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ERROR ESTIMATES FOR FINITE ELEMENT
METHODS FOR SCALAR CONSERVATION LAWS

BERNARDO COCKBURN* AND PIERRE-ALAIN GREMAUDT

Abstract. In this paper, new a posterior: error estimates for the Shock-Capturing Streamline
Diffusion (SCSD) method and the Shock-Capturing Discontinuous Galerkin (SCDG) method for
scalar conservation laws are obtained. These estimates are then used to prove that the SCSD method
and the SCDG method converge to the entropy solution with a rate of at least h1/8 and h1/4,
respectively, in the L°°(L!)-norm. The triangulations are made of general acute simplices and the
approximate solution is taken to be piecewise a polynomial of degree k. The result is independent of
the dimension of the space.
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1. Imtroduction. In this paper, we consider the problem of estimating the
difference between the entropy solution of the initial value problem, [7],

du+V-flu)y=0 in (0,7s) x RY, (1.1)
u(0) = ug on R4 (1.2)

and the approximate solution given by the so-called Shock-Capturing Streamline Dif-
fusion (SCSD) method, see [3], [10], [11] and the references therein, or given by the
so-called Shock-Capturing Discontinuous Galerkin (SCDG) method, see [5] and [4].
More precisely, we obtain new a posteriori error estimates which are then used to prove
that the SCSD method and the SCDG method converge to the entropy solution of
(1.1), (1.2) in the L (L' )-norm at least as h'/® and h'/* respectively, as the discretiza-
tion parameter h goes to zero. We assume the flux function f : R — B¢ to be smooth
and take the compactly supported initial data ug in the space L (R%) NBV(RY) of
bounded functions of bounded variation in R¢.

Convergence of the SCSD method was first obtained by Szepessy [10]. By using
DiPerna’s theory [2] of measure-valued solutions for (1.1), (1.2), Szepessy proved that
the piecewise-linear approximate solution given by the SCSD method converges in
LY ((0,7) x R?) to the entropy solution of (1.1), (1.2), for any p € [1,00). Later,
Szepessy [11] extended this result to the case of a general scalar conservation law
in several space dimensions with boundary conditions and an approximate solution
which is piecewise polynomial of degree k.

To obtain convergence results in the framework of measure-valued solutions for
(1.1), (1.2), [2], the approximate solution must

(i) be bounded in the L°°((0, 7%, ) x R%)-norm,
(ii) be weakly consistent with all entropy inequalities,
(iii) be strongly consistent (in time) with the initial condition.
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Recently, Jaffré, Johnson, and Szepessy [4] proved that the SCDG method converges
to the entropy solution of problem (1.1), (1.2) by using an extension of the measure-
value convergence theory of DiPerna [2] obtained by Szepessy [12] which allows to
replace in (i) the L°°((0, 7w ) x R%)-norm by the L%°(0,Tw; L?(R%))-norm. In this
paper, we consider the case of piecewise polynomial approximations of degree k and
show how to obtain, not only convergence, but error estimates with only a suitable
version of (ii); the properties (i) and (iii) do not need to be obtained. The basic idea is
to combine the estimates of the entropy dissipation, needed in (i), with a modification
of the Kuznetsov approximation theory [8]; see also Cockburn, Coquel and LeFloch
[1].

The paper is organized as follows. In §2; we display the SCSD and SCDG meth-
ods and state and briefly discuss our main results. The remaining of the paper is
devoted to prove them. In §3, we display a basic approximation inequality, Lemma
3.1. This inequality states that, in order to obtain error estimates, only an estimate
of the entropy dissipation is required. Those estimates are obtained in §4 and the a
posteriori error estimates are proven. In §5, a very simple key regularity property of
the approximate solution is obtained (by a simple L?-energy argument) which is then
used to prove the remaining main results. In §6, we give a proof of Lemma 3.1 and
we end in §7 with some concluding remarks.

2. The main results. In this section, we describe the SCSD and SCDG finite
element methods and state and briefly discuss our main results.

The methods we have in mind being essentially implicit, we first decompose our
domain into “slabs”. More precisely, let 0 = &g < t; < t3 < --- < ty = T be a
sequence of time levels. We set

S =(tn,tny1) xRBRY n=0,... N -1,
RE = {t,} x RY, n=0,...,N.

In each slab S,,, we define a triangulation 75 , of (d + 1)-simplices. No compatibility
at t = 1,, between the meshes of two consecutive slabs S,, and Sp,41, n =0,..., N —
2, 1s required. We only assume that the triangulations satisfy the following simple
conditions:

T is acute for all '€ T3, and n=0,--- , N — 1, (2.1a)
h
—T§U foral T €Ty, andn=0,---, N —1, (2.1b)
pr
hp >¢ch forallT €7y,, andn=0,--- N —1, (2.1¢)
At, <ch foralln=20,--- N -1, (2.1d)

where hp is the diameter of T' € 73 5, pr is the diameter of the biggest ball totally
included in T', h = max{hr,T € T ,,n=0,..., N—1}, ¢ and ¢ are positive constants,
and At, = {p41 — {5 1s the width of the slab S,,. The set of d-simplices corresponding
to the edges of 7y, 1s denoted 97} ,,. Also, throughout this paper, for any 7 > 0, we
set N, for the largest integer such that {y < 7.

Taking into account the fact that up and (consequently) u(¢,-), ¢ € [0, Tw], have
compact support, we introduce the following spaces

Vin = {vsv|r € Po(T),VT € T p,v =0 for |z| > M},
Vi ={v:RT x Re R, v|(¢,t001) € Vant,
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where M is a sufficiently large constant and Py stands for the space of polynomials
of degree k. We emphasize that no continuity requirements are imposed upon the
functions in V},. Following [11], we partition each (d+1)-simplex 7" into k%*! congruent
(d + 1)-simplices, denoted by T3, and introduce the spaces

Vh (T3),i=1,- ,k’d+1,VTEThyn,UIOfOI“|$|2M},
Vi = {v :]R"' X RdHR,vktmth) € Vhyn}.

For each v € V}, we define v to be the element of Vh that coincides with v on each
of the vertices of the (d + 1)-simplices T}, for i = 1,--- , k%! and every T of Thon, for
n=20,---,N—1. In the case k = 0, we set Vh,n = Vin, Vh =V, and v = v.

Finally, we define, for all T € 7 , and n =0,--- , N — 1,

1
Pr(v)|r = m/ vdzdt,

|| v ||Ph(t l‘) |T|1/2|| v ||L2(T)a for (ta l‘) S

and, for alle € 07, , and n=10,--- | N — 1,
Po(e)l. |/
||v e, (¢, z) = P |1/2||v llL2(e), for (t,z) € e,

where for p = (t,z) € €\de, we have used the notation v7 (p) = lim, o v(p — sne 7),
ne 7 being the unit outer normal to 7" along its face e.

The approximate solution up given by the SCDG method is defined to be the
element of V}, such that

Z / (up)(v + 6 A(up, v))dedt + Z Z/(eT uh,uh) f:(ug)ﬂle,T)deA

TETh,n TETh,n e€dT
+ > /51 (un)Py(Viy - Voydedt+ > > /52 (up )Pa(Vety - Voo )dA = 0,
TETh,n TETh,n e€dT

VUEVh,n, n=0,1,... ,N—1,
(2.2)
where f(uh) (un, f(un)),

d d
A(w) =+ Y 0 fi(v),  A(w,v)=0w+ Y fl(w)dv
i=1

i=1

v:(ataalaaZa"'aad)a vx:(alaaZa"'aad)a vevT:v(vTLﬁ)a

and where ve(p) = limy o v(p + sne 1), for p = (t,2) € e\Je and e € T. The initial
condition is defined as follows:

UZG(O, ) = ugp, for all e € 0750 N }Rg, (2.3)

upp being the standard L2-projection of wug into the space of functions which are
polynomials of degree k on e € 970N RE.
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We use throughout the paper the so-called local Lax-Friedrichs flux

1 - -
S uy) = S(Fd) + Flu) ner + CE (uf =), (24a)

where CEF" = 1/2 if e C RE for some n = 0,1,..., N. We assume that
1 -
CHE §|f/|e,oo > ey >0, for e € &,, (2.4b)

with |f]e.c0 = max{|f/(€)-ne,r], € € minge. {uf (y), up" (y)}, maxye{uf (9), 1" (9)}]}
and where &, denotes the subset of the edges 07} ,, whose intersection with RZURZH
is of measure zero. The condition (2.4b) ensures that the flux fLL(a,b) is a strictly
monotone flux, that is, an increasing function of ¢ and a decreasiflg function of b.

Finally, for T' € 73, n = 0,1,..., N — 1, the shock-capturing terms ¢; and ¢
are defined as follows

A(w)]
=6 —— 2
0l = T 5

and ~
o)), = &, e (T = JOT) e
Vo™ [lp,, + 6a
for any v € V},. The positive parameters é, 61, 82, 83, and b4 will be defined later.
On the other hand, the SCSD method is the exact analog of SCDG but with

continuous approximations inside each slab S, ,n = 0,1,..., N — 1. Namely, instead
of Vi n, one considers the space Vy, ,,, where

Vin ={ve CY(Sp);vlr € Pr(T), VT € Thn,v=0for |z|> M}.

The spaces Vj, ]A}hyn, Vy are also defined accordingly. Thus, the approximate solution
up, given by the SCSD method is the element of Vj, such that

/

Alup)(v+ 6 Aup, v))dzdt + /

d(uh7+ —uhy_)v+dx—|—/ e1(up)Pp(Vay - Vo)dadt
]Rn

Sn

n

+/ &5 (up + )Pr(Vatn 4 - Vypiy )de =0, Yo €Vhn, n=0,1,....N—1,
133 (2.5)

where

by ol ) = v ()]
&2 Wl Nl = b g T S T o+ o

for any v € Vy, and where uj + = lim,_.4ov(t + s,2) ). Instead of (2.3), the initial
condition is now given by

uhy_(O, ) = Ughp- (26)

Notice that for both methods, uy|s, is not coupled to upls,,,, » = 0,...,N — 2,
as a consequence of the “slab structure” and of the upwinding in time used in both
numerical schemes.

For the sake of completeness, we include in the Appendix a proof of the existence
of a solution to (2.2), (2.3) (or (2.5), (2.6)). The proof uses a fixed point argument. See
[10], [11] and the references quoted therein for a similar application of this argument.

Since the only relevant values of the nonlinear flux f are those in the range of
the entropy solution u, [a = inf ug, b = sup ug], we extend each of the components of
f smoothly in such a way that the extension is affine linear outside a fixed compact
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including [a,b]. We use that extension, which we still call f, to define the above
schemes. Thus, we have

1 £l = sup [ £~ nlpeqm) < oo (2.7a)
|n|=1
In the sequel, we restrict the choice of local viscosity coefficients CX¥" to those satis-
fying
CH < e, (2.4¢)

1
where ¢, 1s an arbitrary constant such that c., > §| I e,00 + €5 (see (2.4b)). We also

assume that each of the components of the flux function f has a Lipschitz continuous
derivative:

7= sup |7 n | peem) < 0. (2.7b)
n|=1

Next, we state and briefly discuss our main results.

a. Error estimates for the SCDG with k£ = 0. We start by considering the
SCDG method with a piecewise constant approximate solution. In this case, the only
term of the left-hand side of (2.2) that survives is the second term and the resulting
scheme is nothing but an implicit monotone scheme.

THEOREM 2.1a (A posteriori error estimate). Let u be the unique entropy sat-
isfying solution of (1.1), (1.2), and let up be the solution given by the SCDG method
with k =0. Then, for any n=1,2,..., Ny — 1, we have

lun(tn, ) — ultn, Hlrrwe) < 2[|uon — uollLrre

1/2
+ Crafluo lpyvre) Oolun) | e,

where
N,—1 A
T -
ouw)= 32 3 G 3 [ E o) - ) el aX
n=0 TETh,n e€cdT V¢

= At
n T T

and Chgq = c(d, k) (L4 || £/ N2 and Aty = t,41 —tn.

We point out that this result does not require the hypotheses (2.1) on the trian-
gulations to be satisfied, nor the conditions (2.4) on the numerical flux. Tt is a new
general result for implicit schemes which could be used as the basis for an adaptivity
strategy; however, we do not pursue this avenue of research in this paper.

Thus, to obtain an error estimate we only have to obtain an upper bound for the
quantity ©g(up) which, ideally, we expect to be of the following form:

Oo(un) < CTe | uo |py(ge)-

In this case, Theorem 2.1.a gives the classical rate of h'/2 for the error. If the standard
L%-energy technique associated with the SCDG (and SCSD) methods is used, we can
obtain the following estimate.
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ProposITION 2.1B (Estimate of ©g(up)). Suppose that the hypotheses (2.1b),
(2.1¢) and (2.1d) on the triangulations are satisfied. Suppose that the conditions (2.4)
on the numerical flurz are also satisfied. Let up be the solution given by the SCDG
method with k = 0. Then,

1/2
o
GO(U]—L) SCQG{E} ||u0||L2(]Rd) h_l/Z’

where Caq = (d) (|| F/]1/2 + coo + €){(2M)? Toy / min{1, e, } }1/2.

Thus, we can see that the use of the simple L2-energy technique gives an upper
bound that does not depend on | ug |py (re) but only on || ug || L2(re). As a consequence,
the upper bound is not independent of i, but blows up like A=1/2. This fact is reflected
in the loss of 1/4 of the expected optimal order of convergence of 1/2, as we can see
in the corollary below. This same phenomenon occurs in the treatment of explicit
monotone schemes defined in general triangulations; see [1].

COROLLARY 2.1¢. Suppose that the hypotheses (2.1b), (2.1¢) and (2.1d) on the
triangulations are satisfied. Suppose that the conditions (2.4) on the numerical flux
are also satisfied. Let u be the unique entropy satisfying solution of (1.1), (1.2), and
let up be the solution given by the SCDG method with k = 0. Then, for any n =
1,2,...,Np — 1, we have

lun(tn, ) — ultn, Nlrrwey < 2[|uon — uollr(re
1/2 (0 hy1/a
+ C1a 3l {J w0 lrvms luo llpagen } 7 {223

Notice that, since the hypothesis (2.1a) on the triangulations is not required to be
satisfied, the time-space tetraedra T could be very flat. In this case, o can blow up and
¢ can go to zero as h goes to zero. The above corollary states when the triangulations
become more irregular as h goes to zero, the error is of order {h o /c}!/%.

b. Error estimates for the SCDG method with arbitrary k. We start
with the following result.

THEOREM 2.2a (A posteriori error estimate). Let u be the unique entropy satis-
fying solution of (1.1), (1.2), and let up be the solution given by the SCDG method.
Then, for any n =1,2,..., Np_ — 1, we have

[|un(tn, ) — u(tn, ')HLl(]Rd) < 2|Juon — UOHLl(]Rd)
1/2
+ C1p{| uo l7v (me) ©1(un) } e
1/2
+ O { max{1, | ug l7v(ma)} O2(un) } / hl/2

where

-1

O1(up) = Og(up) Z At Z /|A up)| dz'dt’ + i Z hT/|A up) | dz’dt’,

TETh,n n=0 TE€Th n

Rt ~ hp
_Z Z Z | Tuhauh —f(u{) ”eT|< )||V h||IP>hd/\/

n=0 T€Th,necdT "

+ Z > /|Auh )||V’ah||[ﬁ>hdx’dt’,

n=0 TETh
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and

Cuy = c(d, k) (L+ || £/ [)V/2,
Cop = (d, k) (co2M)* + e T || 7).

The numerical constants ¢y and ¢y are defined tn Lemma 3.1 below.

Notice that this new a posteriori estimate reduces to the one in Theorem 2.1a for
the case k = 0, as expected.

To estimate the quantities @ (up) and ©3(up) we use once more the standard
L2-energy technique. We obtain the following result.

ProPOSITION 2.2B (Estimates of ©1(up) and ©2(up)). Suppose that the hypothe-
ses (2.1b), (2.1¢c) and (2.1d) on the triangulations are satisfied. Suppose that the con-
ditions (2.4) on the numerical flur are also satisfied. Let up be the solution given by

the SCDG method. Then,

1/2
o _
01 (up) < CZ@{E} lwo l[paray R 2 + (1 +¢) Csy || uo || p2re) 6742,
1 _ _ o 1/2 64 63
Oa(un) < 5 07 + 67 1o luey + Cao { 2} lunllzacuay 75 + Cosllollce 725

where Cy = {(2M)3 T, /21112,

From the above results, we obtain the following error estimate.

COROLLARY 2.2C. Suppose that the hypotheses (2.1) on the triangulations are
satisfied. Suppose that the conditions (2.4) on the numerical flux are also satisfied. Let
u be the unique entropy satisfying solution of (1.1), (1.2), and let up, be the solution
gwen by the SCDG. Then, for anyn =1,2,...,Np__ — 1, we have

lun(tn, ) = ultn, llzywe) < 2[|uon — uollLrre
1/2 {ﬂ}l/z}

C
1/2 h1/2
+ Cap C;gz { max{l, [ ug |TV(]Rd)} Il wo ||L2(]Rd)} 5174
1 . h1/2 h1/2
+ 72 Cap (max{l, | uo|py(ra)}) 7| uo | z2(ra) (W + (S;T ;

+ Cay Oy { max{1, | wo lpyea } | wo L2}

where Cyp = Crp(1 + 5)1/2 + Ca HlaX{(S?l,/za 5i/2}~
In particular, when & = O(hec/o), &1 = b3 = O(||wo||L2(ra) th ¢/a}t?), and
83 = 84 = O(1), we have

lun(tn, ) — ultn, lrrwey < 2[|uon — uollr(re
1/2 {ﬂ}l/z}

—|—C’{max{1, |UQ |TV(]Rd)}||U0||L2(]Rd)} z

where the constant C' does not depend on ug.

In practice, §; and 85 are taken to be of order h and so the previous choice
can be considered as of being one that introduces too much artificial viscosity. The
coefficients é; and 8 can be taken of order arbitrarily close to O(h) by setting é; =

82 = O] uo ||i;&'€d)h1_2” (¢/a)?¥). If & is as before, then for any v € (0,1/2), the
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error estimate given by the corollary above reads
lun(tn, ) = ultn, llLrwaey < 2[|uon — wollpr(ma

ho1/4 v hov
+ C (max{1, | up|rv ga})'/? (HUOHi/??]Rd){_} ! + o 75 may { =} )

c

c. Error estimates for the SCSD method. We start with the following
result.

THEOREM 2.3a (A posteriori error estimate). Let u be the unique entropy sat-

isfying solution of (1.1), (1.2), and let up, be the solution given by the SCSD method.
Then, for any n =1,2,..., Np_ — 1, we have

lun(tn, ) = ultn, Nlrrre) < 2{Juon — vol|Lr(ra
1/2
+ Ciefluo lrv(me) Os(un) } /2 pir2
+ Czc{ HlaX{l, | Uo |TV(]Rd)} @4(uh) }1/2 hl/z’

where

N.—-1
h At, ob
@3(uh) = Z ‘/]Rd |uh7+ — uh7_|(7T —|— h —|— Tz) dA/
n=0 n

= hy  ob o6 At
A LA S ) e Y d! dt!
DY [ 1A + T+ (1 1D T + St
n= h,n

N.—-1
h .
Outin) = 3 [ fun = |Gt ey 0
n=0 n

N.—-1
_ hp b -
+ 5 A + DIV e, do'ar

n=0 T€Th »

and Ci. = e(d, k) Crp and Cor = ¢(d, k) Cay.

Notice that this new a posterior: estimate is almost identical to the one in The-
orem 2.2a. The term with the factor é appears as a reflection of the presence of the
streamline diffusion term of the SCSD method, and the terms with the factors é; and
02 appear as a reflection of the presence of the corresponding shock-capturing terms
of the SCSD method. The fact that the SCDG uses discontinuous approximations
allowed us to discard those terms, as we can see in Theorem 2.2a; however, we cannot
do this for the SCSD method since it uses continuous approximations.

ProPOSITION 2.3B (Estimate of ©3(up) and ©4(up)). Suppose that the hypothe-
ses (2.1b), (2.1¢c) and (2.1d) on the triangulations are satisfied. Suppose that the
conditions (2.4) on the numerical flur are also satisfied. Let up be the solution given

by the SCSD method. Then,

1/2 =
o 14+¢ o069
Oz(up) < Cza{;} lwo [|z2(xe) <—h1/2 + —h3/2>
1+¢ oo o81/2
+ Csp || wo [|2(ra (m Tzt (L+ 1) h ),

1 2 1 s 0 1
O4(un) < glluollzz(ga) <g(1 + (LI DS + g)
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—-1/2 —-1/2
+maX{63,64}||U0||L2(Rd) (Czah / + C36 / )

From the above results, we obtain the following error estimate.

COROLLARY 2.3C. Suppose that the hypotheses (2.1) on the triangulations are
satisfied. Suppose that the conditions (2.4) on the numerical flux are also satisfied. Let
u be the unique entropy satisfying solution of (1.1), (1.2), and let up, be the solution
gwen by the SCSD. Then, for anyn=1,2,..., Ny — 1, we have

Huh(tna ) - U(tn, ')HLl(]Rd) S 2 ||U0h — UOHLI(]Rd)
1/251/2 1/451/2 h
1/2 1/2 g0 ~1/40" 70 ohy1/4
+C?w'“o|Tv<nw>||“0||v<w>(1+ — e W) =
1/2 WA S
ool o+ 47
+ CouClyo max{1, [uol 2. o }Juo| |2 (G, 55} (W4 4 2
2.0z, maxyl, |[ug TV (R4) Uo L2(RY) maxiy0s3, 04 61/4
1 1/2 Bz pu/2
+ —=Cae max{l, [uolyy g o Hiwoll 2wy (=75 + —75)
V2 (&) PER

where

Cs. = max{(14 &), (1 +||f/|)"/?*} max{C3/?, C2/*},
1/241/2

o
Cae = Car (L4 (L4 111D T,

In particular, if 6 = 63 = O(83/%), 63 = 64 = O(1) and 6 = O(h¢/c), we have
lun(tn, ) — ultn, Hlzrge) < 2{|uon — wollL(ge

1/2,0h 1/8

+ Cfmax{L, |uo lrygo Y wollpagea } {517,

where C' does not depend on ug.
Corollary 2.3¢c does not allow us to take §; and 82 of order h. However, we can
take them arbitrarily close to such a choice. More precisely, if we take é as before and

§1 = 62 = O(h1=2"), for any v € (0,1/4), we get
un(tn, ) = w(tn, Mpimey < 2 |luon — wollpr(ga) + O(R™/A=0),

3. The approximation inequality. In this section, we obtain an approxi-
mation inequality which we then use in §4 to obtain our error estimates. Following
Kuznetsov [8], we let w: R — R be a smooth such that

w(t) >0, for ¢t > 0, (3.1a)
w(t) = w(=t), for t > 0, (3.1b)
the support of wis [—1, 1], (3.1¢)

(3.1d)

/ w(r)dr = 1,

R
|w'(r)]dr <2, (3.1e)
R
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and set
d

p=we,(t —t)[[we,(zi—2}),  (2.1),(2', ) e R x RY, (3.2)

i=1

where ¢; and ¢, are two arbitrary positive numbers and wy(s) = w(s/A)/A for any
s € R, A = g, €. Finally, we define Wt fo we,(8) ds. We point out that the
hypothesis (3.1e) is used only to estimate the entropy d15$1pat10n form in Lemmas 4.8
to 4.12; it 1s also used to prove the approximation result of Lemma 4.2 which in turn
is used to prove the above mentioned lemmas.

In what follows, we will set w = w’, where {w®},er is a sequence of functions
satisfying the above conditions (3.1) that converges pointwisely to one half of the char-
acteristic function of (—1,1) which we denote by w*. When relevant, the dependence
with respect to w’ is emphasized by a superscript .

For u and v right-continuous functions from (0,7, ) to L'(R%) for which the left
limits, u_(¢) and v_(t), respectively, exist for ¢ € (0, T ), we define

Eatyfz(v’u;T):// @ityaz(v’u;t’x)dxdt
0 JR¢

with
O (v, ¢;t, ®) // — )0y p da'dt’
Rd

/ / ).¢) Vo da'dt!
R4

_/]Rd (v-(0, x) )Sp(t,l‘,o,x’)dgp’
-I-/]Rd Ulo_(r,2') = c) o(t, x, 7, 2') da’,

where U is an arbitrary even entropy and F its associated flux, i.e., 9y F(u,¢) =
U'(w)f'(u), and v_(0, ) is the exterior trace of v at t = 0. We recall that if u is the
entropy solution of (1.1), (1.2) and if we set u_(0,2) = up(z), then E¢t%=(u,v;7) <0
for any v.

Since ©3°° is without any “slab structure”, necessary to the definition of our
finite element approximation, we rearrange it as follows

O (v, ust, o) = / / (v,u) - V' o da'dt!
Rd

—/ / F(v,u) - V' o de'dt’
tN, R4

—/ U(v—(0,2") —u) o(t, 2,0, 2") da’
Rd

—1—/ U(v_(r,2") —u)(t,z, 2"y dz’,
Rd

where F(v,u) = (U(v — u), F(v,u)) is the “extended”entropy flux and where N;
denotes the largest integer such that ¢, < 7. In the above expression, the explicit
dependence of each function is stated only when confusion is possible. Now, for any
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v € V4, we have after integration by parts

@ihaz(v, u;t, $) = éf_t,fz(v’ u; t, l‘) + DT(U’ u;t, l‘),

where
N.-1
Ot (v, u;t, &) = Z Z / A()U' (v — u)pdz'dt’
n=0 TeT; T
N.-1
- Z Z /(F(UT,U) - F(UTE,U)) “ne ppd\
n=0 ec&, "¢
N.-1
+ Z / (U(v+ —u)—U(v. — u))godx/,
n=0 ke
and

D (v,u;t,2) = Z AU (v — w)x 1y, -t )pda'dt’

TeETh, N T
- Z /(F(UT, u) — F(UTE,U)) SN X (i, 7] () pd XN
e€EnN €
+ /d (U(v+ —u)—U(v — u)) X(tNT,T](T)SDdl‘/,
RY,

where x(;_ (1) = 1ifty, <t < 7andis zero otherwise; x(s,, 1 = 0ifty, = 7. The
presence of the term D. (v, u;t, ) is a consequence of the piecewise-constant character
of the finite element formulation. Note that, if 7 corresponds to the boundary of a
slab, i.e. if 7 =1¢; for some i = 0,1,..., N, then D:(v,u;t,2) = 0.

For future use, we also define

E”’a”(v,u;r) :/ / éi””(v,u;t,x)dxdt,
0 JRe
D (v, u) :/ Dy (v, u;t, z)dedt.
0 JRe

We restrict our attention to one particular family of entropies. Let G : R — Rt
be a smooth even function such that

1 ife>1

) , G">0. (3.3a)
-1 ife<-1

G0)=0, G'(z)= {
For any ¢ € R and any ¢ > 0, we define,
U(u) = EG(g) and  Fi(u,c) :/ U= f/(Ndx  i=1,--- d. (3.3b)

The tool for proving our main results is the following approximation inequality, see
also [1], which we prove in §6.

LEMMA 3.1 (The approximation inequality). Let u be the entropy solution of
(1.1), (1.2), and let v be any right-continuwous function (in time) coinciding with «a
function of Vi », on each interval (t,,th41), n=0,1,...,N — 1. We have for any t,,
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0<t, <Tw,

| o(tn) — u(tn) lLr ey < 2[|v-(0) = uo [|Lr(re)
+ 8 L(ea + el F'l]) [wo v (re)
+ (co2M)* + 21 || £l Too | w0 v (may) €

+2 lim{ sup Eat’az?z(v,u;t)/Wz(t)}

f—oo | 0<1<To
D2 (v, u) dt}

1
+ X(at,oo)(tn) g . Woo(t)

where co = sup|, <y | |r|—G(r)|, e1 = SUp|r|<1 G"(r), L =sup,cg |U'(r)].

If we take v_(0,2) = ugp and set v equal to the right-continuous function that
coincides with wup on each interval of the form (¢,,%,41), we see that to obtain our
error estimates, we only have to estimate the entropy dissipation Eat’az(vh, u;T), as
well as the term involving Dy (v, u). From now on, we will not distinguish between vy
and uy,.

Hereafter, we will put a prime as a superscript on the operators I, V, and V. to
emphasize the fact that they are considered as acting on the ‘primed’ variables only.
Following [10], we define the operator IT} (which acts only on the variables ¢ and
') as the classical interpolation nodal operator L?-projection when we deal with the
SCSD method. When we deal with the SCDG method, we take II}, to be the classical
L2-projection into the space of pieccewise-constant functions.

We can now rewrite (:)i”af as follows:

N.-1
éi”ar(uh,u;t,x): Z Z /A(uh)H%(U/(uh—u)go)dx'dt/
T

n=0 TETh,n

+ Nil Z /TA(Uh) (U/(Uh —u) o — M (U (up, — u) go)) dx' dt’

n=0 TETh,n

S (R ) e eax

n=0 e€&, €
N.—1

+ Z / (U(uhﬁ —u) —U(up,— — u)) pdr'.
n=0 R

By inserting the definition of uj and setting v = II} (U (up — u) ¢) in (2.2), we get

N.-1
éi”az(uh, uyt,x)=—6 Z Z / A(u;ﬂfi(uh, I, [U (up, — u) go]) dz'dt'
T

n=0 T€Ty n

N, -1 )
Xy y ( f,?(u%,u%)—f(u%)~ne,T)Hz[U’<u£ — ) gldY

n=0 TETy,, e€dT

N.—1
-3y /T e1(up) P (V' g - VI [U (un — u) @]) da’dt’

n=0 TETh,n
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N,.—1
=20 2 > [ etul)PU(Via) - VUL U (uf = u)¢]) dX'

n=0 T€Tp ne€dT "

+ Nil Z /TA(Uh) (U/(Uh —u)p — I [U" (u, — u) go]) dz’dt’

n=0 TETh,n
- > /(ﬂu%u)—F( Zaa)) ner pdN

(U(uh,+ — ) = U(up - — u)) pda’,

where if II}, is the projection onto the constants, we have set f[’h =1II},. A few simple
rearrangements yield

N,—1
éi”ax(uh,u;t,x):— Z Z Z/

(P2 ) = ) e )0 =) X
n=0 TETy,, e€dT ¢

N.—1
=YY [ T VTG — ) B ) i
T

n=0 TETh,n

N,.—1
=3 3T ST [ el PRV - VLI U (] — w) P ]) AN
n=0 TETy,, e€dT ¢

N,—1
=Y X [ BT VG = ) - B )]

n=0 TETh,n

N,.—1
=Y > > [ el)PU(Viay - VLU (uf — w)(p — Php)]) dN

n=0 T€Tp,, e€dT "¢

+ Nil Z /TA(Uh) (U/(Uh —u) o — I, [U" (u, — u) go]) dz’dt’

n=0 T€Ty n

- Nil > /(F(UﬂU) - F(U%,u)) ne pd\

n=0 e€&, €

+ Nil > 2 /(fﬂ(ﬁ, upt) = fluy) nT) (U’(u{ ) — I [U (T — ) gp])dx

n=0 T€Th,necdT "

- 5%_:1 > /TA(uh)A<uh, I (U (up — ) go]) da'dt’.

n=0 TETh,n
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Finally, noting that, by (2.4a),

Ty (s >-f<uz>.ne,T)U«ug_u)@M

0 TETh,n e€T

=Y (e - )

n=0 e€&,

+ F(uf) ne U (uf —u) = F(upe) - ne U’ (upe — “)) dN
N, -1

— Z /d(uh’+ —up, U (up 4+ — u) @da’,
]Rn

n=0

we obtain,

éimaz(uh’ u;t, ) =

D Sl L I I R R

n=0 e€&,

= F) U = 0 = (PG ) = P ) ) o
(—(uhﬁ — uhy_)U/(uhA_ —u)+ Ulup,+ —u) = Ulup,— — u)) odz’

- Z Z /61 up P4 (N g, - VI U (up — ) P, @]) dee' dt!

n=0 TETh

Yy Y / e VPV - VLG (] ) P p]) X

n=0 TETy,, e€dT

- Z > /51 (up) P (V' ap, - VI [U (up, — u)( o — P, 0)]) da’dt’

n=0 TETh

_ Z_: 2 2 /(iEQ(uZ)M(v;aZ~v;ﬂz[U’(uZ —u)(p = Pl dX’

n=0 TETy,, e€dT

53> / (un) ( (wn =)o = 040" (uy, = w) go]) da'

n=0 TEeT,

! Z 2 2 /( vy >‘f<“5>'”w) (U’<u$—u)so—nz[wu%—u)so])dx

n=0 TETy,, e€dT

-4 Z > / (un) ( ho I (U (up, — ) go]) dz'dt’

n=0 TETh

= Z O (up, u; t, ).
i=1
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By definition of E*¢%= (up, u; T), we can write,
Efvfe(up,u; 7) = E°0% (up, u; 7) + Dy (up, u),

where, for Eat’af(uh, u;T) = Z?Il B0 (up,u;m) and B9 (up, u; 7) = fOT Jra ©70°° (up, u; t, x)dzdt,
t=1,...,9. This is the desired expression of the entropy dissipation form.

4. Proof of the a posteriori error estimates. In this section, we obtain upper
bounds for the entropy dissipation form and we prove the a postertori error estimates
of Theorems 2.1a, 2.2a, and 2.3a.

a. Preliminary results. We start with three simple auxiliary lemmas.

The following result is a simple consequence of the fact that all norms are equiv-
alent in finite dimensional spaces.

LEMMA 4.1. We have

|| V’uh ||L00(T) < C(d, k‘) || v/ﬂh ||[E>h wm T VT € ’Thyn,n =0,---,N -1,
| V.iu?d oo ey < e(d, k)] Vial ||p, on e, Ve € Thpn,n=0,--- N—1.

LEMMA 4.2 (Approximation properties of the operator Il,). Let s € L((0,7w) ¥
R9) be a piecewise continuous function. We have

Nil > /Ts(t"l") /OtNT /Rd<U’(Uh — ) — I, (U (up, — ) go])dxdtdx’dt’

n=0 T€Th »

N, -1
C(d,k‘) o 10 ! g4t
SW) == 30 D0 s e Vil b dad
T

n=0 TETh,n

N,-1
C(d, k) Z Z / |5(t/,l‘/)|hT dl‘/dt/,
Ex +€t T

n=0 TET} n

Nil > /ST /(:NT/W<U'(Uf —u) o — M, [U' (uf —u) go])dxdtd/\’

n=0 TETy,, e€dT €

N,—-1
C(d,k‘) T ~T /
SWEO =223 3 3 [ Vet lle, he da

n=0 TE€Ty, , €T ®

d k) =t
Sia k2 3 [

n=0 TE€Ty n e€dT €

+Wi(r)

+Wi(r)

where h, is the diameter of e and where C depends on k, d, and o only.

Proof. Since the proofs of these inequalities are almost identical, we prove only
the first one; let us denote by L its left hand side. Moreover, we will only prove the
result in the case in which the operator II; is the standard nodal interpolator; the
case in which IIj is the L2-projection into the space of piecewise-constant functions
can be treated in a similar way.

Let {(¢;, p])}j\f:dfk be the nodal points associated with the canonical basis {W] }j\f:dfk

of the space P*(T) where, of course, Noy1 ) = (d+z+1). With this notation, we can
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express L as follows:

N,—-1 tn,
L= Z Z / s(t', ") / / v dzdtdt'dz’,
T 0 R4

n=0 TETh,n

where v = v(¢, ,t', ') is defined by

Nayiw
y=U'(up —u)p— Z U (up,; — u) goj]\I!]»T
ji=1
Nayiw
= Z (U’(Uh - u)gp— U/(Uh,j — u) goj)\IJJ»T,
ji=1

(since Zj\f:dfk \I!]T =1 on T) where up; = up(t;,p;) and ¢; = ¢(t;,p;). Moreover,
since

U'(un —u)e = U'(ung — u)o; =(U'(up —u) = U'(up; — ) ¢
= U'(un; —u)(pj — ¢),

we obtain, after simple manipulations,

L<wi(r)> Nil 3 /|5(t’ x’)|N§k lup, — un ;|| U7 (1, &) |’
_ ) h — Uhj i s
- © a0 rem, T i=1 Y
Nr—1 Nayi1,x N,
+D D /|5(t’,x’>| 3 / / o — 3 | [T (¢, o)\ ddiedt!da
n=0 T€T, "’ 7T j=1 70 JR¢

where we have used the definition of W and the fact that |U’| < 1 and U” < ¢1 /e < .
From this inequality, we immediately get

o(d, k) "=
L<W(r) === oy /T|5(t’,x’)|||vluh||Lw(T) hp dt'de’

n=0 TETh,n
e(d, k) h &

-1
i oy / |s(t', )| dt'da,
Ex +€t T

n=0 TETh,n

+W(r)

since, by (3.1) and the specific properties of our choice for w, fOtNTf]Rd o — ¢;| <
eW(r)/(et +€5). The result follows from Lemma 4.1. This completes the proof. [
The following ‘nonnegativity’ result reflects the nature of the so-called shock-
capturing terms used in the definition of the schemes under consideration.
LEMMA 4.3 (Nonnegativity of the shock-capturing terms). Suppose that the con-

dition (2.1a) on the triangulations is satisfied. Then

Vi, - VI [U (up — u)] > 0,
VoAl U U (uF — w)] > 0.
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Proof. We only prove the first inequality since the proof for the second is similar.
By definition, we have that, on each (d + 1)-simplex 7,

d+2

Zuh 2",

where {\I!T‘ }d+2 is the canonical basis of the space P1(Ty), {(te:, pe, Z) 1 are the
vertices of Ty, and up ¢ ; = up(tei, pei)-
Thus, for (¢, 2") € Ty,
d+2
9 = v/ﬂh V’(H%[U uh — u Z uh uh VN u) Aij,

)

i,j=1
where A; ; = VUL o) V’\I!]»T‘ (', z"). Since Zd+2 VTt 2') =1 on T}, we have

d+2
0= (—unej+une)U (une; — whij.
i,j=1
Interchanging ¢ and j in the previous relation and averaging the two expressions for
f, we get

42
0=z Z (e + une) (U (upe; —u) 4+ U'(upe; —u) (= Aij).

i,j=1
Since by (2.1a) the (d + 1)-simplex Ty is acute, we have —A; ; > 0 on 7;. Hence by
convexity of U, 8 > 0 on Ty. This completes the proof. 0

b. Estimate of the entropy dissipation form. Next, we turn to estimate
the entropy dissipation form E<=<t(uy, u; ) = Z?Il E;=%" (up,u; 7) + Dr(up,u). In
what follows, we analyze each of the above terms.

LEMMA 4.4. Suppose that CLY satisfies the condition (2.4b). Then we have

E{=% (up,u;7) < 0.
Proof. We have

F(ul,u) — F(u}, ):/uz—Fsuds_/ F (U (s —u)ds

e ds

UT

== [ FSU"(s = w)ds + fuf )U' (uy, —w) = Flup=)U" (uge = w),

“h

and thus

prtman= [ [ 55 [(Cr et - - vl - )

n=0 e€&,

+ f( YO (s — u)ds) odrdtd)

“h

/ / Z Z //uTe ( “MeT — f?(uf,uf )) U"(s — u) pdedtdsd) .

n=0 e€&,
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Since U is convex, and the numerical flux is monotone, by (2.4b), the above quantity
is nonnegative. This proves the lemma. O
LEMMA 4.5. We have

B3> (up,u;7) < 0.

Proof. The result immediately follows from the nonnegativity of the function ¢
and the convexity of the entropy U. 0

LEMMA 4.6. Suppose that the condition (2.1a) on the triangulations is satisfied.
Then we have

B3 (up,u; ) < 0.
Proof. The result directly follows from Lemma 4.3 and the fact that P} ¢ is a
nonnegative piecewise constant function. 0

LEMMA 4.7. Suppose that the condition (2.1a) on the triangulations is satisfied.
Then we have

B (up,u; ) < 0.

The proof of this result is similar to that of the preceding lemma.
LEMMA 4.8. IfIl} is the L*-projection onto the space of piecewise-constant func-
tions, then

B (up,u;7) = 0.

If U, is the classical nodal interpolation operator, then, if the condition (2,1b) on the
triangulations ts satisfied, we have

N,—-1
d, k C
By W) < S0 S ST [ g jaear.
o + £t n=0 TETh »n T

Proof. The first equality can be trivially verified. Let us consider the case in
which Il is the classical nodal interpolation operator. We have, by definition,

Ee™ (up, u; 7)

tN, N,—-1 R
= / / > > / e1(un)Py(V iy - VI, [U (up — u)( @ — P 9)]) dt’ da’ dtda
0 R T

n=0 TETh,n

tn, N,—-1
g/ / oy /el(uh)”V’ah||E>h||F||Lw(T)dt’dx’dtdx,
0 R4 T

n=0 TETh,n
where I' = V’ﬂ%[U’(uh —u)( ¢ — P, ¢)]. Since, on each (d + 1)-simplex Ty,

T = V' (I [0 (un — u)( — P )])
d+2
= Ulun i — w)(pei = Pho) V' (H '),
i=1

and since |V’\I!Z»T‘ | <eld, k)/pr on T and |U'| < 1, by (3.3), we have

d+2

c(d, k
I T T
i=1
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which yields, by (2.1b) and (3.1)

(22
Ex +€t

[ s Wi da ™ L < winyea

PT € + &

Finally, using the definition of €1, we get

EE%t (up, uy 7)/W(r) < - +€t Z > /51 (un)|| V' ||, da'dt’

n=0 TETh

_5 _1_& 12 Z /|Auh|dxdt’

n=0 TEThn

This completes the proof. 0

LEMMA 4.9. Suppose that the conditions (2.1b), (2.1¢) on the triangulations and
(2.4b) on the coefficients CE' are satisfied. If T}, is the L*-projection onto the space
of piecewise-constant functions, then

Eg= % (up,u;7) = 0.

If 10, is the classical nodal interpolation operator, then, if the condition (2,1b) on the
triangulations ts satisfied, we have

B sy () < LD, 5 3 5 J Il = Fad e an
n=0 TETy,, e€dT

The proof is similar to the proof of Lemma 4.8.
LEMMA 4.10. We have

B (up, uy 7) /W (T Vi ||, da’ dt’
n=0 TETh n
Z > | 1A(u)| by da'dt’.
Ex + £t n=0 TETh /

This result follows from a direct application of Lemma 4.2.
LEMMA 4.11. We have

Eg= (up, w; 7) /W (T 7 (up up) = fuf) - ner|he || Veip ||p,dX

n=0 TETy,, e€dT

Z Z Z |fLF uh,uh )—j:(u{)~neyT|th/\/.

n=0 TETy,, e€dT €

(‘:x +€t

The proof is similar to the proof of the previous result.
LEMMA 4.12. If 1T}, is the L*-projection onto the space of piecewise-constant
functions, then

Eg™ (up,u;7) = 0.

If 10, is the classical nodal interpolation operator, then, if the condition (2,1b) on the
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triangulations ts satisfied, we have

N.-1
E£x,E1 6\ ~
Eg=  (up, u; ) /W(r) < e(d, k)(1—|—||f/||)ag E E /T|A(uh)|||vluh||[g>h dz'dt’

n=0 TETh,n

+eld, BY1+] f Do 6 Z_: Z /T|A(uh)|dx’dt’.

fz +€t n=0 TETh,n

Proof. The first equality follows trivially. Let us consider the case in which IIj 1s
the classical nodal interpolation operator. By definition, we have

tn, N,—-1 N
B ==s [ Y % /A(uhm(uh,nuv'(uh—u)so])dr’dt’dtdr
0 R4 T

n=0 TETh)
N, N.—-1
S6/ / Z Z /|A(Uh)||f~1<uh,ﬂ/h[U/(uh—u) go])|dx'dt’dtdm
0 IR 0 reTh . 7T
N,.—1 .
=4¢ Z Z /|A(uh)|{// |F|dtdx}dx’dt’,
n=0 T€Tnn”’T 0JR?

where I' = fi(uh, 5 [U'(up — u) ¢]). Taking into account the linearity of fi(uh, -) and
the definition of II,, we get

Nayiw

I = Alup, T [U" (un — w) ¢]) = Z U’ (un,i — u) i Alun, OF (¢, 2"))

Nayiw

= Z (U (uni —u) i — U'(up — u) go)fi(uh, VIt 2")

i=1

since fof” ULt 2')) = 1on T. Moreover, since | A(uy, \I!Zn) | <e(d, )+ | 1D/ pr
on T', we obtain

Nayiw
e(d, KY(L+]|| f
IT| < ( )(pT E) ST 10 s — w) i — U n — ) o,
=1

and since, by (3.3), |U'| < 1 and |U" | < ¢1 /¢, we get

Nayiw
e(d, Y1+ || f
|F|§ ( )(pTEH ||) Z |Uh,i_uh|S0

i=1
Nayiw
o(d, K)(1+ || f*
L ddBA+[/1D S e ol
pT i=1

Finally, Lemma 4.1, conditions (2.1b) and (3.1) lead to

N hy 1
U <e(d k)14 fI)==(=| V' t
LIPS R 1 DG il + ) W)
1 1
<e(d, k)(1 ! — | V'u
< d O+ P Do T an ey + —— ) W),

and the result follows. 0
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Finally, in order to use Lemma 3.1, we need an estimate on the term involving
Dy(up, u).
LEMMA 4.13. We have, for 7 € (0,Tw),

1 atD Up, U
X<at,oo>(f)g W(Oo dt < = ZAt > /|Auh |dt' da’

0 n=0 TETh

2(coo — ) Al / /
— At, — dX
+ - E_ |uj, Uh |

ec&,
ZAt / |up,4+ — up —|da’,

where At, = 1,41 — 1, 15 the width of the slab S,,.
Proof. We only need to prove the result for 7 > ;. By the definition of D2° (up, u),
we have

L[ DE(un,w) o [7 2w (1)

ety W) Sy W)

D (up,u)dt = T + 11 + 111,

where

E’Qw
=L s
B peT, v

St 2w
== (t / /]Rd Z /( uh, (Ug ,u)) 'ne,TX(tNt,t](S/) ™ dN dsdxdl

S 2w(t) ,
11l = / / / Uup,+ —u) = Uup,— —u) | X(1y, (1) 9= do’dsdzdt.
t) - ]Rd ) ) )

Using the properties of U and ¢*° | we obtain for /

1)
I< ((t Z / | A(up, |/ (5" = $)X(ty,,1(5")dsds' dz'dt

/ A(up)U' (up, — U)X(tNt,t](S/) 0™ ds'dx’dsdxdt

TETh,N,
§4/ ) D /|Auh|dsdxdt
TeTh, N,
<= / > /|Auh|dsdxdt
TeTh, N,
g-ZAt > /|Auh |ds'da’.
& n=0 TETh n

For the second term, we have

°t 2 1)
1T < we (1) / / Z / (uf , u)—F(up® ) ) e 7N (i, 1 (8") ¢°° dX dsdsdt.
(t ]Rd 1 17
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We then observe

Pl == [ L s yds= [ P =,

T. ds

and thus, by (2.4b) and (2.4c¢), we get
(F(Uﬂ u) = Fuye, “)) e < AF e oolu = up] < (coo — ex)uf — upel.

This leads to

&t t
IT <2(eoo — ¢y) we, ) Z /|uh — uh |/ X(tN, q(s)dXN dsdt
0

eEE
< A(Cos — ) / w? ( Z /|uh —upe|dN dt
GEEN
e ) Zm 3 /|uh_uh AN,
eEENt

If we now turn to the third term, we have

1< L 772@;’(1&)/ | I/ ot Yda'dsdt.
> Up,+ — Up, - Nt—s rds
o We(t) Jra +

Proceeding as above yields

2L O
I < — Atn/ u — up _|dz’.
< HZ::O Rdl hot = Un, |

The lemma is proved. 0

As can be seen from in the proof, we can replace N. by N, in the statement of
Lemma 4.13; however, this result is satisfactory for our purposes.

We are now ready to prove our a posterior: estimates.

c. Proofs of the a posieriori error estimates.

Proof of Theorem 2.1a. In order to take advantage of the approximation in-
equality of Lemma 3.1, we have to estimate the entropy dissipation terms E<t<= (up,u;T)
and D;(up,u). Since in the present case the approximate solution is piecewise-
constant, we have by Lemmas 4.4 to 4.12

Eat,az(uh’ u; T)/W(T) < E€337€t(uh’ Uu; T)/W(T)

Z Z Z/| uh’uh)_.f(ug)'ne,T|th/\/.

n=0 TETy,, e€dT

€x+€t

On the other hand, Lemma 4.13 yields

N,
1[5 DX (up, )
X(eroo)(7) W Z (

0

Z/|uh uje |d/\—|—/ [th,+— uh_|dx).

ec&,
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Using the two previous relations and setting ¢ = 0 and £; = ¢, we obtain from Lemma

3.1

| un(tn) = u(tn) llLrma) < 2] won — o ||rmey + 8 LIL+1F[]) e | wo |7y (ra
e(d, k)

&t

+ eo(uh)h

Theorem 2.1a follows by minimizing over &;.

Proof of Theorem 2.2a. Since in this case we take II} (up) piecewise-constant,
we have, by Lemmas 4.4 to 4.12,

Efoft (up, u; 7) W (T) < E;mat(uha w; T)/W(r) + B (up, u; 7)/W(T)

e(d, k)
Z > /|A (u)| by || V4 ||, dee' dt!

n=0 TEThn

Z > /|Auh|thxdt’

n=0 TETh

€ Z Z Z /| fg(ug’ug)_.f(ug)'ne,T|hT||veah ||[E>hd/\/
Z Z Z/| eT (uf ,up®) = F(ul) -nep| by dX.

n=0 TE€Ty n e€dT

(Z/Wh—uh |dX + / |Uh+—uh_|dx)

N,
Z
n=0 ec&,
N,
d oAt Y / |A(up)|dz'dt’.

n=0 TETh n

(‘:x +€t

(‘:x + &t
Moreover, Lemma 4.13 yields

1 [t Dt(uh,u)dt < D

e | Ty S

o

Consequently, setting £, = ¢, the approximation inequality of Lemma 3.1 leads to

lun(tnr) — w(tng) lzieaey < 2 ([ won — o (|zimay + 8 L1+ [|F1]) [wo lrv(ra) e
+ (co2M)* + 21 |11 T [ uo lpy(ra) €

B 0, ) + M 6, ),

&t
Theorem 2.2a follows by minimizing over € and &;.

Proof of Theorem 2.3a. The proof of this result is similar to that of Theorem
2.2a. The only difference is that now, the terms FE:™*(up,u;7), Eg= (up, u; 1),
Eg™%*(up, u; T) are not equal to zero. The term E:™°*(up,u; T) contributes with the
term associated with the factor §; in the definition of O3(up), the term Eg™ " (up, u;T)
contributes with the term associated with the factor 8 in the definition of ©3(up),
and the term Eg°*(up,u; 7) contributes with the terms associated with the factor &

in the definition of both Osz(u) and O4(up).

5. Regularity of the approximate solution and proofs of the remaining
results. In this section, we prove Propositions 2.1b, 2.2b, and 2.3b. In order to do
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that, we must obtain upper bounds for the forms ©;(uy), i = 0,---,4 which follow
from the regularity properties of the approximate solution. We obtain those regularity
properties from an a priori estimate that follows easily from a standard LZ-stability
argument.

LEMMA 5.1 (A priori estimate). For any N;, 0 < N, < N, we have

7!
Q]R

N,—1
T2 1 T, Tey2
uj, dx—|—§Z Z (up — up®) de

d €
Nr n=0 e€dTy NRE
N,—1 uT
h T ~
LF/ T e
s [ (R a0 e Jasin
n=0 ec&, "¢ up®

N,.—1 N,.—1
DYDY /Tel<uh>||vah||ﬂ%hdxdt+2 S Y [ el Vel |12, dA

n=0 TETh)n n=0 TeTh,neeaT €

N,—-1
C 1
+(S E E /TA(Uh)Z dxdt S 5”“0||%2(Rd>.

n=0 T€Th »

Proof. We consider only the non trivially positive terms in (2.2) when v is chosen
as up, namely,

d
1
- Z /T<§6tui —I—fo(uh)uh &'uh)dxdt
i=1

TETh,n

P (%(u{,u%)—f(u%)~ne,T)u£dA.

TETh,n c€dT " €
By introducing the auxiliary pair entropy-entropy flux Fa(u) = (Ua(u), Fo(u)), where
1
Ud(u) = §u2 and Féyl(u) = fl(w)UL(u) = fl(w)u i=1,...,d,

the term W™ may be expressed as

y” = Z /TVFa(uh)dxdt—l— Z Z /e< ig(u{,u%)—f(uf)~n€7T)u£d/\

TETh,n TETh,n e€dT

Z Z /(Fa(uf) “ner + ( f?(uf, up) — fuf) - ne,T)uf)d/\.

TETh,n e€dT ¥ €

After reordering, we get

n 1 2 1 1 2
? = -3 Z /euge da + 3 Z (uf — ul<)?de + 3 Z /euf dx

c€0Tn, n 0K, e€0Th, nNR Y ‘ €EaTh,nﬂ]Ri+1
o 30 (Pl = Fu) e+ S G 0 =)
ecE, V¢

— (FDyuT — FuT)ule).- ne,T)dA.
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Since

Fa(u{)—ﬁa(ufe) :/ ds_/ f )sds

== f( )ds + f(uf Jui — f(upe)yuye,
“h
we get
n 1 T 1 2
Ut = ) Z uh dx + 3 Z — uh dx
e€0Ty nNRE e€0Th, nNRYE
1 ~
sy Y [ [ ( L uh,u£>—f<s>~ne,T)dsdA.
€€0Th,nNRL 7€ e€E, Up

Summing over n from 0 to N, — 1 completes the proof. 0

From the above a priori estimate, we can now obtain several key estimates for

obtaining our error estimates.
COROLLARY 5.2. Let the constants CLY satisfy the condition (2.4b). Then

Yy oy [k = P X < 2w/ min{ ).

n=0 TEThn eedT €
aT¢RY, .

Proof. By the definition of the Lax-Friedrichs flux, (2.4a), we have, for e € &,,

// <6T (uf  uT )—f(s).neyT)dsdA:/ecem(ug_u%)m
// ( HCARSIC ))~ne,T—f(5).nedeS)dA

1 .
> [errd — i = [ 1Pl -y
> . [f =l i,

by the condition (2.4b). If e € R4 then, by (2.4a),

// ( 6T uh,ug )—f(s) . neyT) dsd)\ = %/g(u{ — u%)2 dX.

Thus,

min{1, ¢, } Z Z Z /|uh —ure2dA

n=0 T€Ty,, e€dT €
eQ]Rd

HZ_:O e%;ne;;// (eT Uhauge)—f:(s)%ej)dsd/\

||u0||L2(]Rd)a
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by Lemma 5.1. This completes the proof. 0
Let us notice that if the SCSD method is considered, only the second part of the

above proof is relevant, and in Corollary 5.2 min{1, ¢, } can be replaced by 1.
COROLLARY 5.3. Let the constants CLY satisfy the conditions (2.4b) and (2.4c).

Then
N.-1 R
EED SID DED Sl A1 TR RN
n=0 T€Th,, ¢€dT ¢
egRY,

< o(d) {(2M)" T/ min{1L, e} 72 (1 5 172+ coo) {2} Mo llpagen b2

Proof. Setting C' = || f'||/2 + coo, we have, by (2.4c) and Corollary 5.2,

N,—1
B <C Y 3 Y [l - ufax

n=0 T€Ty,, e€dT €

egRY,
gl e = 1/2
<clY ¥ % [u ooy Y Y len
e n=0 TEThA,/In e€dT

n=0 T€Ty,, c€dT
egRY,

N-—1
SC{2||u0||%2(]Rd)/min{1,c*}}1/2{ Z Z Z |e|}1/2’

n=0 TeTth eedT

where ’Th% is the set of the elements T € 7}, ,, such that |¢| < M for any (¢,z) € T.
Finally, we have, by conditions (2.1b) and (2.1c),

S =Sy () () (L) e

n=0 Te'Tth eedT n=0 TeTth eedT

< e(d) (M) Too Z B 1,
C

and the result follows. 0
COROLLARY 5.4. Let the constants CLY satisfy the conditions (2.4b). Then

N, -1
S S i - atdax s [ - aftlax)

n=0 ec€, V€ n

At,
B
< o(d) {2M)* Too f min{1, e 332 e { S g || gy B2

C

Proof. We have by (2.1d)

N,—1
2 (Z s —u%|dx+/w fu —u%w')

n=0 e€&,

Aty
h

We conclude as in the proof of Corollary 5.3.
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COROLLARY 5.5.

N, -1
Sy = 3 Y /T|A(uh)|dxdt§Cgb||u0||Lz(]Rd)6_1/2,

n=0 TETh,n

where Cy = {(2M)3 T, /21112,

Proof. The result follows after a simple application of the Cauchy-Schwarz in-
equality and Lemma 5.1. 0

COROLLARY 5.6.

N,—1
Ss(un) = Y S0 N [ IR E wle) = Fl) nerl || Ve (g, dX

n=0 TETy,, e€dT €

IN

1 _
5 luo 1Z2(ma) 651 + 62 @1 (up).

Proof. We have, by definition of ¢4,

N,—1
62_12 Z Z €2||V€ﬁh||%>hd/\—|—64q>1(uh)

n=0 TETh)n e€dT v ¢

<I>3(uh)

IN

1
5 luo 172(may &5 " + 64 Pr(un),

IN

by Lemma 5.1. 0
COROLLARY 5.7.
N,—1

N 1 -
Ca(un) = Y D /T | ACwn) 11V [l ddt < o [l o [[Zama 87" + 63 @a(un).
n=0 TETh,n

Proof. We have, by definition of ¢q,

N.—1
Qqup) < 670 >N /51||Vah||%>hdxdt+63<1>2(uh)
T

n=0 TETh,n
1
< 511 ey 67+ 8 o),
by Lemma 5.1. 0

c¢. Proofs of the upper bounds on the forms ©;(up). Proposition 2.1b
follows directly from Corollaries 5.3 and 5.4. Proposition 2.2b and Proposition 2.3b
follow from Corollaries 5.3 to 5.7.

6. Proof of the approximation inequality of Lemma 3.1. To prove Lemma
3.1, we follow the ideas of the proof of a simpler inequality obtained in [1, Proposition
3.1], which we cannot use as stated therein. Moreover, although such an inequality
is correct, the proof displayed in [1] contains a mistake that we fix in this paper; see
Lemma 6.1 and Proposition 6.2.

Taking into account that ¢ is symmetric in ¢ and ¢ and in # and ', see (3.1) and
(3.2), and that U is an even function, see (3.3), it is very easy to obtain the following
identity:

Torr(u,0;T) = Ty (u, 0, T) + ES0% (v, u; T) + E50% (u, v; T), (6.1a)
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where

Terr(u,v;T) =+ Uv_(T,z") —u(t,z)) o(t, z; T, 2" )dz'dzdt

I
ég U (o(t',2') — (T, 2)) o(T, a3, &' dudz'dt’ o
/

U(v_(0,2") — u(t,z)) ¢(t, ;0,2 )de'dzdt

=

(v(t', 2"y — u(0,2)) (0, z; ¢, 2" )dwd'dt’

and

T T
Tty == [ [ [0 [ 45 utto)=F (e, o)
o JriJo JRe
Vet z;t' 2 )de'dt' dedt.  (6.1¢)
The term Tpr(u, v;T) is expected to converge to
/ U(T,z) —u(T,x))de — / U(v_(0,2) —u(0,2))de,
R4 R4
and thus it will be called the error term. The expression in the right-hand side of
(6.1c) is identically equal to zero if U”(u) = 0 for u # 0, as is the case for U(u) = |u|;
this is why we denote it by Ty (w, v; 7). In Lemma 6.3, we show that this term is of
order €.
Our treatment of the term Te,(u,v;T) differs from the one used by Kuznetsov
[8]. Our goal is to obtain a lower bound for Te,,(u, v; T) independent of the modulus
of continuity of the function v : [0, 7] — L*(IR9).
LEMMA 6.1. (Lower bound for the error term Tepp (u, v;T)). Let u be the entropy
solution of (1.1), (1.2). Then we have

Torr(w,v;T) >W(T) /]Rd U_(T,z") —u(T,z")) d=’

+/0T we, (T —t") { /RdU(v(t’,x’) —u(t',2")) do’ } dt’

—W(T) /]Rd U(v=(0,2") — u(0,2")) da’
_/0 wat(t’)/wU((v(t’,x’)_u(t’,x’))dx'

—4LW {Hf ||5t+(‘:x}|u0 |TV(]Rd)a

where L =sup U’ =1, by (3.3).
Proof. We see, from (6.1b), that we can write Topr = T1 + To + T3 + T4, with the
obvious notation. Let us start by estimating 77. Since

U(T,z") —u(t,z)) =U (v_(T, ") — (T, 2"))
H{U (T, 2") = u(T,2)) = U(v—(T, 2") = u(T, 2")) }
HA{U (- (T, 2") = u(t, 2)) = U(v-(T, ') — u(T, x))}
Ulv-(T,2") — u(T,2))
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— Lu(T,z) — uw(T,2")| — Llu(t, ) — u(T, z)|,

~
%\
Y
%\
Y
=
—~
-
—~
~
5]
\—>
|
<
—~
\.@L
=
s
s
6
—~
\.@L
B
~
=
\—>
I
H\
I
=
o
O

T
- L / [(W(T,2") —u(T,z) | (t,z;T,2') do’ dedt
0 Jre

>W(T) /}R Uv_ (T, ") — u(T, ")) da' — LW(T) {|| f | e + €2 } [ uo |7y (ma-

Now, let us consider the second term, T5. Proceeding as for the first term, we get

T
T :/ / / U@,z —uw(T,z) (T, z,t, 2" dx de'dt’
0 JreJRe
T
> / / / U@, ") —u', 2) (T, z,t' &' )de dz’dt/
0o JreJRe
T
— L/ / / |u(t', ') —u(T, ") |o(T, z,t', «")dx da’ dt’
0 JreJRe
T
— L/ / / |u(T,2") — (T, 2) |p(T, x,t', 2’ )dx dz'dt/
0o JreJRe
T

2/0 wat(T—t’){/RdU(v(t’,x’) —u(t’,z")) dx’}dt’
— LW {I| f |2t + €2} | uo lrvira).

To estimate 75 and T4 we proceed in a similar way. We obtain

T35 > —W(T) /]Rd U(v=(0,2") — u(0,2")) da’

— LW {1 f 1ot + e} o llry e,

T
Ty > — / wat(t/)/ U((v(t',2') —u(t', 2")) da’
0 R4
— LW f' e+ 2o} | uo l7v (R e)-
The result is obtained by adding these inequalities. 0

We are now ready to prove our basic approximation result.
PROPOSITION 6.2. (Basic approximation inequality). Let u be the entropy solu-
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tion of (1.1), (1.2). Then for any t, < T, we have

/ Uv=(tn, o) — u(ty, z"))dz’ < 2/ U(v=(0,2") — u(0,2")) da’
R R
+ 8 L(ex + &I 1) [wo lrv®e
+ 2 lim sup { (Tf},,(u, v;t) /W) + Eat’a’”z(v, u;t)/WZ(t)) }
{—o0 0<t<T

1 [ D (v, u)
+X(at,oo)(tn)g ; VtVT(t)dt'

Proof. By (6.1a) and the fact that « is the entropy solution of (1.1), (1.2), we
have, for 7 > 0,

Toro057) < W) sup { (T, vit) W)+ B0 (0,5 )/ WD) } + D (0.0

Writing e(s) = f]Rd U(v_(s,x)—u(s,z))dz, we easily obtain, from the above inequality
and from Lemma 6.1, that, for 7 € (0,7,

W(r)e(r)+ /OT we, (1 —De(t)dt < W(r)C(w)+ Dy (v, u) + /OT we, (t)e(t)dt,
where
C(w) = /]Rd U(v_(0,2") —u(0,2)) de’ + 4L(cy + e[| f']| )| o |7y (may

+ sup | (TUu(u,v;t)/W(t) + Eat’”(v,u;t)/W(t)) }.

Setting w = w’ and passing to the limit, we get
Wee(r)e(r) + / w2 (1 —t)e(t)dt < W (r) C + D& (v,u) + / wg? (t)e(t)dt, (6.2)
0 0
where C' < limy_ o, C(w*) and w™ = X(-1,1)/2.
If 7 < ¢, then the two integrals in (6.2) involving the error are equal, and we get

e(r) < C+ %U(:;) VT < & (6.3)

The above relation applied to 7 = ¢, yields
6(tn) S C th < &¢.

If 7> &4, then W (r) = 1/2 and relation (6.2) reads

e(r) < C 42D (v,u) + l‘/ e(t)dt.
gt Jo

If now 7 = t,, > ¢, for some n, we get
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and thus, by (6.3),

1 [t Dy (v, u)
e(tn <C+—/ <C+f7’)dt
( ) - gt Jo Wee (t)
1 [ D (v,u)
<20+ — gy
- €t Jo Wee (t)
and the result follows. 0

We want to stress the fact that the advantage of this result over the original
approximation inequality of Kuznetsov [8] is that the modulus of continuity in time
of v does not appear in the estimate. Error estimates can thus be obtained solely
in terms of upper bounds for the term Ty (u, v;1)/W(t), for the entropy production
term FEt%= (v, u;t)/W(t), and for the term involving Dy (v, u).

Next, we show how to estimate the term Ty (u, v;t)/W(t). We need a simple,
but useful, representation result.

LEMMA 6.3. We have

0u(F (0,0 = Few) = [ 07 =) [F'(0) = F(o)]ds.
Proof. By the definition of F, (3.3b), we have
O(u, ¢) = F(u,¢) — F(e, u)
- / (U'(s = ¢) + U'(s — w) f'(s) ds.

Then, by using the fact that U is smooth and even, we get

u

uO(u,c) = (U'(u—c)+ U'(0)) f'(v) — / U"(s—u) f'(s)ds

c

(U'(0) = U'(c—w)) f'(u) — /u U"(s —u) f'(s)ds
/“ U"(s —u) f'(u)ds — /“ U"(s —u) f'(s)ds,

and the result follows. 0
COROLLARY 6.4. Let n be an arbitrary unit vector in RY. Then

|0u (F(u,¢) = F(e,u)) -n) | < c51€||f”||,

where ¢1 = sup|, <1 G"(w).
Proof. From Lemma 6.3, we have

0 (Fa,0) = Flesw) )| < 7)) [ 076 =) (u =) ds < S ).

by the definition of U, (3.3), and the definition of || f”||, (2.6b) . 0

We can now use this Corollary to estimate Ty (u, v;t)/W(t).

LEMMA 6.5. (Estimate of Ty (u, v;t)/W(t)). Let u be the entropy solution of
(1.1), (1.2). Then

T (u, v t) /W () < er (TSl uo lrviray ) €,

where ¢1 = sup|, <1 G (w).
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Proof. Let us assume for the moment that « is smooth. Then, by (6.1¢) one can
write

Ton(u,v;T) / /Rd/ /]Rd ( u(t, z),v(t’ z')) —F(v(t’,x’),u(t,x)))

o(t, z;t' 2" )d' dt' dedt,
so that, by Corollary 6.4,

Tyn(u,v;T) < ||f“||/ / / / |Vu(t, z)| o(t, z; ¢, 2")dz'dt' dwdt
el / |TV(JRd){/O we, (t—1')dt’ }dt

< crel|[fIT ] uo |TV(]Rd) W(T).

The result for u not smooth follows from a classical density argument. O
We are now ready to prove Lemma 3.1. From Proposition 6.2 and Lemma 6.5,
we have

/]Rd Uv—(tng, ') —u(tng, «"))de’ < 2 /]Rd U(v=(0,2") — u(0,2"))dz’

+ 8 L(ew + | F'1]) | wo lpv ey + 21 |F7)| T wo lpv (g €

+2 lim sup Eat’ar?z(v,u;t)/Wz(t)
{—o0 0<t<T

1L ™ D% (v, u)
+ £¢,00 t _/ —t -/ dt
X(es, )( NT)Et o Woo(t)
Next, consider the function B(w) = |w]| — U(w). By the definition (3.3a) of G,
B(w) > 0 and

B(w):6(|w/6|—G(w/€))§€sup||v|—G(v)|§6 sup ||v|—G(v)|:cog.
veR [v]<1

I /\

This implies that |w| — c¢pe < U(w) < |w], and hence
| un(tng) — uw(tng) lpeey < 2l won — o [lprmey + 8 Ll + &l | [wo lrv &
+ (co2M) + 21 (|| T | wo |y (mey) €

+2 lim sup ES0% (v, u;t)/WE(t)
£=00 0<t<T

1 [ivr D (v, u)
tn,)— -2 7 gt
+ X(at,oo)( NT)Et /0 Woo(t)

This completes the proof of Lemma 3.1.

7. Concluding remarks. Several versions of the SCSD and SCDG methods
(i.e., several definitions of 1, €5 or £57) can be found in the literature; see e.g. [3], [6],
[10], [11], and [4]). Tt is intersting to note that the coefficients £; and 3 considered in
[4] are some kind of L°° versions of our “L? coefficients”.

We want to emphasize that, to obtain our a posterior:, the only property of the
shock-capturing terms we require 1s that they satisfy a nonnegativity condition. This
property 1is trivially satisfied for the SCDG method as a reflection of the fact that
piecewise-constant functions belong to the finite element space. As a consequence,
our results for the SCDG method hold for very general finite elements. For the SCSL
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method, this does not happen since the approximate solution 1s taken to be continuous
in space. However, the nonnegativity of the shock-capturing terms can be proven,
not only for acute (d + 1)-simplices, as shown in this paper, but also (i) for prisms
T = K4 x I, where K4 is an acute d-dimensional simplex and [ is an interval, together
with local spaces of the form P*1(T,;)®@ P*2(I) (see [4]), and (ii) for (d+1)-dimensional
cubes T'= 11 x -+ x Iqq1 (or the corresponding parallelepipeds) with local spaces of
the form P¥1 () @ - - @ Pka+r(I441).

To obtain classical error estimates from the « posteriori error estimates, regularity
properties of the approximate solution are needed. In this paper, we find a regularity
property by a standard LZ-energy argument. (It is at this point that the definition of
the shock-capturing terms is crucial.) This property can then be combined with the
a posteriori estimates to produce rates of convergence. Since this regularity property
is independent of the degree of the approximating polynomials (see the estimates of
the terms ©;(up) in §2), so are the theoretical convergence rates. A better rate of
convergence can be obtained with stronger regularity properties of the approximate
solution.

Finally, we point out that our technique can be extended to other definitions of
€1, €9 and e3P If, for instance, we do not divide by the gradient of the approximate
solution in the definition of €1, €5 or €57, the theoretical orders of convergence (with
8, 61, and 85 of order h) are found to be the same as those in Corollaries 2.2¢ and 2.3c.
Moreover, if 1, and 8§, are taken to be of order h2=2¥, for v > 0, the methods can be
proven to converge with a rate of A”.

Appendix: Existence of a solution of the SCSD and SCDG methods. In
this appendix, we prove that the SCSD method and the SCDG method, as defined in
this paper, admit a solution. We only prove the result for the SCDG method.

We use the following result.

LEMMA. Let X be a finite dimensional vector space with inner product (-,-). If
F: X — X is continuous and satisfies (Fx,x) > 0 for allx ¢ {y € X : (y,y) < r?} =
B(0,r) for some r > 0, then Fx =0 has a solution in B(0,r).

Proof. See [9, p. 164]. 0

We apply the Lemma to X = Vj, with (,-) the L?(Q)-inner product for Q =
(0,T) x R4 and

(Pw,v) = Z_: > /TA(w)(H(sA(w,v))dxdt

n=1 TETh,n

Y YT J (R ) = Ft) e )i ay

n=1 T€Ty,, e€dT €

+ i Z /T€1(w)ph(vw~Vf})dxdt

n=1 TETh,n

+i ST N [ a@hpu(veaT  v.eT)dA.

n=1 T€Ty, n, e€cdT €

By identifying V3, to its dual, we can easily see that P is a well defined application
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from V3, to Vj,. Moreover, if the viscosity terms are defined as in §2, that is, as follows:
|AU| | e[:;(vT’vTe) _.f(UT) 'ne,T|
||V@||Ph+63 ||V€@T||Ph+§4 ’

where 63 and 64 are positive parameters, then P is continuous.
Finally, proceeding as in the proof of the a prior:i estimate of Lemma 5.1, we
obtain

N.-1
1 T2 1 T T2
(]P)v,v)_Q/]R}ivv dx—|—2 E E /(v —v' ) de

n=0 e€d7; ,NRZ

Sy [

61(1})|T = 61 and EQ(UT)|€ = 62

feLg(uga UZ ) — f(S) . ne,T) dsdA

n=0 e€&
N,
B3> | =@Vl dear+ ¥y x [T I ax
n=0 TE€Th n n=0 TETy,, e€dT
N, -1 1
46 3 [ A2 = Slluno e
n=0 TETh,n T

Since, by (2.4), the second term of the right-hand side is positive, we have that if
|| vl|z2(q) is large enough, then (Pv,v) > 0. We can thus apply the Lemma and obtain
a solution to our problem.
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