An Adaptive Restart Implementation of DIRECT®

D.E. Finkel and C.T. Kelley ¥

North Carolina State University, Center for Research in Scientic C omputation
and Department of Mathematics, Box 8205, Raleigh, N. C. 27695-8205, USA
(definkel@ncsu.edu ), (tim _kelley@ncsu.edu )

August 24, 2004

Abstract. This paper is concerned with the algorithmic behavior of the DIRECT
(Dlviding RECTangles) algorithm. We show that DIRECTis sensitive to additive
scaling, and this sensitivity can a®ect convergence. We present a mali ed version
of the algorithm, and illustrate the e®ectiveness of our modi cation wi th numerical
results.
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1. Introduction

DIRECT({DIviding RECTangles) [16] is an optimization algorithm de -
signed to aggressively search for global minima of a real vatd objective
function over a bound-constrained domain. The algorithm doe not use
derivative information in its search; instead, it relies on the iteration
history to determine future sample locations.

The strength of DIRECTis the balanced global and local search it
performs. This article describes conditions under which tke balance of
the algorithm becomes skewed. We observe thaDIRECTis sensitive to
additive scaling, and has slow asymptotic convergence. Weuggest a
modi cation to the algorithm, and present test results that illustrate
the e®ectiveness of our modi cation.

For this paper, we are concerned with a bound constrained opt
mization problem:

(P) Tzipf(x); wheref :R" ! R; 1)

with - = fx2R":lj - xj- uj; i=1::ng; andl;u 2 R" given. We
assume thatf is Lipschitz continuous on -. In many applications, f
is nonsmooth, or no derivative information is available. Fa example,
an evaluation of f may require several di®erent simulations to be per-
formed [5, 17]. The simulators can have nonsmooth functionbuilt into
them (e.g. IF statements, max functions and table lookups), or may
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add noise to the problem via truncation error. Finite di®erences may
fail to accurately approximate the gradient of f. Sampling methods,
such asDIRECTcan solve such problems when gradient-based methods
fail.

DIRECTcan be e®ective [16, 9, 4, 20, 18, 3] in nding the basin of
convergence for a global solution on low dimensional probias. Unlike
other derivative-free methods ([19, 14, 15, 2, 1, 12]DIRECTcarries on
an aggressive global search.

The algorithm operates by systematically dividing the box domain,
-, into hyperrectangles, and evaluating the objective function in their
centers. There are two phases to an iteration oDIRECT rst, hyperrect-
angles are identi ed aspotentially optimal, i.e., they have potential to
contain a global solution. The second phase of an iterations to divide
potentially optimal hyperrectangles into smaller hyperrectangles. The
objective function is evaluated in the centers of new hyperectangles.
An balance parameter is used to bias the search towards uneigred
regions of the domain. In this paper we explore the e®ects ofsing this
parameter, and proposes a modi cation to the algorithm basé on the
analysis.

DIRECTperforms a global search in that the algorithm continues
to search for global solutions after local minima have been etected.
When given no termination criteria, DIRECTwill exhaustively sample
the domain [16]; an observation that has been used to descrétheoret-
ical nonsmooth convergence of the algorithm [7]. In practie, DIRECT
typically clusters sample points around local and global opima after a
few iterations [20, 18, 3]. DIRECTcan be implemented so that many
evaluations of the objective function are done simultaneosly on a
parallel machine [11].

In the next section, we describeDIRECT In Section 3, we examine
some vulnerabilities of the algorithm. Section 4 is a descgtion of our
modi cation to DIRECTWe close with test results.

2. DIRECT

The DIRECTalgorithm begins by scaling the domain, -, to the unit
hypercube with the linear transformation T : R"! R"

TX)= X(uj )+ 1, forall x2 -

where X is an £ n matrix with elements of x along its diagonal, and
zeros elsewhere.

This mapping does not change the optimization process, andis-
pli es analysis of the algorithm. Therefore, we assume for le rest of
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Figure 1. The Trst iteration of DIRECT

this paper that
-= fx2R":0- xj- 1, i=1:ng:

2.1. The first iteration

DIRECTbegins by evaluatingf at the center of -, ¢ = (1=2;:::;1=2):
Determining potentially optimal hyperrectangles in the r st iteration
is trivial; - itself is the rst potentially optimal hyperre ctangle. DIRECT
moves to the next phase of the iteration, and divides the potetially
optimal hyperrectangle.

DIRECTbegins the division process by evaluating at neighbors ofc
in every dimension. The neighbors are determined to be the ndipoints
betweenc and the boundary. Thus, f is evaluated at

c8 %e.; forall i 2 [1;n];

where g is the ith unit vector. The 2 n points sampled become centers
of their own hyperrectangles, and the algorithm continues b the next
iteration. Figure 1 illustrates this process on a two-dimensonal exam-
ple. We provide more details on this procedure in the next seion.

2.2. General lterations of DIRECT

After the rst iteration, the algorithm selects potentiall y optimal hy-
perrectangles sparingly. Rules for division are also deveped so that
all dimensions are sampled equally.

The de nition of a potentially optimal hyperrectangle is gi ven below,
and is originally from [16].
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fc)

size
Figure 2. Geometric interpretation of (2) and (3).

DEFINITION 1. Let S be the set of hyperrectangles created by DI-
RECT after k iterations, and let f i, be the best value of the objective
function found so far. A hyperrectangleR 2 S with center cg and size
®R) is said to be potentially optimal if there existsK such that

f(cr)i K®(R) - f(cr)i K®(T); forall T2S 2)
f(cr)i l€®(R) « fmini 2fminj: (3)

In [16], hyperrectangle size is measured by the distance fro its center
to a vertex. In [10], the authors modi ed DIRECTand measure hyper-
rectangles by their longest side. In practice, this modi caion biases
the algorithm toward local solutions [10].

Figure 2 is a geometric interpretation of De nition 1. Each point on
the graph represents a hyperrectangle irS, with an additional square
dot added at (0; f min i 2jfminj). Equations (2) and (3) de ne the set of
hyperrectangles that correspond to the lower convex hull ofthe cloud
of points. These hyperrectangles are subdivided in the nexphase of
the iteration.

The purpose of the balance parameter is to biadDIRECTtowards
unexplored space in the domain. [16]. In Figure 2, the squardot alters
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the lower convex hull, and the small hyperrectangle which catains the
low function value is not potentially optimal. This paper is concerned
with the balance parameter, and it's role in the convergenceof DIRECT

Potentially optimal hyperrectangles are subdivided alongtheir long
coordinate directions. This strategy ensures equal sampiig in every
dimension, and is outlined in Table | [16].

Table I. Division of a hyperrectangle R with center ¢

1. Let R be a potentially optimal hyperrectangle with center c.

1. Let » be the maximal side length of R.

2. Let | be the set of coordinate directions corresponding to sides ofR
with length ».

3: Evaluate the objective function at the points c§ %»e,
foralli21, v@ere e is thg ith unit vector

4: Letw; =min f(c§ i»a)

5: Divide the hyperrectangle containing c into thirds along the dimensions in 1,
starting with the dimension with smallest w; and continuing to the
dimension with the largest w;.

DIRECTypically terminates when a user-supplied budget of functian
evaluations is exhausted. Alternative stopping criteria have been used
[9]. In [13], an implementation of DIRECTs introduced that relaxes the
de nition of potentially optimal hyperrectangles. This mo di cation was
designed for large parallel computers.

3. The Balance Parameter

In this section we carefully examine the role of the balance grameter.
We show that 2 can a®ect the convergence oDIRECTwith examples
and analysis.

3.1. The positive effects of the balance parameter

In [16], the balance parameter was introduced as a way to biaBIRECT
globally. The intent of 2 is to discourage the algorithm from sampling
in well-searched areas of the domain.

Di®erent values forz were examined in [16] on a set of popular global
optimization test problems [6, 21]. On some problems, convgence
was not a®ected by2. On other problems, the performance ofDIRECT
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Figure 3. Results for di®erent values of2 on the Shubert test problem.

improved for large values of the balance parameter. The reacamended
value of 2 = 101 4 was chosen because it produced the most robust
results for DIRECTIn [8], this recommendation was revised to include
a lower bound for the right-hand-side of (3).

In Figure 3, we see the bene'ts of the balance parameter when
DIRECTtries to nd the global minima of the Shubert test function
[16, 21]. When? is set to zero, DIRECTails to nd the solution in a
reasonable amount of function evaluations.

3.2. The negative effects of the balance parameter

The rest of this paper is concerned with the consequences osimg bal-
ance parameter. We begin with two examples that illustrate DIREC'E
sensitivity to 2.

The rst example shows that DIRECTis a®ected to additive scaling.
For this example, we added 18 to the Branin function [6]. In [16], 195
function evaluations were needed byDIRECT For this experiment, a
budget of 500 function evaluations is used.

Figure 4 comparesDIRECTwith and without the balance parameter.
The "gures indicate that 2 is a®ecting the ability of DIRECTio nd
a global solution. In Figure 4, sample points cluster aroundthe three
global optima when 2 = 0. When the balance parameter is set to the
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Figure 4. Results for di®erent values of 2 on the perturbed Branin test problem.
The picture on the left shows the sampled points when 2 = 107 4. The right "gure
is the points DIRECTsamples when? = 0.

recommended value of 10* from [16], the sample points do not cluster.
Note that if 2 =101 4, kXmin i X°k = 0:34 wherexnyn is the location of
the low function value. When 2 =0, kxmin i Xx°k = 1.12e-5.
The balance parameter also slows the asymptotic convergercof
DIRECTConsider the simple problem
x4
min - jxij +1; (4)
. -1

where - = ©x 2R*:j 2 x;- 3.Figure 5 describes the results when
DIRECTis given an exorbitant budget of 100,000 function evaluatios.

When 2 = 0, the relative error drops to machine precision, compared
to a much larger relative error when? = 10i 4,

The behavior of DIRECTin these examples is explained by observ-
ing the smallest hyperrectangles. The smallest hyperrectagle after k
iterations of DIRECTis always a hypercube, and is a candidate to be
potentially optimal whenever the value at the center is f i, (see Fig-
ure 2). This candidate is rejected for subdivision if it doesnot satisfy
(3), the condition controlled by the balance parameter. Regcting the
smallest hypercube for subdivision can produce poor convgence, as
seen in Figures 4 and 5 In Lemma 1, we describe when rejectindgné
small hypercube leads to poor performance bYDIRECT

LEMMA 1. Letf : R"! R be a Lipschitz continuous function with
Lipschitz constant K, Let S be the set of hyperrectangles created by
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Figure 5. Slow asymptotic convergence on the convex test problemf (x) = kxkj +1.

DIRECT and let R be a hypercube with a centec at side length3i '
Suppose that

(1) ®R) - ®&S), forall S 2 S (i.e. R is in the set of smallest
hypercubes).

(i) f(c)= fmin 60 (i.e. f(c) is the low value found).
If

®(R) < 2j2|(<C)j pn+8i pﬁ ; (5)

then R will not be potentially optimal until all hyperrectangles n the
\neighborhood" of R, i.e. all hyperrectangles whose centers are on the
stencil c§ 3i'e for i =1;:::;N are the same size aR.
Proof. Assume (5) holds. In [9], it was shown that the size of a
hyperrectangle, S, with long side of length 3 ! is given by
3 —
®S)= 5 ni 89, (6)

where 0- p- nj 1. When S is a hypercube,p=0.
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For hypercube R to be potentially optimal there must exist K such
that (2) and (3) hold.
From (2), it is clear that

f(cs)i f(c)
®&S)i ®&R)

forall S2 S, &S) > ®(R). We de ne K to be as large as possible;
that is, we let

K -

_ . f(cs)i (o) _ f(cs)i (o),

K =min = ; 7
S22 85); ®R)  ®S)| &R) ()
and show that (3) cannot be satis ed.
Inequality (5) is equivalent to
3¢2K 2jf (0)j .
"n+8i Tn MR ®
From (6), we see that
i1Hg 1 P (1+1) 3
@s)i @Rr). o nigp=i Tn . S Pave Pa
€)
The last inequality is found by setting p= nj 1. Therefore,
1 1 .
) L (1+D) Sp— p= (10)
&S)i ®R) = "n+8i n
Also note that
f(cs)i f(c)=f(c§3'e)i f(c)- K3 (11)
due to the Lipschitz continuity of f. Therefore,
f(c)i f(o) K3i . 3¢2K
K= < — 3 = p—— —: (12
did 30 Parg, Pr  Pave; P 0P
Combining (12) and (8), we see that
2if (¢)j
K < ;—lfj)—_J (13)
= n
since®R) = 3'P W and f () = f o, it follows that
f(Qi KAd>f min i 2fminj: (14)
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Recall that in (7) we choseK as large as possible. Therefore, hypercube
R cannot be potentially optimal.

Inequality (5) describes conditions whenDIRECTwill prioritize hy-
perrectangles nearf,, over the hyperrectangle that contains f .
When 2 6 0, additive scaling can make the right hand side of (5) large
which slows the convergence oDIRECT and prevents clustering near
optimal solutions. We observed poor behavior due to additie scaling
in Figure 4.

When ‘ff(—c)‘ Y 1, the right-hand side of (5) is much smaller, and the
poor behavior occurs in later iterations, as seen in Figure or prob-
lem (4). For the problem described in (4), the smallest hyperectangle
begins being ignored when it reaches a size of 1.7e-5, whichpgecisely
what (5) predicts. Inequality (5) illustrates why DIRECThas a slow rate
of asymptotic convergence whert 6 0.

In the next section, we propose a modi ed version ofDIRECTand
present numerical results for several di®erent test problas.

4. DIRECTrestart

We propose a modi ed version of DIRECThat adaptively updates the
value of the balance parameter. Our modi cation is not sendive to
additive scaling, and is more aggressive with its global seah than the
original implementation of DIRECT

Our strategy is to start DIRECTwith 2 = 0, and let the algorithm
search unimpeded by the balance parameter. At the end of eaclht-
eration, we check to to see if the progress of the optimizatio has
stagnated. If f i, has not decreased for several iterations, then we shift
to the global phase of the algorithm by updating 2 to 2yax. For our
results, we set?max = 101 2. DIRECTcontinues to subdivide, now with
the balance skewed towards unexplored regions. If the optimation
stagnates once again, we set the balance parameter back torpe and
continue. We repeat until the termination criteria is satis ed. We call
our modi cation DIRECTrestart, and summarize it in Algorithm 1.

When 2 = 0 we de ne stagnation as ve iterations without an im-
provement of 10 4 in fmin. In our experience, we found that leaving
2 = 2,0« produced the best results, so we only reset = 0 if fty
iterations go by without an improvement of 101 % in f i, .

We believe that DIRECTrestart improves on the original implemen-
tation in two ways. First, it is not sensitive to additive scaling, since
the right hand side of (5) zero until 2 is updated to 2.
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Algorithm 1 DIRECTrestart(f max)
1. Transform - to unit hypercube, initialize parameters.
2: Evaluate f at c=(1=2;:::;1=2).
3: Subdivide - into 2 n hyperrectangles and sampld in new centers.
4. Wh||e fcount <f max dO

5. fDetermine 2 valueg
6: if 2=0 then

7 if stagnation then
8: Set?2 = 2.

9 end if

10: else if 2> 0then
11 if stagnation then
12: Set2=0.

13: end if

14:  end if

15:  Find potentially optimal hyperrectangles.
16:  Divide potentially optimal hyperrectangles.
17:  Update f count-

18: end while

Second, since we separate the local and global phases, we asse
a larger value for the balance parameter than recommended L6, 8].
An aggressive global search should improve convergence omoplems
with many local minima.

5. Numerical Results

We present a small set of test results that illustrate the rolustness of
our modi cation.

Our rst test is to compare DIRECTand DIRECTrestart on the nine
original test problems from [16], commonly referred to as tke Jonestest
set. The nine problems, S5, S7, S10, H3, H6, BR, GP, C6, and Skdye
low dimensional (n 2 [2; 6]), have multiple local and global minima, and
cannot be reliably solved by gradient-based methods. More iformation
about these problems is found in [6, 21, 16, 9].

We provide the two algorithms with a budget of function evaluations
based on the convergence results in [16]. We use the numberfohction
evaluations reported for convergence in [16] as our budget®ur results
are summarized in Table II.

In Table II, an "X" implies that algorithm found a better solu tion
than the other for a particular test problem. The \Di®erence" row indi-
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Table 1l. Comparison of DIRECTand DIRECTrestart on the original Jones test set.

Problem | S5 S7 S10 H3 H6 BR GP C6 SH
Budget | 154 144 144 198 570 194 190 284 296
DIRECT| X X X X X X X X

DIRECT-restart

Di®erence | 0.03

X X X X X X X X
0 0 0 0 0 0 0 0.01

-20

a0k

60 -

-80 -
-100 +
-120
-140 +
-160
-180

-200
0

DIRECT

/ ]

DIRECT-restart

. . . . .
500 1000 1500 2000 2500 3000
Fcn Evaluations

Figure 6. A comparison of DIRECTand DIRECTrestart on the Shubert test problem.

cates the di®erence in low function values produced by eacHgorithm.
On most of the problems the algorithms nd identical solutions. Thus,
our modi cation does not impede the performance ofDIRECTon well
behaved problems.

On one of the problems DIRECTrestart converges faster thanDIRECT
Figure 6 comparesDIRECTand DIRECTrestart on the \SH" (Shubert)
problem. Since DIRECTrestart uses a large?max, it does not get stuck
in local solutions, and nds the global solution in signi cantly fewer
function evaluations than DIRECTwith 2 = 101 4.
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In the next test, we additively perturb the Jones set by 100,00. We
report comparison results in Table IlI.

Table Ill. Comparison of DIRECTand DIRECTrestart on the additively perturbed Jones test set.

Problem | S5 S7 S10 H3 H6 BR GP C6 SH
Budget | 154 144 144 198 570 194 190 284 2966

DIRECT
DIRECT-restart | X X X X X X X X X
Di®erence | 852 756 759 0.14 128 0.05 0.01 0.04 0.04

The results indicate that adaptively updating 2 can improve the per-
formance of DIRECTon additively perturbed problems. Table IV com-
pares the solution accuracy for both implementations on theadditively
perturbed Jones problems.

Table 1V. Solution accuracy on the additively perturbed Jones test se t.

Problem | S5 S7 S10 H3 H6 BR GP C6 SH
Budget | 154 144 144 198 570 194 190 284 2966
KXmin i x"k

DIRECT| 8.66 8.66 8.66 0.09 1.00 0.34 4.11e-3 0.09 4.36e13
DIRECT-restart | 0.02 2.7e-3 2.7e-3 0.02 3.7e-3 1.6e-3 4.57e-4 9.5e-4 2.49¢-6

The gures in Table Il illustrate the lack of clustering cau sed by
a xed balance parameter. DIRECTrestart clusters near optima, and
“nds better solution with the same budget.

6. Conclusion

The DIRECTalgorithm aggressively searches for global minima by using
a balance parameter to bias the search towards unexplored gtons of
the domain. We show the algorithm is sensitive to additive saling, and
has slow asymptotic convergence. We quantify the sensitity of DIRECT
in Lemma 1.

DIRECTrestart is a modi cation to DIRECT[16] that tunes the bal-
ance parameter during the optimization process. Test rests show that
our modi cation can improve convergence speed, remove seligity to
additive scaling, and improve clustering of sample points ear optimal
solutions.

restartDIRECT.tex; 24/08/2004; 10:37; p.13



14

Finkel and Kelley

7. Acknowledgments

The authors would like to thank Evin Cramer for her insight into
DIRECT and Joerg Gablonsky for his suggestions in developing the
software used in this paper.

10.

11.

12.

13.

14.

References

Audet, C. and J. E. Dennis: 2004, "Mesh adaptive direct search algorithms
for constrained optimization'. Technical Report TR04-02, Department of
Computational and Applied Mathematics, Rice Univeristy.

Audet, C. and J. D. Jr.: 2003, "Analysis of Generalized Pattern Searches'. SIAM
J. Optim. 13, 889{903.

Bartholomew-Biggs, M., S. Parkhurst, and S. Wilson: 2002, "Using DIRECT
to Solve an Aircraft Routing Problem'. Computational Optimization and
Applications 21, 311 { 323.

Carter, R., J. Gablonsky, A. Patrick, C. Kelley, and O.J.Eslinger : 2001, “Al-
gorithms for Nosiy Problems in Gas Transmission Pipeline Optimization '
Optimization and Engineering 2(2), 139{157.

Cramer, E. and M. Carter: 1997, "Global Optimization of a Multi-element A ir-
foil'. In: Collection of Technical Papers, Pt. 2, AIAA/ASME/ASCE/AHS/ASC
Structures, Structural Dynamics, and Materials Conference and Exhi bit, and
AIAA/ASME/AHS Adaptive Structures Forum . Kissimmee, FL, pp. 5 { 39.
Dixon, L. and G. Szego: 1978, Towards Global Optimisation 2. New York, NY:
North-Holland, “rst edition.

Finkel, D. and C. Kelley: 2004, "Nonsmooth Convergence Analysis of DI-
RECT'. Technical Report CRSC-TR04-28, Center for Research in Scient i c
Computation, North Carolina State University.

Floudas, C. and P. Pardalos (eds.): 2001,Encyclopedia of Optimization, Chapt.
The DIRECT Global Optimization Algorithm, pp. 431{440, The Encyclopedia

of Optimization. Kluwer Academic.

Gablonsky, J.: 2001a, "Modi cations of the Direct Algorithm'. Ph.D. the sis,
North Carolina State University.

Gablonsky, J. and C. Kelley: 2001, A Locally-Biased form of the DIRECT
Algorithm'.  Journal of Global Optimization 21, 27{37.

Gablonsky, J. M.: 2001b, "DIRECT Version 2.0 User Guide'. Technical R eport
CRSC-TR01-08, Center for Research in Scienti ¢ Computation, North Carol ina
State University.

Gilmore, P. and C. T. Kelley: 1995, “An implicit Ttering algorithm for
optimization of functions with many local minima'. SIAM J. Optim. 5,
269{285.

He, J., L. Watson, N. Ramakrishnan, C. Sha®er, A. Verstak, J. Jian, K. Bae,
K. Bae, and W. Tranter: 2002, 'Dynamic Data Structures for a Direct Search
Algorithm'.  Computational Optimization and Applications 23(1), 5{25.
Hooke, R. and T. Jeeves: 1961, "Direct search solution of numerical and s&-
tistical problems'. Journal of the Association for Computing Machinery 8,
212{229.

restartDIRECT.tex; 24/08/2004; 10:37; p.14



15.

16.

17.

18.

19.

20.

21.

An Adaptive Restart Implementation of ~ DIRECT 15

Hough, P. D., T. G. Kolda, and V. J. Torczon: 2001, "Asynchronous Parallel

Pattern Search for Nonlinear Optimization'. SIAM J. Sci. Comput. 23, 134{
156.

Jones, D., C. Perttunen, and B. Stuckman: 1993, "Lipschitzian Optim iza-
tion Without the Lipschitz Constant'. Journal of Optimization Theory and

Application 79(1), 157{181.

Kolda, T., R. Lewis, and V. Torczon: 2003, "Optimization by Direct Search :
New Perspective on some classical and modern methods'SIAM Review 45(3),
385{482.

Ljunberg, K. and S. Holmgren: 2004, "Simultaneous Search for multiple QT L
using the global optimization algorithm DIRECT". Bioinformatics 20(12),
1887{1895.

Nelder, J. and R. Mead: 1965, "A simplex method for function minimizat ion'.
Comput. J. 7, 308{313.

Sasena, M., P. Papalambros, and P. Goovaerts: 2002, “Global Optimization
of Problems with Disconnected Feasible Regions via Surrogate Modeling'. In:
9th AIAA/ISSMO Symposium on Multidisciplinary Analysis and Optim ization.
Atlanta, GA.

Yao, Y.: 1989, ‘Dynamic Tunneling Algorithm for Global Optimization'. IEEE
Transactions on System, Man and Cybernetics 19, 1222 { 1230.

restartDIRECT.tex; 24/08/2004; 10:37; p.15



restartDIRECT.tex; 24/08/2004; 10:37; p.16



