this paper, we show how to obtain such a theory by a slight modification of the
original Kuznetsov approximation theory for conservation laws [15]. We then display
an application with the purpose of stressing the point (ii) above. Thus, we show how to
obtain optimal error estimates for the Engquist-Osher scheme without ezplicitly using
any regularity property of the approximate solution. Unlike previous work, we do not
make use of the fact that the approximate solution is uniformly bounded, nor that
the scheme is total variation diminishing, nor do we use the L!-contraction property
of the discrete semigroup, which leads to an estimate of the modulus of continuity
in time of the approximate solution. Instead, we use the regularity properties of the
entropy solution.

A theory of a priori error estimates with the above properties does not exist
for scalar conservation laws. To shed light into this unfortunate situation, we briefly
describe the historical development of the theory of error estimates for conservation
laws. As a tool for illustration, let us consider the problem of obtaining an upper bound
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of the distance between the entropy solution v of (1.1) and the bounded solution u of
the following parabolic initial value problem:

u + V- f(u) = V- (v(u) Vu) =0, in (0,7) x R?, (1.2a)
u(0) = vy, on RY, (1.2b)

where v is a positive nonlinear function. It is very natural to consider this problem
since it is well known that the entropy solution v can be obtained as the limit of
solutions u of the above initial parabolic problem as the viscosity v goes to zero; see
[14]. Moreover, several numerical schemes of interest have equation (1.2a) as their
so-called model equation. This means that it is reasonable to expect that both v and
the approximate solution of the corresponding numerical scheme would behave in a
similar way; see, for example, [12] and [11]. The method of obtaining error estimates
for w would then constitute a model for obtaining error estimates for the corresponding
numerical scheme.

Kuznetsov [15] was the first to prove error estimates for numerical schemes for
(1.1). Inspired in the work of Kruzkov [14], he established a key approximation in-
equality [15, Lemma 2] with which he obtained the following estimate, [15, Theorem
3]:

T 1/2
IIu(T)—v(T)IILl(Rd)Sx/§|u0|;/5(w){// V(u)|Vu|da:dt} .
0 /R (1.3)

Kuznetsov then applied the same approach to obtain error estimates for monotone
schemes in uniform Cartesian grids. Since these schemes have a model equation of the
form (1.2a), where the viscosity v is proportional to the grid size Az, it was natural to
use the approach used for u as the model approach for this, more complicated, case. As
the model inequality above indicates, Kuznetsov was bound to obtain both an estimate
of the total variation and of the uniform norm of the approximate solutions determined
by the monotone schemes he considered. He proved that the total variation and the
uniform norm are uniformly bounded with respect to Az and concluded that monotone
schemes in uniform Cartesian grids converge as (Az)'/? to the entropy solution in the
L>°(L!)-norm. This pioneering work strongly influenced the subsequent studies of
error estimates for numerical schemes for (1.1). Thus, the works of Sanders [22],
Lucier [17,18,19], and Cockburn [1,2,3] used the approach used by Kuznetsov and had
to obtain regularity properties of the approximate solution to obtain error estimates.
In particular, they all used the fact that the total variation of the approximate solution
was uniformly bounded.

It soon became apparent that progress along the above approach was going to be
very hard to achieve, since even the simplest schemes, the monotone schemes, could
not be proven to generate approximate solutions with uniformly bounded total vari-
ation when defined in general triangulations. To obtain error estimates thus became
an extremely difficult task, and the main focus of research shifted to the search of
weaker smoothness properties with which convergence, not error estimates, could be
proven. Because of this, DiPerna’s theory of convergence of measure-valued func-
tions [9] became the main tool for the study of the convergence of numerical schemes
for the conservation (1.1). Szepessy [23, 24] was the first to recognize this fact and
proved convergence to the entropy solution of (1.1) of the approximate solution given
by the Streamline Diffusion method with shock-capturing terms. Later, Coquel and
LeFloch [8] applied DiPerna’s theory to finite difference schemes in Cartesian grids,
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and Cockburn, Coquel and LeFloch [4] to finite volume methods defined in general
triangulations.

A third stage in the development of the theory of error estimates for salar conser-
vation laws started when Cockburn, LeFloch and Coquel [5] realized that the measure-
valued theory of DiPerna could be totally bypassed by using a suitable modification
of the Kuznetsov approximation result; after all, both DiPerna and Kuznetsov were
inspired by the same source, namely, the paper by Kruzkov [14]. Error estimates
were thus obtained with (essentially) the same hypotheses used to prove convergence
with the measure-valued solutions approach. More precisely, in [5], it was proven that
monotone schemes defined in general triangulations, and some high-order accurate
schemes built upon them, converge to the entropy solution finite volume methods
with a rate of no less than (Az)'/* in the L>(L!')-norm. Also, Cockburn and Gre-
maud [7] proved that the shock-capturing Discontinuous Galerkin method converges
with a rate of no less than (Az)'/* in the L>(L')-norm and that the shock-capturing
Streamline Diffusion method converges with a rate of no less than (Az)'/® in the
L>®°(L')-norm. Two new ideas made these results possible. The first idea was a new
way of estimating the total variation of the approximate solution which, in terms of
our parabolic regularization u, reduces to the standard L2-stability result,

T
1) oma +2 [ [ v Vuldo < o e, (14

easily obtained by multiplying equation (1.2a) by u and integrating over (0,7) x R%;
see [4], [13], [7], and [26]. Combining this stability result with the estimate (1.3), we
obtain

NG T 1/4
1u(T) — o) ey < oo o 3 ||vo||2/3(Rd){ I/ V(u)dxdt} |

This explains, in a nutshell, the rate of convergence of (Az)'/* for monotone schemes
obtained in [5] and in [26].

The second idea requires more elaboration. For the sake of clarity, we did not
mention that Kuznetsov approximation inequality can be used, in the general case,
only if an estimate of the modulus of continuity in time of the approximate solution
is available. For monotone schemes, this estimate follows easily from an estimate of
the total variation and from the L'-contraction property of these schemes. However,
this property does not hold for other type of schemes. The second idea consists in
modifying the original Kuznetsov approximation inequality so that no estimate of the
modulus of continuity in time is needed anymore. This was done in [5] for finite
volume methods and in [7] for the shock-capturing Discontinuous Galerkin and the
shock-capturing Streamline Diffusion methods. An application of this idea to the
model case under consideration gives the following error estimate:

) T 1/2
| w(T) = o(T) || 2 rey <4V8]|vo |§’/VZ<R4>{//R,1 V(u)|Vu|da:dt} ,
0

which shows that the (very small!) price we have to pay for not having to estimate the
modulus of continuity in time of the approximating function u is a constant 4 times
bigger multiplying the upper bound of the error (compare with the estimate (1.3)!).
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If now, we apply the estimate of the total variation (1.4), we get

4\/§ T 1/4
1u(T) —o(T) e < g |90 1 ||v0||;éiRd){ I/ V(u)dxdt} |

This is a rough explanation of the rate of convergence of (Ax)'/4 obtained [5], for a
class of high-order accurate antidiffusion schemes, and in [7], for the shock-capturing
Discontinuous Galerkin method.

To the knowledge of the authors, this is the current status of the theory of error
estimates for conservation laws. It is indeed not very encouraging to realize that after
all the effort reported above, the orders of convergence, namely, 1/2,1/4,1/8, seem
to be converging to the wrong limit! However, we claim that a slight change of point
of view in the original Kuznetosv approach can dramatically improve this situation.
As noted by Cockburn and Gremaud [7], the Kuznetsov’s approach is essentially an
approach leading to a posteriori error estimates, since the upper bound for the error
is given in terms of the approximate solution; see (1.3)! As a consequence, it is not
surprising to be forced to prove regularity properties of the approximate solution in
order to obtain a rate of convergence. Thus, Kuznetsov’s approach should be used for
obtaining a posteriori with which adaptivity strategies could be defined; see the work
by Lucier in [16,19] and the recent work by Cockburn and Gau [6]. In this paper, we
show that this new point of view induces, in a very natural way, a slight change in
the Kuznetsov’s approach with which we construct a general procedure for obtaining
a priori error estimates, that is, for obtaining upper bounds for the error that depend
solely on the exact solution.

The paper is organized as follows. In §2, we start by rewriting the original
Kuznetsov approach in our own notation. This allows us to compare Kusnetsov’s
approach with our new approach, which is described in §3. The remaining of the
paper is devoted to the application of this new approach to two relatively simple, but
relevant, cases with the main purposes (i) of clearly illustrate the new procedure, and
(ii) of showing that it is possible to obtain optimal error estimates for conservation
laws without having to establish any regularity properties of the approximate solu-
tion. Thus, we obtain optimal error estimates for (i) the parabolic solution of (1.2),
Theorem 4.1, and for (ii) the approximate solution given by the well-known Engquist-
Osher scheme in uniform grids, Theorem 6.1; we consider only the one-dimensional
case d = 1 for the sake of simplicity. The proof of Theorem 4.1 is displayed in §5.
It provides a simple ‘map’ for the more involved proof of Theorem 6.1, displayed in
§7. We end in §8 with some concluding remarks concerning extensions of the above
results to the multidimensional case and a brief description of future work.

The a priori estimates presented in Theorems 4.1 and 6.1 are the first of its
type for nonlinear scalar conservation laws. For the steady state Halmilton-Jacoby
equations, Perthame and Sanders [21, Theorem 2] obtained error estimates which in
some special cases can be considered a priori in the sense used in this paper; in the
general case, their upper bound for the error does depend on the L*°-norm of the
approximate solution.

2. Kuznetsov’s original approach. Since our approach to obtaining error esti-
mates for the conservation law (1.1) is a modification of Kuznetsov’s original approach,
in this section we rewrite Kuznetsov’s approach step by step in our notation. This will
help us to motivate the steps of our approach and to render clear the similarities and
differences of the two approaches. To fix ideas, in what follows, u = u(t',z') stands
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for the bounded solution of the parabolic problem (1.2)and the function v = v(t, z)
stands for the entropy solution of the conservation law (1.1).

a. Choosing the entropy dissipation form E(u,v;t"). Kuznetsov picked
the so-called Kruskov form:

E(u,v;7) = / O, (u,v(t,z);t, z) dz dt,
Rd
where

O, (u,ct,x) = / Uu(t',z") — ¢) Op o dx' dt’
R

// ,¢) -V pde'dt!
R4
+

Uu(r,z') —¢) p(t,z, 7, 2") dz’'
Rd

- U(u(0,2") — ¢) p(t,z,0,z") da’

R
and the entropy U and its flux F' (that is, 0, F(w,c) = f'(w) U'(w — ¢)) are given by
U(w—c¢) =|w —c|,
F(w,c) = (f(w) = f(¢))sign(w — ),
The function ¢ = ¢(t, z,t',x") is taken as follows:

d

o =w,(t—t") H we, (z; — ), (z,t), (z', 1) € R? x R,
i=1

where €; and €, are two arbitrary positive numbers and

wr(s) =3 w(3),

for any s € R, A = €, €,. The function w is a smooth function satisfying the following
properties:

w(t) >0, for t > 0, (2.1a)
w(t) = w(-t), for t >0, (2.1b)
the support of w is [—1,1], (2.1c)
1
/ w(r)dr =1/2. (2.1d)
0

Note that ¢(t,z,t',2') is a smooth approximation of §(t —t') - §(x — z').

There are two main motivations for this choice of E(u,v;7). The first is that
if u is the entropy solution of (1.1) with initial data vg = wg, then u satisfies the
so-called entropy inequality, or, equivalently, @% ¢ (u,c;t,z) < 0 for ¢ € R, and
(t,z) € (0,T) x R?. This implies that E(u,v;7) < 0. Thus, the form E(u,v;T)
measures how close from being an entropy solution the approximate solution u is.
The other reason will become apparent in the next step.
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b. The dual form E*(u,v;7) and the error term 7T,,,.(u,v;7). In this step,
a dual form E*(u,v;7) and an error term Tt,..(u,v; 7) are found such that
E(u,v;7) = — E*(u,v;7) + Topr(u, v;7)
=—E(v,u;7) + Tepr(u,v;7),
by solely taking into account the following equalities:
Op = =0,
Vep = =Varp,
Ulw —c¢) =U(c—w),
F(w,c) = F(c,w).

Since v is the entropy solution, we have that E*(u,v;7) = E(v,u;7) < 0 (this is the
other main reason for choosing the form E(u,v;7) as in the first step), and we obtain

Terr(u,v;7) = E(u,v;7) + E(v,u;7)
< E(u,v;7),

where the error term T%,..(u,v;7) contains the information of the distance between
the functions u and v. In fact, as the parameters e¢; and €, defining ¢ go to zero, we
expect the term T¢,..(u,v; T) to converge to

e(r) — e(0),

where the error e(t) is given by

e(t) :/R U(u(t,z) —v(t,z)) de.

This is why the term Tp,.(u,v;7) is called the “error term”.

c. Finding a lower bound of the error term T, (u,v;7). Setting

w () :/Ot we, (s) ds,
we can rewrite Kuznetsov’s lower bound for the error term as follows:
Terr(u,v;7) 2 2W(T)e(1) = 2W(7)€(0)
—2W ()| v e (0,51 () 1€ + | F'(0) [l €}
—2W(r) {ew | Veru ||L°°(0,T;L1(Rd)) + € || uw ||L°°(0,T;L1(Rd))};
where || f'(v) || = subieco,n | f'(v(t,2)) |p~. Kuznetsov obtained this inequality for
T > ¢ only, case in whiwceh éve have 2W (r) = 1.

d. Finding an upper bound for the error ¢(7T"). Putting together all the
results of the previous steps, we obtain the following inequality:

e(T) <e(0) + |vo |rv(me {e + 11 f'(v) | &} + E(u,v;T)/2W(T)

+ {Cz | Vo u ||L°°(0,T;L1(Rd)) + € || u ||L°°(0,T;L1(Rd))}-
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e. Estimating E(u,v;T)/W(T) and getting regularity properties of u. At
this point, to get an error estimate we only have to estimate the Kruskov form
E(u,v;T)/W(T), the total variation of u and its modulus of continuity in time. To
estimate the Kruskov form, the form is first split into the sum of two terms,

E(U’J v; T) = - Ediss(ua v; T) + Ereg (U, v; T);

which, in this case, are estimated as follows:
Eaiss(u,v; T) :// // U'(u—v)v(u) | Vu|? pds' dt’ do dt
0 Jr4/o JRd
>0

Eyey(u,v; T) /W (r //R/ [ T U= 0) e’ dedi/W (7)

L[] rsuiaral,

IV ullpes(o,r Ll(Rd)) <|uo |rv(ra),

We also have

| ue ||L°°(0 ;L1 (R4)) < F(w) [ uo |TV(Rd)-

f. Getting the error estimate. The error estimate follows now from the results
of the two previous steps after a couple of minimizations on the parameters ¢; and €.
In this case, we can send €; to zero and then minimize over €, to get

1/2
1/2
e(T) < e(0) + 2{]vo v ey + o v e} {T ) I o mm} ,

where || v(u) || = sup,e.r, Y(u(t', z')).
z'€R?

3. A new approach for obtaining a priori error estimates. We next illus-
trate the main steps of the new approach. (The results stated below will be proven
rigorously in §5.)

a. Choosing the entropy dissipation form E(u,v;7). We pick the form
E(u,v; T) trying to capture in it all the information about the definition of the solution
u. Thus, in our particular case, we pick E(u,v;7) as follows:

E(u,v;7) = /T " O, (u,v(t,z);t, z) dz dt,
where
O (u,c;t, ) = /OT 9 U'(u(t',2") — ¢) L(u)(t', 2'") p dz'dt’,
where U and ¢ are as in Kuznetsov’s approach, and
L(u) =upy + Vg - f(u) = Vg - (v(u) Vyru).

Note that with this choice, we have E(u,v;T) = 0 for every function v since L(u) = 0.

b. The ‘dissipative’ and ‘divergence’ parts of E(u,v;7). In this step, we
try to identify the part of the form E(u,v; ) that will ensure the correct production
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of entropy dissipation. We call such a part, the ‘dissipative’ part of E(u,v;7) and we
denote it by Eg;ss(u,v; 7). Our objective is to be able to write

E(u,v;7) = — Eaiss(u,0;7) + Eaio(u, v;7),

where the ‘dissipative’ part was chosen in such a way that the remaining part (which
usually has a ‘divergence’ form), E 4, (u,v; ), could be treated without having to use
the entropy production properties of the scheme.

In this case, we have

Ediss(u:U;T):/// {U"(u—v)v(u) |Veu |} oda’ dt' du dt,
0 Jrao Jra

Egiy(u,v;7) :// / DIV (u,v) o dz' dt' dx dt,
0 Jrao Jre
where
DIV (u,v) =U(u =)y + Vu - (F(u,v) —v(u) Vo U(u — v)).

c. Finding the dual form E7%; (u,v; ) and the error term T, (u,v; 7). Next,
we find a dual form E}; (u,v;7) and an error term Te,,(u,v; 7) such that

Ediv(u: v; T) = E;zv (U’7 U3 T) + Terr(ua U3 T)'

In this case, the dual form is found as in the Kuznetsov approach. The error term is
exactly the same. In this way, we have

e(r) —e(0) ~Tepr(u,v; 1)
= E(U, v; T) + E;iv(’uﬂ v; T) - Ediss (u; U5 T)
:E;iv(u7v; T) - Ed@'ss(u,’l};T),

where the dual form is, in this case,
g, (u,v57) :// // TE(v,u) pdzdtds' dt’
0 JraJo JRrd

TE(w,u) =U(—u); + Ve F(v,u) — Vg - (U (u—v) v(v) Vav),

where

and where for the sake of simplicity, we have assumed that v is smooth. Note that the
dual form E%, (u,v;7), is nothing but the ‘truncation error’ for the entropy/entropy
flux pair U/F. This is our main motivation for the choice of E(u,v;T).

d. Finding a lower bound of the error term 7.,,.(u,v;7). Next, we want
to obtain a lower bound of the error term T,,(u,v;7) that is independent of the
regularity properties of u. In the case under consideration, we obtain the following
inequality

Terr(u,v;7) >W(r)e(r) + /OT w(r —t)e(t)dt

_ W(r)e(0) - /0 w(t) e(t) dt

—AW(T) |vo lrv (e {€a + 11 f'(v) [l e}

Note that there is no term that needs to be controlled by using regularity properties
of u.
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e. Finding an upper bound for the error e(T"). The price we have to pay
for this advantage is to solve a sort of Gronwall-Volterra inequality. Indeed, in this
case, after putting together the results of the previous steps, we obtain the following
inequality:

W(r)e(r) + /OT w(T —t)e(t)dt <W(r)e(0) + /OT w(t) e(t) dt

+4W(t) |vo |7y ey {ez + | f'(v) I &}
+ E*(U, v; T) - Ediss(ua v; T),

which can be solved to give the following inequality

e(T) <2e(0) +8(ex + el f'(0)) |vo lrv(m)
+2 sup {Ej;,(u,v;t)/W(t)}
0<t<T

-2 inf {Eaiss (u,v5t) /W (1) }.

f. Finding an upper bound for the dual form E*(u,v;t) and the dissi-
pation form FEg;ss(u,v; 7). At this point, to get an error estimate we only have to
obtain estimates of the dual and the dissipation forms. The new feature we intro-
duce in this paper is that it is possible to estimate the dual form E*(u,v;t) without
taking into account the entropy dissipation properties of the scheme (which, roughly
speaking, have been ‘transferred’ into the dissipation form Eg;ss(u,v; 7)) and without
having to use the regularity of its approximate solution u. The estimate of the dual
form depends only on the regularity properties of the entropy solution v.

Indeed, in our case, we get

Egiss (Ua v; T) >0,

E;iv (U, v; T) S ET‘EQ (u7 v; T)'

We want to emphasize that it is possible to estimate the form E,.4(u,v;T) without
using regularity properties of u by performing a couple of simple integration by parts.
To see this, set V(u,v) = fvu v(s)U'(s — v)ds and assume that the entropy solution
v is smooth for the sake of clarity. We have

Ereg(u;’l);’]’) _//// i (u7’1)) (t,ﬂ?,tl,wl) dmdtdaz’ dtl
0 Jr/o JR !
//// V(u,v) App(t,x,t', ") de dt d’ di’
o JrJo JR
//_// V(u,v) Vs - wa@(t;ﬂ?,t',x')da:dtdx’ dt’
0 JrRJo JR

- / /// U'(u—v)v(v) Vev - Veo(t, o, t', o) de dt do’ dt’
o JrJo JrR
2
56_ 7l vo v ) | v(v) || W(T).

T

If v is not smooth, a similar estimate holds with || v(v) || replaced by || v, ||; see Theorem
4.1.

g. Getting the error estimate. This step is essentially identical to step 2.f.
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In this case, we get

la(T) = o(T) |1ty < 2 o = vo 12 gaey + 41 vo lrvie { ST 1w 1}

Before considering the first application of the above approach, let us briefly dis-
cuss the main differences between Kuznetsov’s approach and the approach we have
proposed:

(i) The choice of the form E(u,v;7). Kuznetsov picks E(u,v; ) as the original
Kruskov form. We construct E(u,v;7) directly from the numerical scheme under
consideration. This might give more flexibility in inserting the characteristics of the
scheme into the form E(u,v;T).

(ii) The choice of U and ¢. Although we have not done this in the above
steps, it is possible to use arbitrary even entropy functions U. This gives greater
flexibility and allows to treat cases impossible to treat with the standard Kruzkov
entropy U(w — ¢) = |w — ¢]; see [1,2,3], [5], and [7]. Also, the choice of ¢ does not
have to be reduced to the one displayed in §2.a. (This will be exploited in future
work.)

(iii) The modulus of continuity in time of u is not required. The way
in which the lower bound for the error term T, (u,v;7) is obtained is completely
different for Kuznetsov’s approach. It is possible to avoid having to use the modulus
of continuity in time of the approximation u, by a sort of Gronwall-Volterra inequality;
see [5] and [7].

(iv) No regularity properties of u is needed to get error estimates. We
have shown how to estimate the dual form E*(u,v;7), or, equivalently, Kuznetsov’s
form E,.q4(u,v;7) in terms of the entropy solution only.

4. A first application: The model problem. As a first application of the
general theory of a priori error estimates, we obtain an upper bound between the
entropy solution v of (1.1) in the one-dimensional case d = 1, and the solution u, in
the sense of Vol’pert and Hudjaev [27], of the parabolic initial value problem:

ur+ V- flu)—V-(v(u)Vu) =0, in (0,T) xR, (4.1a)
u(0) = up, on R, (4.1b)

We include this result here because solutions of the above Cauchy problem mimic
the behavior of several numerical schemes and so, the estimate can be considered to
be a continuous model of the estimate for the approximate solutions. Moreover, it is
very simple to illustrate the approach displayed in §3 in this case since the function
u is smooth. Finally, we want to strongly emphasize that, against widespread belief,
error estimates for nonlinear scalar conservation laws can be obtained without having
to obtain regularity properties of the approximate solution.

Thus, the following result can be proven, see §5, assuming only that w is a strong
solution of (4.1) and that the viscosity coefficient v(u) is positive. No estimate of the
modulus of continuity in time, or estimate of the total variation in space, or estimate
of the uniform norm of u is explicitly used; only the standard regularity properties of
the entropy solution v are used. Note how the bound for the error is written solely in
terms of the entropy solution v.

THEOREM 4.1. Suppose that the nonlinear viscosity coefficient v is positive on the
range of u. Let u be the solution of the parabolic problem (4.1) and let v be the entropy
solution of the conservation law (1.1) (with d = 1) where vg € L>®(R) N BV (R); set
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R(vo) = [infer vo(x),sup,cp vo(x)]. Then,

1/2
| w(T) = o(T) || L) < 2]l uo — vo lLrw) + 4] vo lrv)y{ 8T [l vo I} / ,
where
v | = sup  w(w).
weER(vo)

When the entropy solution has a finite number of discontinuity curves on each compact
set of (0,T) x R, we can take

vy || = sup v(v(t,z —0),v(t,z +0)),
te(0,7)
z€ER
where
+

v(v™,vh) L /vv v(s)ds.

ot —ov—

It is well-known that the entropy solution can display a finite number of disconti-
nuity curves. For example, the number of discontinuity curves of the entropy solution
of the Riemann problem is not bigger than one plus the number of inflection points
of the nonlinearity f; see [20]. See also the recent work by Tadmor and Tassa [25] on
the piecewise smoothness of entropy solutions for (1.1).

To end this section, let us stress the point that if we only assume that the solution
u € C(0,T; L*(R)), we can take advantage of the special structure of the parabolic
regularization term in (4.1a) to get the following estimate:

1/2
| w(T) = o(T) |2 ) < llwo — vo lLrw) + | vo lrv){ 8T v lI} .
However, we have chosen not to present this ‘improved’ result since we want the proof
of Theorem 4.1 to serve as a simplified model of the (much more technical) proof of
the corresponding result (Theorem 6.1) for the discrete approximate solution given by
the fully discrete Engquist-Osher scheme. In fact, if we do not discretize in time but
only in space, we can still use the above mentioned trick, but it is not possible to use
it anymore for the fully discrete case.

5. Proof of Theorem 4.1. In this section, we prove Theorem 4.1. To do so,
we follow each of the steps of the new approach to a priori error estimates described
in §3.

a. Choosing the entropy dissipation form E(u,v;7). In this case, we use
the choice described in §3.a with L(u) = upy + f(u)y — (v(w) ugyr)er. In other words,
we take

E(u,v;T):// O, (u,v(t,z);t, x) de dt,
0JR
where
@T(u,c;t,:c):// U(u(t' 2',),c)pdd'dt’,
0JR

and

‘I’(’U,,C) :Ul(u - C) {ut’ + f(u)w’ - (V(U) uz’)a:’ }
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We take U and ¢ as in Kuznetsov’s original approach, but this time, we must minimize
the constants of the right-hand side of the inequality resulting from the resolution of
the Gronwall-Volterra inequality in §3.e. To do so, we take a sequence of functions w,
satisfying (2.1) and being nonincreasing on (0, 1), that converges pointwisely to

1
X(s):{ 2 for |s| <1,
0, otherwise.

In what follows, we denote this limit process by ‘w — x’. Note that we have
glgnx |w|rv®r) = |X|TvE®) =1 (5.1)

b. The “divergence” and “dissipative” parts of E(up,v;7). The first step
in obtaining the entropy inequality by the well-known vanishing viscosity method,
[14], consists in rewriting ¥(u, ¢) as follows:

¥(u,c) =DIV(u,c) + LRED(u,c),
where
DIV(u,c) = {({U(u—¢))p + (F(u,¢) —v(w) U(u — ¢)yr)or },
LRED(u,c) = {U" (u— c) v(u) (uzr)?}.
The first term is in divergence form and can thus be called the “divergence” part of
U(u,c). The second term can be called the “local rate of entropy dissipation.” This

simple, but useful, decomposition of ¥(u,¢), allows us to rewrite E(u,v;T) as the sum
Eiiv(u,v;7) + Egiss(u,v; 7), where the “divergence” part Eg;, (u,v;7) is

Ediv(u,’U;T):////DIV(U,’U)(p(t,ﬂ?,t’,ﬂ?’)d:l?dt,

and the “dissipative” part Eg;ss(u,v;7) is

Egiss(u,v;T) ////LREDUU o(t,z,t' 2" do dt.

We have the following immediate result.
PRroPOSITION 5.1. Suppose that the nonlinear viscosity coefficient v is positive
on the range of u. Then we have

Ediss(ua v; T) > 0.

c. The dual form E}, (u,v;7) and the error term T.,,.(u,v;7). In this
step, we perform a simple integration by parts and strongly use the structure of the
auxiliary function p. Setting V (u,v) = fvu v(s)U'(s — v) ds, and taking into account
that ¢y = —pp and ¢, = —p,/, we have

Ejiv(u,v;7) //// (u—0))p + (Fu,v) = V(u,0)e)ar } @t .t 2") da’ dt’ da dt

:/O/R/O/R{_U(u_v)w(t,m,t',x')—F(u,v)%,(t,az,t',x')

= V(u,0) Qpror (b, 2, ¢, 2") } da’ dt' da dt

///U Yo(t,z,7,2") dz' dz dt
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_/// U(uo —v) @(t, ,0,2") da' dur dt

0 JRIR

:////{U(u—v)tpt(t,x,t’,xl)+F(u7v)¢$(t7w7t/7$1)
0 /R0 JR

+ V(u,v) ppw (t,z,t',2') } da'’ dt' dx dt

///U Yo(t,z,7,2") dx' dx dt
—/O/R/RU(uO—v)@(t,w,o,x’)daz'dazdt.

Setting

By (u,0;7) = / / / / {— Ulu—v) pult, 2t 2') — Flu,0) 0u(t, 2,1, o)
0JR/OJR

= V(u,v) Qaar (t, 2,1, 2") } du dt da’ dt’

+/// Uu —v(r)) o(r,z,t', 2") do dz' dt’

0 Jr/R

—/// Uu — ) p(0,z,t',2") de dz' dt’,
0 Jr/R

Ediv(uav;T) Edw u, v, T

/// Yo(t,z,7,2") da' dx dt
+/// Uu—v(7r)) o(r, 2, ', 2") do dz' dt’
0 JR/R
—/// U(ug —v) @(t,x,0,2") d' du dt
0 JR/R
—/// Uu —vo) ¢(0,z,t',z") de dz' dt’
0 Jr/R

=— E, (u,0;7) + Tepr(u, 05 7).

we have

d. A lower bound of the error term T.,,.(u,v;7).
PROPOSITION 5.2 [7]. We have

Terr(u,v;7) >W () e(1) + /OT we, (T — t) e(t) dt

_W(r) e(0) - /0 we, (1) e(t) dt
—4W(r {||f ||6t+6w}|v0 lTv (R)-

For the sake of completeness, we display a proof of this result below.

13

Proof. We see, from §5.c, that we can write T, = 11 + 1o + T35 + T}, with the

obvious notation. Let us start by estimating 7. Since

U (’U,(T, wl) - ’U(t, ZL“)) =U (’U,(T, wl) - ’U(T, ml))

+{U(u(r,2") —v(r,2)) = U(u(r,2") — v(r,2"))}

)
+{U(u(r,2) —v(t,z)) = Ulu(r,2') —v(r,2))}
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>U (’U,(T, ZL“’) - ’U(T, ml))

- |U(T7 23) - U(Ta $I)| - |U(t7$) - U(Ta $)|7

we get,

m :/OT/R/RU(U(T,;U') ot 1) otz a') da' dudt
Z/OT/R/RU(U(T, x') —wv(r,2")) pt,z, 7, 2") da’ dadt
/T//|’UT£U v(t,z') | p(t,z,7,x") dz’ dzdt

—/0 /R/R|(v(7',x’) —v(r,z) |o(t,z,7,2") dr' dxdt

>Wi(r) /RU(U(T,SU') —v(r,2)) da’ = W(n) {I| f'(v) | & + €x } |vo I7v ®).

Now, let us consider the second term, T5. Proceeding as for the first term, we get

1= [ [ [Uttto) = o) el det
/// ) =o' ) p(r,z, b, 7" )de da' dt’
_/ //|u(tl’$l)_U(Taxl)|‘P(T,$,t',x')d:cd:c’dt’
///"”fC o(r,) |p(r, 2,1, o' )dw da' i’

2/0 wft(T—t){/RU( o' — v(t', o)) d:c’}dt’
7) {” ') [le + Ez} [vo |7v ()-

To estimate T3 and T, we proceed in a similar way. We obtain

Ty > — W(r) /RU (w(0,2) — v(0,2')) da’

= WOl f'@) e +ea}lvo lrvw),
Ty > —/ We, (t')/ U((w(t',z") — v, ")) ds’
0 R
= WO {Ilf'w) e +ea}flvolrv).
This completes the proof. 0

e. The approximation inequality.
ProOPOSITION 5.3. (The approximation inequality). We have

e(T) < 2e(0) + 8 (ex + | f' (W)I) | vo lrv(w)
+2lim sup {E};,(u,v;t)/W(t)}.

W=X 0<t<T

To prove this proposition, we need the following auxiliary result.



ERROR ESTIMATES FOR CONSERVATION LAWS 15

LEMMA 5.4. Let 6 :[0,T] — R* be a nonnegative, measurable function such that
for all 7 € [0,T],

W (r)6(r) + / wee (1 — 1) O(t) dt <W>(7)C +/ we (t) B(t) dt,
0 0
where w*> = x. Then, for 7 € [0,T],
6(r) < 2C.
Proof. If 7 < €, we have that, for t € [0, 7], w (7 —t) =
0(r) <C.

To estimate 6(7) for 7 > €;, we rewrite the inequality satisfied by 6(7) as follows:

T) §C+/OT {w(t) - — 1)} 6(¢t) dt/W>(7)

e (t)=1/2€ , and so

€t

<C+ /0 {w () — w2 (r — D)} 6(t) dtJW™(r),

since for ¢t > €, w(t) — w®(r —t) = —w(r —t) < 0 and since §(¢) > 0. Since

€t

f(t) < C for t € (0,¢,), this implies that

<{1+/ [0l (1) — w(r — 8)) dt W (r)} C
<2C.

This completes the proof. 0
We are now ready to prove Proposition 5.3.
Proof of Proposition 5.3. We have, from Propositions 5.2 and 5.1,

W(r)e(r) + /OT we, (T —t) e(t) dt < W(r)e(0) + /OT we, (t) e(t) dt
+4W(r {||f |5t+5w}|U0|TV(R)
+ B}, (u,v; 7).

Passing to the limit in w, we obtain, for 7 € [0, 7],

W (r)e(r) + /OT we (T —t)e(t)dt < W™(r)e(0) + /OT wee (t) e(t) dt
+4W>(r) {||f’ |€t+€z}|UO|TV(R)
+W>(r) lim sup {Ej;,(u,v;t)/W(t)}.

WX te(0,T)
We can now apply Lemma 5.4 with 8 = e, and

C=e(0) +4{l| f'(v) et +ex} [volrvm + lim sup {E, (u,v;t)/W(t)}.
WX te(0,T)

This completes the proof. 0
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f. The estimate of limy .,y Sup;c o, 1) {E} (u,0;t) /W (t)}.
PROPOSITION 5.5. For U(w) = |w|, we have,

2
li E} H/wi)} < —T
wg)nx OE?ET{ o (W03 t)/ } s | vo |TV(R) v |,

where || v, || is defined as in Theorem 4.1.
To prove this proposition, we need the four auxiliary results that follow.
LEMMA 5.6. We have,

—Flu,v) + F(v,u) = / St 0)/2) = £} U —u) + U(s — )} ds,

for any even function U such that U(0) = 0. In particular, for U(w) = |w|, we have
—F(u,v) + F(v,u) =0.
The proof of this result is straightforward; see, e.g., [7].
LEMMA 5.7. Set V(u,v) = fvu v(s)U'(s—v)ds. Then, for U(w) = |w |, we have,
+

(V (,0") - vw»‘ <[ woas

vt —v~

1
vt —wv~

This inequality follows easily from the definition of V (u,v) and that of U.
LEMMA 5.8. We have

T 2
/ sup D(t,z)dt < M TW(r),
0 z€R €z

where

D(t,x) //|<p$t:ctx)|d:vdt

Proof. By the definition of ¢ in §2.a,
D(t,x |w|TV(R) / o ¢y dt,

and so, after simple algebraic manipulations, we get

/ sup D(t, ) dt <|w|TV(R)/ / we, (t —t')dt' dt
0

z€R
2
& / (1 — s)we, (s)ds

€x 0

2
< | w |TV(R) W),

€x

This completes the proof. 0
LEMMA 5.9. There exists a sequence { v }jen of functions in C°(0,T; L*(R)) that
converges to v in L>(0,T; L*(R)), such that

|vj(t) lrv ) < vo lrv(w) for j € Nt € (0,T),
e S :
;relav] (t,z) > ;révag(x) forjeNt e (0,T),

supv;(t,z) <supwvo(z) forje Nt e (0,T).
z€R z€R
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Proof. Take v;(t,x) = (6; * v(t))(x), where §;(y) = j6(jy) and 0 satisfies the
conditions (2.1). Since v € C°(0,T; L*(R)), the sequence {v; }jen is a sequence in
C°(0,7; L*(R)) that converges to v in L*(0,7;L'(R)). Finally, the result follows
from the following standard inequalities

|0 () lrv®) < 0(t) |7V (R) for j € Nt € (0,T),
e > .
;rel%v](t,az) > ;réFRv(t,x) for j e N,t € (0,7),

supv;(t,z) <supwv(t,z) forje Nt e (0,7),
z€R z€R

and from the following properties of the entropy solution v,

|v(t) lrv ) < |vo |7y ) for t € (0,T),
inf > inf fi T
;I’GIRU(t’x) = ;IelRUO(x) orte (07 )7
supv(t,z) < supwvg(z) forte (0,7),
rzER z€eR

This completes the proof. 0

We are now ready to prove Proposition (5.5).

Proof of Proposition 5.5. Let us begin by proving the result in the case in which
the entropy solution v is smooth everywhere except at most on a single curve C =

{(z(t),t) : € (0,7)}.
By the definition of the form EY, (u,v;t), the definition of the entropy solution,
and Lemma 5.6 , we have

E%; (u,v;7) S—////V(u,v) Oua (t, 2,1, 2") do dt da' dt’. (5.2)
0Jr/oJr

After a couple of simple integration by parts, we can rewrite (5.2) as follows:

Eéw(u,v;f)s// U(t',z")da' dt',

0JrR

where
L V] &

(t, ") :/ {/ 0V (u,v) vy Py dm+ﬁ[v] o +/ 0V (1, 0) Vg Qg d;lj}dt_
0 e v ()

where [G] denotes the jump of the function G(v) at the point (z(t),t), that is, the
value G(v(t, z(t) + 0)) — G(v(t, z(t) — 0)).
Taking absolute values and using Lemma 5.7, we obtain

T z(t) 3]
|W(t',x'>|s||uv||/0 {/ |vx||w|dx+|[v]||sozf|+/()|vz||goz,|dx}dt.
—00 z(t

Finally, by using the quantity D defined in Lemma 5.8, we obtain

o0

Biutwvin) <l [ { / " oy | Dlt,2) e+ | 1] | Dt (8) + /

—00 z(t)

<Nvelllo o= (o.rv ) / sup D(t, z) dt (5.3)
0 z€eR

| v, | D(t,x) dm} dt

2|wlryr
<= 1w vy llve | W (D),

by Lemma 5.8 and since , | v | (0,7;7v(®)) < |v0 |7v(®). The result follows from (5.1).
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This proves the result for the case in which the entropy solution v is smooth
everywhere except at most on a single curve C = {(z(t),t) : t € (0,7)}. The same
technique can be used to prove the estimate in the case the entropy solution has a
finite number of discontinuity curves in each compact of (0,7") x R.

Let us now consider the general case. By the inequality (5.2), Lemma 5.9, and
since the function V (u,v) is Lipschitz in v by Lemma 5.7, we have

E}(u,v;71) < — ////Vuvcp”twta:)da:dtdxdt'
= lim —////V(u,vj)mer(t,x,t',x')dxdtd:v' dt'.
J7ee Jo JrJo JR

Since v; does not have discontinuities, we have, by (5.3)

|w|rv®
Ejpy(,07) < lim V) 2oy v 1)
j—oo €z
2|wlry )
<= up vy [l v W (),
€x
by Lemma 5.9. This completes the proof. 0

g. Proof of the error estimate. From §5.d and §5.e, we have that, for U(w) =
|w,

[u(T) = o(T) [lLr) < 2[luo = vo llLa(w) + 8 (€x + el (W) 1) [vo [7v (=)

4
+ =T 1wvo lrvw) llve -
€z
Letting €; go to zero and minimizing over €,, we get

1/2
1u(T) = o(T) ll2) < 2l w0 = vo | (x) + 41 v0 lrv ) {8 T Il wo 1}/
This completes the proof of Theorem 4.1.

6. A second application: The Engquist-Osher scheme. As a second ap-
plication, we consider the problem of obtaining a priori error estimates for the well-
known Engquist-Osher scheme. For the sake of simplicity, we use uniform grids. Let
At and Az be two given positive numbers. Set x; = j Az, ;11,5 = (zj +x;41)/2 and
t" = nAt.

The approximate solution

U(t,l’) :’U/;’L, for (t,ZU) € [tn,tn+1) X (wj_1/2,$j+1/2),

defined by the Engquist-Osher scheme is given by the solution of the following equa-
tions,

(U;H_l_u?)/At+(on(u?7u?+1) fEO( j 1> ]))/AZL“—O nENJj EZJ
where the numerical flux fZ© is given by

F79(a,0) =f*(a) + f~ (1),
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where

= " tmax{f'(s),0} ds,
o= " mmin{f'(s),0} ds,

and the initial condition if u(t = 0) = ugp = Pa.(vo), where Pa, is some operator from
BV (R) to the space of functions which are constant on the intervals (z;_1/2, Tz41/2),
for j € Z.

The model equation equation of the Engquist-Osher scheme [10] is

u+ (f(w)e — (V7 (u) ug), =0,
where

Az At

EO i i 2

=— - — . 1
yPO () =S /() | - S (')} (6.1)
Since we expect the approximate solution of the Engquist-Osher scheme to behave
like the solution of (4.1) with the above viscosity, an error estimate similar to the one
of Theorem 4.1 should hold provided that the viscosity coefficient is positive, which
happens if

S (62

Our next result shows that this is indeed the case. Note that the bound of the
error is given solely in terms of the entropy solution v.

THEOREM 6.1. Let the Courant-Friedrichs-Levy condition (6.2) be satisfied. Let
u be the piecewise-constant approximate solution given by the Engquist-Osher scheme
defined above and let v be the entropy solution of (1.1) (with d = 1) where vy €
L>®(R) N BV (R); set R(vo) = [infyer vo(x),sup,cp vo(x)]. Then,

[u™) —ot™) lp1®) < 2(uo — vo lLrr) + 4| vo lrv ) {8 || vo ”}1/2
+ | vo v (k) {b1 (Az)3/* + by Az},
where

lvoll = sup  v59(w),

wER(vo)

for vFO given by (6.1). When the entropy solution has a finite number of discontinu-
ities on each compact set of (0,T) x R, we can take

lvo |l = sup v5O(u(t, @ = 0),0(t,z +0)),
R
and
* 2
_ Az 1 v At vt) — flv~
T =5 <m/ 'f'<5>|d8—_m{f(—u+)_f( )} )

The coefficients by and by are bounded functions that depend on the following quantities

L= @) at/Az, = | f@IAc/lvll, &= {" [ /ac}
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Note that if we drop the asymptotically unimportant terms containing the coef-
ficients b, and by, this result is identical with its ‘continuous version’, Theorem 4.1
(with a suitably defined viscosity). Note also that

Az 1 vt
Tm/ | f'(s) | ds,

is exactly equal to the so-called viscosity produced by the Engquist-Osher flux. The
negative viscosity

_ %{f(v?:fgv)}ﬂ

is produced by the explicit nature of the scheme. As it is well-known, the stabil-
ity condition (6.2) ensures that the (total) viscosity of the scheme, v (v v%), is
nonnegative.

The above result is proven without explicitly using any regularity properties of
the approximate solution; instead, we only use the regularity properties of the entropy
solution. The only properties of the Engquist-Osher scheme that we explicitly use are
that the scheme satisfies a (i) local entropy inequality which (ii) has conservation
form and (iii) uses a two-point splitting entropy flux. Any other scheme with these
properties satisfies a result similar to Theorem 6.1. In this paper, in order to better
illustrate the new approach to a priori error estimates, we have restricted ourselves
to a simple model scheme in a simple setting (the one-dimensional case and uniform
grids) for the sake of simplicity and clarity. A generalization of Theorem 6.1 to the
d-dimensional case and a general triangulation will be treated in a forthcoming paper.

7. Proof of Theorem 6.1. The proof of Theorem 6.1 is, essentially, a “discrete”
version of the proof of Theorem 4.1.

a. The choice of E(u,v;t"). Following what was done in the continuous case
in §5.a, we pick the form E(u,v;t") as follows:

N
E(up,v;t) //ZZ‘P” (t,z)) p(t, , t"* x;) Az At dx dt,

n=0 jEZ
where
\I’;L(C) :U’(u?—c){(u;-”rl )/At-l—(A f+( AL f( /A:U}
and
o, x,t' xj) = Alx/z e o(t,z,t',s)ds. (7.1)

ji—1/2
As in the continuous case, the entropy U is the Kruzkov entropy. The function ¢ =
o(t,z,t',x") is taken as follows:
@:wq(t_tl)’?em(m_ﬂf); (wat)a(mlatl) ERXR+7

where €; and €, are two arbitrary positive numbers and

1 s 1 S

we, (8) =—w(=), ne,(s) = —n(—),
€t €t €z €

for any s € R. The functions w and n are smooth functions satisfying the properties
(2.1). As in the continuous case, we take a sequence of functions w converging to
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the function y. However, we do not want to do the same thing with the functions n
since, as will become clear later in the proof, we need to estimate the total variation
of the second derivative of . Thus, we take a sequence of functions 1 converging to
the function

(1+¢€)/2, for |z] < (1 —¢€)/(1+¢),
Xe(z) =¢ (1+€)* (1~ |z])/4e, for |z| € [(1—€)/(1+¢),1],
0, elsewhere .

It is easy to verify that we can find a sequence of functions 7 such that

nllg(l [0 lrve) =X lrve) = 1 +¢, (7.2a)
li ! =|x =2+e+1/e 7.2b
nlj)% In |TV(R) | X. |TV(R) € /€ ( )

b. The “divergence” and “dissipative” parts of E(uy,v;t"). In this step,
we rewrite the form E(up,v;t") as the sum of its “divergence” and “dissipative” parts.

PROPOSITION 7.1 (The “divergence” and “dissipative” parts of E(up,v;t")). We
have

E(up, v;tN) =Egio (wn, v;tY) + Eqiss (un, v;t" ).
The “divergence” part Eqp, (up,v;t™) is given by
tN . N-—1
Eqiv(up, v;t") :/ / Z ZDIV;‘(U(t,x)) o(t,z, t" T z;) Az At du dt,
0 JR =0 jez
where

DIV (c) :(U(u?‘"1 —c) = U(u} — ) /At + (A_FT(u},c) + AL F~ (uf,c)) /A,

where
P = [ 60U = o) ds.

The “dissipative” part Eg;ss(upn,v;tN) is given by

t N-1
Egiss(un, v;t") z/ / > > LRED}(u(t,x)) ¢(t, x,t"*", x;) Aw At dx dt,
0 R

n=0 jEZ

where the local rate of entropy dissipation LRED;‘(C) s given by

LRED}(0) = [ (0u) = h(e) U (s = ) ds

b [T - ) U - s

uw?tt
1 Uit o - .
TRz e (=f (wji1) + f7(s)) U"(s =€) ds,

where h(s) = s — RL(f+(s) — f~(s)).
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Proof. By definition, we have

tN
E(up,v;t //ZZ\P” (t,z)) ¢(t, o, t"* x;) Az At dx dt,

n=0 jEZ
where
\Ilg‘(c) :U’(u;‘ —c) {(u?"‘1 — ”)/At + (A f+( M+ ALf( /Aaz}
=U"(uf — o) (uf™ — uf) AL+ U'(uf — ) A_f*(u j>/Am
+U'(uf —c) Ay f~(u}) /A

E\Iﬁ(c) + \I’z(C) + ‘I’g(C).

Note that ¥} (c) is a discrete version of the expression ¥(u, c) defined in §5.a.
To obtain the result, we use the following simple identity:

b
U'(a =) (9(b) — g(a)) =G(b,c) — G(a,c) — / (g(b) —g(s) U" (s — ¢) ds,

where

b
G(b,c) :/ g (s)U'(s — ¢)ds.

Thus, taking g(s) = s, we get
n+1

Uy (0) (U@ — ¢) — U(ul — ) /At — Alt / U@ - ) U (s — o) ds.

)

Next, taking g(s) = f~(s), we obtain
Us(c) =(A_F*(u},c))/Az + ﬁ /MH (FH(uf_y) = fH(s)U" (s — c) ds.

Finally, taking g(s) = f*(s), we obtain
Cn 1 U n - "
Us(c) =(A-F" (uf,c))/Ax - Az ). (f~ (wj) = () U"(s — ) ds.
Gathering the last three expressions, we have

U"(c) =DIV}*(c) + LRED?(c),

DIV} (c) =(U(uj™ =) = U(u} — )/ At + (A_F*(uff, ) + Ay F~ (uff¢))/Ax,
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w?

—o [ T SR ) — ) ~ KD} U - o ds

+ ﬁ/w_l (f+(U;'L—1) _f+(8)) U”(S—c) ds

n41
Uj

* Aix /UJJrl (=f (i) + f () U"(s = c)ds.

u;+1
Using the definition of u™", we get

7?
J

LRED?(C) :é /u {u;’ _ %(}H—(u?) _ f‘(u?)) _ h(s))} U (s —¢) ds

n+1
uj

+Ai$/uuj—1 (f+(u;}_1)—f+(s)) U”(S—C)ds

n41
)

Uit
w5/ o T+ U6 =0t
This completes the proof. 0

Note that DIV]* and LRED7(c) are the discrete versions of the terms DIV (u, c) =
{(U=c))e+(F(u,c) —v(w) U(u—c)y)s } and LRED(u,c¢) = {U" (u—c) v(u) (ug)?},
respectively. To see this, consider that u means u(t"!, z;) for arbitrary i € Z. Ex-
panding around ("', z;) we get

DIV (c) = {({U(u =)t + (F(u,¢) =v(u) U(u = €)z)s } + heo.t.,
LRED}(¢) = {U"(u - c) v(u) (us)*} + h.ot.,

where

v(w) = 5241 ') |~ SE(F )}

as expected. This simple computation shows that v(u) is nonnegative if % | fl(uw)] <
1. The same result holds for the local rate of entropy dissipation.

ProposITION 7.2 (Nonnegativity of the local rate of entropy dissipation). The
local rate of entropy dissipation LRED7(c) is nonnegative if ﬁ—; | f'(s)| <1.

Proof. From the expression of the local entropy dissipation LRED?(C) in Propo-
sition 7.1, it is clear that LRED?(c) > 0 is the functions h(s), —f~(s), and f*(s)
are nondecreasing functions of s. The functions —f~ and f* satisfy that property by
construction. It is very simple to verify that under the condition % | f'(u)| <1, the
function h is nondecreasing. This completes the proof. 0

COROLLARY 7.3 (Nonnegativity of the dissipative part Egiss(up,v;t™N)). If the
hypotheses of Proposition 7.2 are satisfied, then Egiss(up,v;t™) > 0.

c. The dual form EJ; (up,v;t") and the error term T,..(us,v;t"). To
obtain the dual form and the error term, we simply make a couple of integrations
by parts and use the fact that u(t',z') is equal to u} on the rectangle [t7, t7 L) x

(Tj_1/2,Tj41/2).- We use the following notation:

[P = (FF - F7)/2.
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PROPOSITION 7.4. We have

Ediv (Uh, v; tN) = - E;w (Uh, U3 tN) + Terr(uh: U3 tN)a

where

N N
B (up, vt / / / / —v(t,z)) s (t,x, ', 2") do dt da’ dt’
+ / / / Uu(t',2') — oY, 2)) (N, z,t',2") dx dt d'
/ / / N — o)) (N, x, ' &) da dt da’

_ A n+1 ! —A n+1 !
Z///2Aa: (t,x + Az, t" " 2") — o(t, @ x, " 1))

-F(u(t™, z'),v(t, z)) de dt dz' At

N-1 tN
1
+ / / / ——(p(t,z + Az, t" T 2" = 2p(t, x, " 2
nz:;) rRJo R 2AZE

+o(t,x — Az, t" T 2")) | F(u(t™, '), v(t, x)) | de dt de’ At,

and

N
Tory (up, st / // —v(t,z)) ot z, t &' dz' dx dt

+/0 /R/RU(u(t',x')—v(tN,x)) o, z,t', ") do dz' dt'
—/tN//U(u(O,az')—v(t,az))@(t,w,O,x’)dw'dazdt
/ // " — vo(@)) (0, 2, ¢, 2') de da’ dt’.

Proof. After a standard integration by parts in time and another in space, we

easily get
Ediv(un, v;t") =Egivt(un, v;t") + Egiv,o (un, v5t")
where
Eaiv.o (un, v;t" Z Z/ / Uu? —o(t,x)) (p(t, x,t", ;) — $(t, 2,1 2;)) Aw da dt
n=0 j€Z R
X [ 0,2 oty ot ) Ardeas
JEZ

_Z/ U 0 :U]) ( ))tzﬁ(t,x,O,a:j)Axd:ndt.

JEL
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and

N-1 tN
Banaunvit®) = 523 [ [ @l ) = o0, 250)
R

n=0 jEZ 0

. F+(u?, v(t,x)) At dx dt

+ZZ// ot 2, L 1) — 3(t 2, 7L )

n=0 jEZ
< F(uf,v(t,x)) Atdzdt.
Next, taking into account that u(t’,z') is equal to u™(z') on [t",¢"!) that |F| =
F* — F~, and noting that F = F* + F~, we can rewrite Eg;y¢(up,v;t") and
Egiv,z (up,v;tN) as follows:

N
BEgivit(up,v;t) = — / / Uu(t', z;) —v(t,z)) pp (t,z,t', ;) de dt Az dt’
JEZ
+Z/ U, z;) —v(t,z)) d(t, 2, t" ,2;) Az dz dt
JEL
tN
- Z/ / u(0,z;) — v(t,z)) ¢(t,z,0,x;) Az dz dt,
JEL
and
N-1 tN
Edw T Ufh:U t Z Z/ / t $,tn+1,.’L'j_1) — ¢(t,$,tn+1,$j+1)))
n=0 jeZ

- F(uj,v(t,r)) At dz dt

B Z Z/ /R%(‘f’(t’wvtnﬂvfﬂjfl) — 26(t, ", ;)

n=0 jEZ
+ oty t" T 2j4)) | F(uj,v(t,z)) | At dz dt.

Taking into account that ¢, = —¢p, that ¢(t,z,t',xj41) = (¢, @ F Az, t',x;), that
u(t',z') is equal to u;(t') on (w;_1/2,%;41/2), and that, by (7.1),

1 [Ti+1/2
t,x,t o) = — t,z,t',s)ds,
J P

A'II; ji—1/2

we get

Eiv .t (up,v;t / // /U "N —w(t,x)) pe(t, z,t', x') dr dt dz' dt’
N
// / N —o(t,z)) otz tN, z") da’ de dt

—// U(u(0,z") —v(t,z)) ¢(t,z,0,2") dz' dz dt,
rRJo Jr
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and

tN
Eivx(up, v;tY Z // / 2A:c otz + Az, t" T 2" — o(t,r — Az, t" T 2"))
cFu(t™, o), v(t, z)) dodt do' At

N-1 tN 1
-2 / / / gy (Pt e+ Aw " o) = 2p(t @, 47 o)
n—o /RJ0 JR 48T

+o(t,x — Az, t" T 2")) | F(u(t™, '), v(t, x)) | dz dt da’ At.
Finally, by using the definition of the dual form, we can write

Ediv(uh,v;t ) Edw Up, UV, t )

//t / ") = o(t,x)) p(t, e, t", ') da' da dt

- /R/Ot /RU(U(OJC’) —u(t,x)) p(t, x,0,2") da’ d dt

i /tN / /tN/ Ulu(t,a') = o(t", @) p(t" o, t', o) da da dt'
/ // " —wo(z)) (", 2, t',a") dw da’ dt'.

This completes the proof. 0

It is clear from the above proof, that the definition of ¢(¢, z,t', ;) (7.1) allows us
to have an error term T,,..(u,v; ") exactly equal to the error term of the continuous
case. As a consequence, the next two steps are identical to the ones of the continuous
case.

d. A lower bound for the error term T, (u,v;tV).
ProrosiTiON 7.5. We have
tN

Tor (1,05 8Y) > W(EN) e(tV) + / we, (Y = t) e(t) dt

—W(tN)e(O)—/ we, (1) e(t) dt

0
=AW EN) {11 f'(v) llee + €} [vo l7v ).

Since the functions w and 7 satisfy the properties (2.1), to obtain the above result,
we can simply take 7 = ¢t in Proposition 5.2.

e. The approximation inequality.
PROPOSITION 7.6. (The approximation inequality). We have

e(t™) < 2e(0) +8 (e +ellf (W)II) [vo v w)
+2lim sup {E};,(u,v; t”)/W(t")}

W=X1<n<N
+ 21 f'(v) [l lvo v (=) At.

To prove this result, we need the following auxiliary lemma which is a slight
modification of Lemma 5.4.
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LEMMA 7.7. Let 6 :[0,T] — R* be a nonnegative, measurable function such that
for all N € N,

tN tN

W°°(tN)0(tN)+/ we (N —1)6(t) dthOO(tN)C+/ w™ () O(t) dt,

0
where w™ = x. Moreover, assume that, for t € [t", t"T1),
0(t) <O(t") + c At.
Then, for T € [0,T],
0(r) < 2C + cAt.

Proof. The proof is similar to the proof of Lemma 5.4. If ¢" < ¢;, we have that,
for t € [0,t"], w(t" —t) = wX(t) =1/2¢ , and so

0(t") <C.
By the second hypothesis on 8, for ¢t < ¢,
0(t) <C + cAt.

To estimate 6(7) for 7 > €;, we proceed as in the proof of Lemma 5.4 to get

(r) §C+{/Oq {w2(t) —we(r —t)} dt/W>(r)} {C + c At}
<2C + cAt.

This completes the proof. 0
Proof of Proposition 7.6. This result follows from Proposition 7.5 and Lemma 7.7
with

o(t") =e(t"),
C= 4{lf' @ lle+etlvolrvm + lim sup {Eg,(u,v;t")/W(t")}

WX 1<n<N
c= |Lf' vollrv)-
This completes the proof. 0

f. The estimate of the dual form Ej, (u,v;t")/W(t"). The following result
is the analog of Proposition 5.5.
PRrRoOPOSITION 7.8. We have

. 2
lim sup {E;iv(u,v;t”)/W(tn)} < =N |vo |rve) | vo | + Esmart,
w—rX 1<n<N €Ex

where the quantity || v, || is defined in Theorem 6.1 and the small term Egspqay is given
by

Esnan =1 tN | Vo |TV(R) || Vy || + 2 || f,('U) “ |U0 |TV(R)7
where

-1 At
¢ =2 |TI|TV(R) 19 |n |TV(R) at

€p €p €t
/ At (Az)? At
- <|’7|T7V<R0(2 + 2 ( ”23) L nlrve (AD? || f'(v) ||) tN + (2 +4—) At
6 €& € €t €z €t
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We want to point out that it is very simple to show that the dual form
B3, (u,v;t") /W (t") can be bounded by a term proportional to Axz/e, + At/e;.
However, to obtain the finer estimate of Proposition 7.8, extra effort must be made.
We thus proceed in several steps. In what follows, whenever no confusion is possible,
we abbreviate F'(u(t", '), v(t, z)) and | F'(u(t", "), v(t,x)) | by F and | F'| respectively.

First step: Rewriting the dual form Ej; (u,v;t). We start by suitably
rewriting the dual form. To state our result, we need to define the following regu-
larizations of the function ¢

tn+1

1
plta ) = [l ds, (7.32)
t’".
1 AJ)/Z
¢(t7$7tn+17$,) :E/A / (p(t7$+p7 tn+17$1) dp: (73b)
—Az/2
1 AJ)/Z
@(t,;l?,tn+1,33,) :A_l'/A / ¢(taﬂf+/’; tn+17w’) dp (73C)
—Az/2

LEMMA 7.9. We have
E;iv(umv;tN) < TEUiSC(uJU; tN) + TEhOt(uJU; tN)J

where

N-—1 tN
1
TEvisc(u,v;tN)=+§ Z// /{AthEzm+A:c|F|¢m}dxdtd:c’At
n—o /RJ0 JR
1Nfl
— 5 Z / / {AtF(U(tn7wl)7v(tN,$)) cﬁw(tN,ﬂ?,thrl,wl)}diL“dwl At
n=0 /R/R
1Nfl
+§ Z//{AtF(U(tnaﬂf’);v(O,az))Qm(O,x,t”“,x’)}dmdm’ At,
n=0 RJR
N-1 tN
T Epot(u,v;t") = — Z// /FQdazdtdm’At
n—o JRJO JR
1N—l
t3 Z//AtF(U(t”,w’),v(tN,:v))sfzx(tN,:c,t”“,x’) dz dz' At
n=0 RJR

N-1
1
3 > / / At F(u(t™, z"),0(0,2)) ¢, (0, z,t" ", 2") du da' At,
n=0 RJR
and
) :{%(qﬁw (t,z+ Az/2,t" ") + ¢, (t,x — Az /2,t" 2")) — 5, (¢, 2, t" T, 2')}

At
+ 5 fultsz, 2l
The fact that suggested the above decomposition of the dual form is that the
term T Eyisc(u, v;tY) contains the information of the main term of the local truncation
error of the numerical scheme, that is, it contains the information about the effective
viscosity of the scheme. To see this, assume that U(w) = |w| and that v is smooth.
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After a couple of integration by parts, the term T E,;s.(u,v;t") can be written as

N-1 tN

PN o
- At Fy + Az | F |, t @ da dt de’ At,
2,;) o S A A

and since
%{AtF(u,v)t + Az | F(u,v)|,} =— U’(u,v)%{Atf’(v) ve + Az | f'(v) | v, }
=_ U'(u,v)%{ — At (f'(0)? + Az | f'(v) |}v$
== Ul(uav) V(U) Vas

our claim follows. The term T Ep.¢(u,v;t"N) contains the high-order terms of the
truncation error of the scheme.

Proof. Using the notation introduced above, and using the fact that v is the
entropy solution, we have

N N
B (un, v tY) S/ // /F(U(t,x),u(t',a:'))@m(t,w,t’,x’) dz dt dz' dt'
o JrJo Jr

N-1 tN ~
—Z// /tI)Fd:cdtdx’At
o /RJ0 JR
1N—1 tN
+ = // /Ax(ﬁm F|dzdtds’ At,
3 2 Jey S Aol

where
~ 1
® = §(¢w(t,x + Az/2,t" T 2" + ¢ (t,x — Az /2,1 2")).

Taking into account that, for U(w) = |w| we have F(v,u) = F(u,v), and writing

N N-1
F(t,z),u(t,2") oz (t, z, t',2") dt' = Z Fg,(tz, t" o) (" — )

0

3
[=}

2

Fp,(t,z,t" 2') At,

3
Il
=]

we obtain

N-1 tN
B (up,v;tY) < — Z// /F{<i>—Gx(t,a:,tnﬂ,x')}dmdtda:'At
—JrJo Jr

1N—1 tN
+ = // /A:U|F|¢7md$dtda:'At.
22 )l Je

Adding and subtracting the term

1 N-1 tN
= At F @ da dt da' At,
s X ), Jaeren
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we get

N-—-1 N
By (un, vi ") < = Z// /Fcbdxdtdx'm
n=0 R JO R
1N71 N
+_Z// /{AtF¢$t+Aw|F|¢ww}d$dtdaj1At
2 n—o /RJO JR

The result now follows easily by using the definitions of the terms T'E,;s.(u,v; ") and
T Epot(u,v;tV). This completes the proof. ad

Second step: The functions ¢ and ®. From Lemma 7.9, it is clear that what
we have to do next is to express the functions ¢ and @ in terms of the function .
LemMA 7.10. We have

1 Aw
ptata) =5 [ - ittt pyap,
and
O =0, +02, , +3.,

rr'r TT'T

where the functions ® = ®'(t,z,t" T, 2'), i = 1,2,3, are given by

At
@ GAt/ / |p| ) p(t,x,t" T —s,2" — p)dpds,
=% /A 0 |) (2+|A;|c)‘f’(tﬂwat”+1,w’—p)dp,
€T
> 2y _ Lol L
- 2Ax/ / 1__ )7 ( —A—:E)W(t,ﬂ?,t”Jr —s,x' — p)dpds.

Proof. The first equality follows from the definition of ¢, (7.3c). To obtain the
expression of ®, we first rewrite ® as

P =3! + &2 + &3
where
&t =p, (t,z, t" 2"y — B, (t, x, t" L 2,
:%(qﬁw (tz + Az/2, " ') + gu(t,  — Ax/2,t"H ")) — @y (t, o, 471 2')}

~ — At
®3 =, (t, x, t" T 2') — o, (¢, 2, t" T 2) — Tétx(t,:c,tnﬂ,x').

To show that ®! = ®L , ., & = &2, , & = &3, , we use the definitions of ¢, ¢

and @ given by (7.3), and we perfom several simple integration by parts. 0

Third step: Estimating TFE,;s.(u,v;t"). We are now ready to estimate the
term T Eyise(u, v;tN).
LemMA 7.11. We have

TEvzsc(U v; tN) <Tp tN | Vo |TV || Vy ”7
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where

= sup {Z/Mpwtxt"“ )| dz' At}

ze(o tN)

In the proof of the above result we denote by [G] the jump of the function G(v)
at the point (z(t),t), that is, the value G(v(t, z(t) +0)) — G(v(t,z(t) — 0)) = G(vT) —
G(v™). Also, for the sake of simplicity, we do not render explicit the dependence of F
and |F| on u; recall that

[ rovie-vas

| F |(u,v) = / | F(s) |U" (s — v) ds.

Proof. 1t is enough to prove the result in the case in which the entropy solution
v is smooth everywhere except on a single curve C = {(x(t),t) : t € (0,¢")} since the
general case follows easily from this case, as we have shown in the proof of Proposition
5.5.

After a couple of simple integration by parts, we can rewrite 7' Ey;sc(u, v;tY) as
follows:

T Eyise(u,v;tY Z / Ut o'y da’ At,

where
1 z(t)
\I;(tn“,x’):_g/ / (AtF, + Ax|F |} ¢, dedt
0 —00
1 tN oo
__/ / (ALF, + Ax|F|,} ¢, dodt
2J)o Je
1 [f] R
5/0 {—At[F]m—FAwUF”}@wdt.
Setting

(0] Aa o] [o]

and writing 7 instead of #(v™,vT;u(t?,z')), we have

1%

(v, vt u) :%{M At [F] [f]},

tN

x(t) o0
("t o) =—/ {/ D0, P dr + 7 [0] @y +/ 70y Pu dw}dt-
0 —0o0 z(t)

Setting

7]l = sup sup|@(v(t,x —0),v(t,z+0);u)|,
te(0,6N) uER
T€ER

we obtain, after taking absolute values,

z(t) 0
B, ) | <||u||/ {/ |vm||sox|dw+|[]||¢m|+/(t)|vm||¢w|dw}dt
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Inserting this upper bound into the right-hand side of the definition of T E,;s.(u, v; V),
we get

tN z(t) 00
T Eyise(u,v;t") <To || 7| / {/ |vg | da + | [v] | +/( ) |vx|dx} dt
0 —00 z(t
<To t™ || un vy |7 -
To prove the result, it remains to show that |7(v—,v%;u)| < v(v™,v"). To do this,
set N(u) = o(v™,v";u) and note that

o) =557 P 2B i - 28 (P22 ),

2 vt —o— Az vt —wv~

This implies that N (u) is constant when u does not lie between v~ and v* and that,
since the stability condition (6.2) is satisfied, N is monotone. Hence

| N(u) | <max{N(v"),N(v )} =v(v ,v").

This completes the proof. 0
The term T, will be estimated in the fifth step below.

Fourth step: Estimating TEj.¢(u,v;t"). We are now ready to estimate the
term T Epot(u,v;tY). We start with the following result.
LEMMA 7.12. We have

T Epot(u,v;t™) <c|l f'(v) || vo |7y @),

where ¢ = (Ty + Ty + || f'(v) || T3) tY + 2(Ty + T5), and

Z/|<I>,,t:vtn+1 )|da:At}

T1 = sup

t€(0 tN)

Z/|<I>,,t:ct”+1 )|d$At}

N-1

Z / &5 (42, o) | da At},
R

T = sup

{
{
{

T3 = sup
te(0,tNV)
zEeR

Ty = sup

tE{O tN}

Z/|<I>t,ta:t”+1 | dz' At}
Ts = sup {2/ AL @tz " )|dmAt}

te{o, tN}
z€R

Proof. First, assume that the entropy solution v is smooth. By using Lemma
7.10, we rewrite T Ep ot (u, v; tV) as follows:

T Epot(u,v; tN Z / / / F{®, . + @0, + ®}yy } dodtda’ At
R
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1 N—1
t3 Z / / At F(u(t™, "), v(tN ) ¢ (tN,z,t" T ') do dz' At
n=0 RJR

N-1
—%Z//AtF(u(tn,:U’),'U(O,:U)) G2 (0, 2,t" T 2') do da’ At.
— J/rJR

Integrating by parts, we get
N-1 tN
T Epot(u, v;t") = Z // /F,,. {®L ., + @2, } duvdtds’ At
—JrJo Jr
N-1 tN
+ Z// /Fﬂbf,w, d dt dz' At
—/rJo Jr
N-1
- Z //F(u(t”,x'),v(tN,:c))@?,x,(tN,x,t"H,x')}d:vd:c' At
n=0 /R/R
N-1
+ Z//F(u(tn,:c'),U(O,x))@?,mr((),x,t”"'l,x')}dxdx'At
n=0 /R/R
L N1
-3 Z /R/RFw(u(t”,:c'),v(tN,x)) At (N, @, t" L 2') do dx’ At
n=0

N-1
1

+3 E //Fm(u(t”,x'),v((),x))Attﬁ(O,x,t”+1,x')dxdx'At.
—=JrJr

Taking into account that ®},, = —®J3_, we use integration by parts on the third

and fourth terms of the right-hand side. We then take absolute values and use the
following inequalities

| Fe | <1 f'(0) [ va ],
| Ee| <[ f'(0) "] va ],

to get
tN N
T Epot(u, v; t") <{Ty +T2}/ |f’(v)||vw|dazdt+T3/ | f'(v) |? | v | de dt
o Jr o Jr
+T4/If'(U(tN))IIvz(tN)|d$+T4/If'(vo)llvo.rldﬂ?
R R
+T5/R|f'(v(tN))|Ivz(tN)|d$+T5/R|f'(vo)|IUo.rldﬂ?,

and the inequality follows. The result for general v follows from a classical density
argument. This completes the proof. 0

Fifth step: Estimates of the terms 7;, i =0,...,5.
LeMMA 7.13. If we let w tend to x, we get

At 2
To <(1+ 29 |77|TV(R) W(tN),
€t €x
A 2 !
(Az)*|n |TV(R) W(tN),

T <
b= 6e2
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A 2 |/
(Az)* |7'|7v ) (1+H)W(tN),

T, <
2= 6e2 €t

1y < Ve gy,

€t €x

2
T, < (G0 W),
€t

At
Ts <At(1+—) W (V).
t

Proof. All the terms T; are of the form sup,,,,~, ©;. In what follows, we only

zER
work with ©;. Throughout the proof, we use the fact that

w _ _ 2
lm sup \Celrvieeon 2
W pe(0aN)  fy we (t)dt T €

as can easily be established by direct calculation.
Let us start with ©¢. By definition,

N-1
O = Z / | pe(t, 2, t" T 2’ | da’ At.
n=0 R

By using the definitions of ¢ and ¢, as well as Lemma 7.10, we can rewrite ©¢ as
follows

N—-1 1 Az | |
eo={§wq<t—t"“>At}{A—/ =2 [1to =+ las dp )
and so,

9% s{/ wﬁu—wdt'—Nzl/”“ <s—t”>w;t(t—s>ds}

n=0 vt"

N i |0 l7v®)
= 1— Py g, VIITVR)
{Ax/mc( Ax) p} €z

n n
:{2W(t ) + At Jwe, |TV(—t,t"—t)} ||T7V(R)-

€z

Relation (7.4) leads to

At
0 < 2(1 + Sy () V),

€t €z

which proves the estimate of Tj.
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Let us prove the second estimate. By definition of 0,

N-1
61 = Z / |¢;/z/ (t,w,t"+1,:ﬂ') | d.fl}" At
n=0 /R

{ : wat-ya {55 [ V- lely [ e =+ o an

—Az
Az [AF 14 " |rv e
<2W(t") {? /A (1- %)3 6—2() dl)}

- N (Az)? |77'|TV(R)
=2W(t7) 12¢€2 ’

and the second estimate follows. The other terms can be analyzed in a similar way.
0

Sixth step: Proof of Proposition 7.8. From Lemma 7.11 and 7.13, we have

2lnlrve At
€

T Eyise(u,v; tN) /W (tN) < tN Joo v ) (1+ ;) v I

T

and from Lemmas 7.12 and 7.13, we get
T Epot (u,v; t™) /W () <c|| f'(0) | |vo l7v (),

where

2+ —)

6 €t €2 €t €4

' At (Az)? . At
c:<—|” lrviw) (Ba)? | Prlrve (np2y o) ||> N+ (2+47) At
t

By Lemma 7.9, Proposition 7.8 follows from the two above inequalities after a simple
rearrangement of terms. This completes the proof of Proposition 7.8.

g. Proof of the error estimate. By Propositions 7.6 and 7.8, we have

4
e(tV) <2e(0) + 8 (ex + et @) [v0 lrv) + — ™ w0 lrv) [l oo |
xr
+ 2 Egman + 21" ()| | vo | rvr) At,

where FEgmai = Esma (1, €, €2) is defined in Proposition 7.8.

In the continuous case, both auxiliary functions w and 7 were taken to converge
to the function x. Accordingly, we let  go to the function x.. We thus use (7.2) to
obtain the following inequality

4
e(tY) < 2e(0) + 8¢, | vo lTv(®) + = tN |vo lrv ) [ vo | + ®(€, €, €2),
xr

where

P(e, €1, €2) = 8| f (V)] | vo lrvR) + 2 Esman (Xe, €5 €2) + 2 | f' ()| [ vo |7y (=) At

Proceeding as in the continuous case, and assuming that || v, | # 0, we take the

optimal value €, = \/t"V || v, ||/2 to get
e(tN) < 2(0) + 4| vo 7y ) {8 [|vo 112 + B(e, €6, (/N 00 1/2).
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Now, we only have to suitably choose the parameters € and ¢;. Note that, unlike the
continuous case, we cannot let €; go to zero! By using (7.2), we rewrite ® as follows:

®(e, & /|l £/0) ||, /tV 1w 1/2) = (a1 Az + az (Az)/? € + a3 & + ag Az*/> =
€t
Az (Ax)3/? (Ax)?

+as — +as —— +ar — ) lvo [Tv(®)s
€ €t €€t

where
m=6cfl+ 3¢,
4 .
ay = 4\/§I<L+ g((AiE)l/z,
az =8,

N :4\/§cfl/<;+§§cfl(Aa:)1/2—|—2\/§cfl2C/<a,

4

05:§C;

ag = 4V2¢flk +2V2¢fl? Ck + 8cfl? (A:U)l/2 + %CflC(A:U)l/Z
ar =3 Cefl,

and cfl, ¢, and k as defined in Theorem 6.1. We can see that if we take

€ = \as/ay (Ax)"/* and & = \/ag/as (Az)*/*, we have

(e, & /I f'(0) 1 \/tN 1w [1/2) = (b1 (A2)*/* + b2 A ) || [ vo |1 (),

where

b= 2(Vaz s + /azag), by = ay+au | 2 4 ag, |2,
az Gg as Gg
This proves Theorem 6.1.

Let us finish this section by comparing the size of the parameters €, and €; in
both of the cases treated in this paper. In the model case treated in §5, we took ¢,
proportional to || v, ||'/? and we let €; go to zero. This gave the indication that in the
discrete case treated in this section, it would be reasonable to expect the parameter
€: to go to zero faster that e,. This was indeed the case, since €, was taken to be
proportional to || v, ||'/2, which is proportional to (Az)'/?, while €, was taken to be
proportional to (Az)?/%. Kuznetsov [15] took both ¢, and €; to be proportional to
(Ax)'/2.

8. Concluding remarks. In this paper, we have showed how to suitably modify
the original Kuznetsov approximation theory for scalar conservation laws [15] to ob-
tain a general theory for a priori error estimates. As a first application of this theory,
we have obtained a (new) optimal error estimate between the approximate solution
defined by the Engquist-Osher scheme in uniform grids and the entropy solution with-
out using any regularity properties of the approximate solution. The only properties
explicitly used are that the Engquist-Osher scheme satisfies a (i) local entropy inequal-
ity, that (ii) has conservation form, and that (iii) has a two-point splitting entropy
flux.
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The results of this paper will be extended in several directions. In a forthcoming
paper, we obtain optimal error estimates for numerical schemes that do not possess
splitting fluxes, like Godunov and Glimm schemes. In another paper, we consider
multidimensional schemes satisfying the three properties mentioned above. The fact
that we are not forced to obtain regularity properties of the approximate solution
allows us to obtain optimal error estimates for these (necessarily monotone) schemes
defined in general triangulations.

That it is possible ‘to pass to the limit’ (and to actually obtain not just conver-
gence but error estimates) without using any regularity properties of the approximate
solution might sound strange. After all, a great deal of effort has been invested into
devising and refining methods, like the method of compensated compactness, that
allow to ‘pass to the limit” with the weakest possible regularity of the functions of the
sequence under consideration. However, we must point out that we are strongly using
the fact that we already know the existence, uniqueness, and regularity properties
of the solution to which we want to converge. In this paper, we have shown how to
use the regularity properties of the exact solution instead of the regularity properties
of the approximate solution to get the error estimates. How to apply this idea to
hyperbolic systems constitutes an exciting challenge.
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