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Abstract. The DIRECT algorithm is a deterministic sampling method for bound constrained Lipschitz
continuous optimization. We prove a subsequential convergenceresult for the DIRECT algorithm that
quanti¯es someof the convergenceobservations in the literature. Our results apply to several variations on
the original method, including one that will handle generalconstraints. We usetechniques from nonsmooth
analysis, and our framework is basedon recent results for the MADS sampling algorithms.
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1. In tro duction. The DIRECT (DIviding RECTangles)algorithm [19] is a determin-
istic samplingmethod. The method is designedfor bound constrainednon-smooth problems
in a small number of variables. Typical applications are engineeringdesign problems, in
which complicatedsimulators are usedto construct the objective function [3{8,16].

By a sampling method we meanthat the progressof the optimization is governedonly
by evaluations of the objective function. No derivative information is needed.Unlike most
classicaldirect search methods [21,25] such as the Hooke-Jeeves [17], Nelder-Mead [22],
implicit ¯ltering [15,20], or the variations [1,2,10] of the multidirectional search algorithm,
DIRECT does not sample on a stencil about the current best point at any stage of the
optimization, and is designedto perform a global search as the optimization progresses.
DIRECTis a naturally parallel algorithm, in that a large number of calls to the objective
function can be madesimultaneously, and distributed to multiple processors.

In the limit, DIRECT will samplea densegrid of points in the feasibleset. The behavior
of the iteration in the early to middle phasesis more important, however. The typical
observations are that the sampling clusters near local optima [5{8,12]. Figure 1.1 is an
exampleof such clustering. The ¯gure is a plot of the 521samplepoints from the ¯rst ¯rst
28 iterations of DIRECT as as applied to the Branin function, a test problem usedin [19].

The purposeof this paper is to analyzethe behavior of DIRECT by showing that certain
subsequencesof the samplepoints convergeto points that satisfy the necessaryconditionsfor
optimalit y in the senseof Clarke [9]. We do this using the framework from [1], in which the
authors designa sampling algorithm with a very rich set of search directions. The richness
of that set allows them to extend the results of [2] to show that all cluster points of the
iterations for the newmethod satisfy certain nonsmooth necessaryconditions for optimalit y.
In this paper we observe that DIRECT, which is not basedon search directions at all, can
be analyzedwith thesetechniques.

¤Version of July 14, 2004.
y North Carolina State University, Center for Research in Scienti¯c Computation and Department of

Mathematics, Box 8205,Raleigh, N. C. 27695-8205,USA (de¯nk el@ncsu.edu,Tim Kelley@ncsu.edu).This
research was supported in part by National ScienceFoundation grants DMS-0070641,DMS-0112542,and
DMS-0209695.

1



2 FINKEL and KELLEY

-5 -4 -3 -2 -1 0 1 2 3 4 5
-5

-4

-3

-2

-1

0

1

2

3

4

5

x
1

x
2

Fig. 1.1. Branin function example

We considera bound-constrainedoptimization problem,

min
x2 ­

f (x); wheref : RN ! R; (1.1)

where
­ =

©
x 2 RN : l · x · u

ª
:

and f is Lipschitz continuouson ­.
DIRECT begins by scaling the domain, ­, to the unit hypercube. This transforma-

tion has no impact on the results, simpli¯es the description and analysis, and allows the
implementation to pre-computeand store common valuesused repeatedly in calculations,
thereby reducing the run-time of the algorithm. Thus, for the remainder of this paper, we
will assumethat

­ =
©

x 2 RN : 0 · x i · 1
ª

:

DIRECT's samplepoints are centers of hyperrectangles.In each iteration, new hyper-
rectanglesare formed by dividing old ones,and then the function is sampledat the centers
of the new hyperrectangles. We refer to a divide-samplepair as an iteration. In the ¯rst,
or division phaseof an iteration, DIRECT identi¯es hyperrectanglesthat show the most
potential to contain good, unsampledpoints. The secondor sampling phaseis to samplef
at the centers of the newly createdhyperrectangles.DIRECT typically terminates when a
user-suppliedbudget of function evaluations is exhausted.

In this next section, we outline the original DIRECT algorithm, and discussseveral
modi¯cations that have been done. Our results apply to very general constraints, if one
takesthe approach in [5,6] of assigningan arti¯cial value to an infeasiblepoint.

In x 2 we give a more detailed description of the version of DIRECT from [19] and
someof the variations of the algorithm that have appearedsince[19] was published. In x 3
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we review somebasic ideasfrom nonsmooth analysisand state and prove our convergence
results for the caseof simple bound constraints. In x 3.3, we use more general concepts
from [1,2,9] to prove the result for generalconstraints.

2. Description of DIRECT. DIRECT initiates its search by sampling the objective
function at the center of ­. The entire domain is treated as the ¯rst hyperrectangle,which
DIRECT identi¯es as potentially optimal and divides.

DIRECTdividesa potentially optimal hyperrectangleby trisecting the longestcoordinate
directions of the hyperrectangle.For example,in the ¯rst iteration when the hypercube ­ is
potentially optimal, all directionsare long, and DIRECTdivides in every direction. Figure 2.1
illustrates this process.

The order in which sidesaredivided is important; the right-hand sideof Figure 2.1would
look di®erent had the vertical side of the rectangle been divided ¯rst. DIRECTemploys a
simple heuristic to determine the order in which long sidesare divided. This processis
explainedin Table 2.1.

c c

Fig. 2.1. Two dimensional exampleof division by DIRECT

Table 2.1
Division of a hyperrectangle h with center c

1: Let h be a potentially optimal hyperrectanglewith center c.
1: Let » be the maximal side length of h.
2: Let I be the set of coordinate directions corresponding to sidesof h with length ».
3: Evaluate the objective function at the points c § 1

3»ei ,
for all i 2 I , whereei is the i th unit vector

4: Let wi = min
©

f (c § 1
3»ei )

ª

5: Divide the hyperrectanglecontaining c into thirds along the dimensionsin I ,
starting with the dimensionwith smallestwi and continuing to the dimension
with the largest wi .

After the ¯rst iteration, the designspace,­, hasbeendivided into 2N + 1 hyperrectan-
gles. We let H be the set of hyperrectanglescreatedby DIRECT. In the next iteration, and
thosethat follow, DIRECT choosespotentially optimal hyperrectanglesfrom H. Potentially
optimal hyperrectangleseither have low function valuesat the centers or are large enough
to be good targets for global search. To quantify this, DIRECT collectsthe hyperrectangles
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into groups of the samesize, and considerssubdividing hyperrectanglesin the subgroups
with the smallestvalue of f at the center. Not all such hyperrectanglesare divided; an es-
timate of the Lipshitz constant of f is usedto completethe selection.The formal de¯nition
from [19] is

Definition 2.1. Let H be the set of hyperrectanglescreated by DIRECT after k itera-
tions, and let f min be the best value of the objective function found so far. A hyperrectangle
R 2 H with center cR and size®R is said to be potentially optimal if there existsK̂ suchthat

f (cR) ¡ K̂ ®R · f (cT ) ¡ K̂ ®T ; for all T 2 H (2.1)

f (cR) ¡ K̂ ®R · f min ¡ ²jf min j: (2.2)

In (2.2), ² ¸ 0 is a \balance parameter" which provides the user control of the balance
betweenlocal and global search.

Figure 2.2 illustrates the de¯nition. Each point on the graph represents a subgroupof
hyperrectangleshaving equalsizes(horizontal axis) and equal function valuesat the centers
(vertical axis). The hyperrectanglesrepresented by points on the lower right convex hull of
this graph satisfy Equations 2.1 and 2.2, and thus are potentially optimal. Note the role of
the balanceparameter.

fmin

fmin-e|fmin|

f(c)

Size of Hyperrectangle

Fig. 2.2. Hyperrectangleson the piecewiselinear curve are potential ly optimal

In choosing the hyperrectanglesfrom the lower right convex hull of Figure 2.2, the
local and global search characteristicsof DIRECT are illustrated. Hyperrectangleswith low
objective function valuesare inclined to fall on the convex hull of the set, asare (relatively)
large hyperrectangles.One of the largest hyperrectangleswill always be chosenfor division
[12,19].

The parameter ² was introduced in [19] to balance the local and global search. In
Figure 2.2, we seethe e®ectsof using the balanceparameter. The point (0; f min ¡ ²jf min j)
alters the convex hull so that the hyperrectanglewith the smallestobjective function value
neednot be potentially optimal. In this way more sampling is done in larger, unexplored,
hyperrectangles.The value of ² is not relevant to the results this paper.
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In the original implementation of DIRECT, the sizeof a hyperrectangle,®R , is de¯ned
to be the distance from the center to a corner. In [13], a modi¯ed version of DIRECT is
derived which measureshyperrectanglesby their longest side. In this way, the groups of
hyperrectanglesare larger, and consequently the iteration placesa strongeremphasison the
value of the objective function at the center of a hyperrectangle. This tends to bias the
search locally, as reported in [13].

In [16], the idea of potentially optimal hyperrectanglesis discarded, and the imple-
mentation described divides hyperrectangleswith the lowest function value from each size
grouping. This is an aggressive version of DIRECT that was designedto exploit massive
parallelism.

2.1. DIRECT's Grid. DIRECT samplesfrom a denseset of points in ­ [12]

S =
½

x j x =
NX

i =1

2ni + 1
2 ¢3k i

ei

¾

whereei is the i th coordinate vector, ki ¸ 0, and 0 · ni · 2 ¢3k i ¡ 1.
We let Sk be the set of points that have beensampledafter k iterations, and let Bk , the

set of best points be

Bk = f x 2 Sk j f (x) · f (z) for all z 2 Sk g:

Since at least one of the largest hyperrectangleswill be potentially optimal at each
iteration [19], any given in point S will be sampledafter ¯nitely many iterations, i. e.

S = [ kSk :

Hence,DIRECT is, in the limit, an exhaustive search and will, if f is continuous,¯nd an
arbitrarily accurateapproximation to the global minimum [24]. DIRECT hasmorestructure
than this, however.

Let B be the set of best points
B = [ kBk :

The objective of this paper is to study the cluster points of B.

2.2. General Constrain ts. Bound constraints are part of DIRECT's sampling strat-
egy, and are incorporated automatically into the optimization. DIRECT can addressmore
generalconstraints by assigningan arti¯cial value to the objective function at an infeasible
point. An obvious way to do this is to assigna largevalue to such a point. However, such an
approach will bias the search away from the boundary of the feasibleregion. If the solution
is on or near that boundary, this approach will signi¯cantly degradethe performanceof the
algorithm.

The results in [5] usea di®erent method, which is also incorporated into the code [14].
Herethe arti¯cial valueassignedto an infeasiblepoint changesasthe optimization progresses.
The processis to expandthe hyperrectanglecontaining the infeasiblepoint by doubling the
lengths of the sides. If none of the samplesin this lager hyperrectangleare feasible,then
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we °ag the point as infeasible, and assigna (relatively) large value to it. Otherwise, we
assignan arti¯cial value of f ¤ + ±jf ¤j, where f ¤ is the minimum value of f over the feasible
points in the larger hyperrectangle. In [14], ± = 10¡ 6. This strategy, while non-trivial to
implement [14], doesnot bias the samplingaway from the boundary of the feasibleregion.

DIRECT makes no distinction between inequality constraints that are given directly
as formulae and \hidden" constraints, which can only be detectedwhen f fails to return a
value.

We let D denote the feasibleset. We will assumevery little about the speci¯c way in
which arti¯cial valuesare assignedto infeasiblepoints. We will assumeonly that if z =2 D,
then we assigna function value to z that is larger than f min , wheref min is the current best
value of f , ie

Bk ½ D; for all k. (2.3)

3. Convergence Results: Simple Bound Constrain ts. In this sectionwe state and
prove a convergenceresult for the caseof simple bound constraints. To do this we require
a small subsetof the results from [9] that were usedin [1,2]. The fully generalresults will
require more of that machinery.

3.1. Results from Nonsmo oth Analysis. In this section, we review the tools from
nonsmooth analysis [9] that we will need to state and prove the result for simple bound
constraints. Throughout we will assumethat f is a Lipschitz continuousreal-valuedfunction
on X ½ RN . In the context of this paper, X = ­ if there are no constraints other than
simple bounds,and X = D if there are more generalconstraints.

Following [9,18], we de¯ne the generalized directional derivative of f at x 2 X in the
direction v as

f o(x; d) = lim sup
y! x; y2 X

t#0; y+ tv 2 X

f (y + td) ¡ f (y)
t

: (3.1)

We seekto show that if x¤ is a cluster point of B, then the necessaryconditions for
optimalit y hold, i. e.

f o(x¤; v) ¸ 0 (3.2)

for all v 2 TCl
­ (x¤), the Clarke coneof directions pointing from x¤ into ­.

The coneof directions is easyto describe if there are only simple bound constraints. If
x 2 ­, the Clarke tangent coneat x is

TCl
­ (x) = f v 2 RN jx + tv 2 ­ for all t > 0 su±ciently smallg:

3.2. Statemen t and Pro of of the Convergence Theorem. The formal statement
of our convergenceresult is

Theorem 3.1. Let f be Lipschitz continuous on ­ and let x¤ be any cluster point of
B. Then (3.2) holds.

Proof. We will show that (3.2) holds with an indirect proof. Assumethat f o(x¤; v) < 0
for somev 2 TCl

­ (x¤). We will exhibit K and ¢ > 0 such that

inf
k¸ K

dist(x¤; Bk) ¸ ¢ ; (3.3)
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contradicting the assumptionthat x¤ is a limit point of B.
Sincef o(x¤; v) < 0 and v 2 TCl

­ (x¤), there is ± > 0 such that

y¤ = x¤ + ±v 2 ­ ;

and f (y¤) < f (x¤).
Let L f denotethe Lipschitz constant of f . Let

¢ = min
½

±=2;
f (x¤) ¡ f (x ¤ + ±v)

2L f

¾
(3.4)

and let
N = f x j kx ¡ x¤k · ¢ g \ ­ : (3.5)

For all x 2 N ,

f (x) ¡ f (y¤) ¸ f (x¤) ¡ L f ¢ ¡ f (y¤) ¸
f (x¤) ¡ f (y¤)

2
> 0: (3.6)

SinceS is densein ­, there is K > 0 and x̂ 2 SK such that

kx̂ ¡ y¤k · ¢ =2;

and hence,for all x 2 N ,

f (x̂) · f (y¤) + LF ¢ =2 · f (y¤) +
f (x¤) ¡ f (y¤)

4
< f (x): (3.7)

Hence,
N \ Bk = ;

for all k ¸ K , as asserted.

3.3. Convergence Results: General Constrain ts. In this section, we extend our
nonsmooth results to a more general design space,D ½ ­. Again, DIRECTattempts to
minimize f over ­, and assignsarti¯cial valuesto any x 62D (that is, x 2 DC ).

As we said in x 2.2, the only requirement on the arti¯cial assignment heuristic is (2.3).
Examplesof such assignment strategiesinclude the already discussedapproach of [14], the
barrier approach usedin [1], a traditional penalty function approach [11], and others.

The strength of the results in this sectionare dependent upon assumptionsabout prop-
erties of D at the cluster points of B, a fact ¯rst pointed out in [23]. Our analysis follows
the program from [1].

We ¯rst de¯ne a hypertangent cone.
Definition 3.2. A vector v 2 RN is said to be a hypertangentvector to the setD ½ RN

at the point x 2 D if there existsa scalar ² > 0 suchthat

y + tw 2 D for all y 2 D \ B ² (x); w 2 Be(v); and 0 < t < ²: (3.8)

The set of hypertangent vectors to D at x is called the hypertangent cone to D at x and is
denoted by TH

D (x).
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If x¤ is a cluster point of B, then (3.2) holds for all v 2 T H
D (x¤).

Theorem 3.3. Let f be Lipschitz continuous on D and let x¤ be any cluster point of
B. Then f o(x¤; v) ¸ 0 for all v 2 TH

D (x¤).
Proof. The proof is a simple extension of the proof of Theorem 3.1. Assume that

f o(x¤; v) < 0 for somev 2 TH
D (x¤). Then, there exists 0 < ± < ² such that

y¤ = x¤ + ±v 2 D;

and f (y¤) < f (x¤):
De¯ne ¢ and N by (3.4) and (3.5), and let DC denotethe complement of D. We have

¡
N \ DC

¢
\ Bk = ; ; (3.9)

becauseBk ½ D.
SinceS is densein ­, it follows that there exists K and x̂ = x¤ + tw 2 SK , for some

0 < t · ±, and w 2 B ² (v). Sincev 2 TH
D (x¤) it follows that x̂ 2 D. Furthermore, we choose

x̂ so that kw ¡ vk and jt ¡ ±j are small enoughto ensurethat

kx̂ ¡ y¤k = ktw ¡ ±vk · ¢ =2:

As already shown in (3.6) and (3.7), f (x̂) < f (x) for all x 2 N \ D, so

(N \ D) \ Bk = ; ; (3.10)

and thus (from (3.9) and (3.10)),
N \ Bk = ; ;

for all k ¸ K , which provesour assertion.
Theorem3.3 di®ersfrom Theorem3.1 in that the set of directions for which (3.2) holds

are not, in general,the same.In the caseof simplebound constraints, T H
D (x¤) is non-empty,

and its closureis TCl
D (x), so if (3.2) holds for all v 2 TH

D (x¤), it holds by continuity for all
v 2 TCl

D (x). This is not so in the generalcase.To explorethe new assumptionsnecessaryto
wefollow [1], and usethe moregeneralde¯nitions of the Clarkeandcontingent cones[9,18,23]
for this purpose.

Definition 3.4. A vector v 2 RN is said to be a Clarke tangent vector to the set
D ½ RN at the point x in the closure of D if for every sequence f ykg of elementsof D that
convergesto x and for everysequence of positive real numbers f tkg converging to zero, there
exists a sequence of vectors f wkg converging to v such that yk + tkwk 2 D. The set TCl

D (x)
of all Clarke tangent vectors to D at x is called the Clarke tangent cone to D at x.

Definition 3.5. A vector v 2 RN is said to be a tangent vector to the set D ½ RN at
the point x in the closure of D if there existsa sequence f ykg of elementsof D that converges
to x and a sequence of positive real numbers f ¸ kg for which v = limk ¸ k(yk ¡ x). The set
TCo

D (x) of all tangentvectors to D at x is called the contingent cone (or sequential Bouligand
tangent cone) to D at x.

The three conesare nested[1],

TH
D (x) µ TCl

D (x) µ TCo
D (x):



DIRECT 9

They alsonote that, if TCl
D (x) = TCo

D (x), the set D is said to be regular at x.
Our next two results state the necessaryassumptionsto show that DIRECT̄nds Clarke

and contingent stationary points.
Theorem 3.6. Let x¤ be a cluster point of B. If TH

D (x¤) 6= ; , then f o(x¤; v) ¸ 0 for all
v 2 TCl

D (x¤).
Proof. By Theorem 3.3, f o(x¤; w) ¸ 0 for all w 2 TH

D (x¤). If TH
D (x¤) is non-empty,

then [1],

f o(x̂; v) = lim
w! v

w2 T H
D (x̂ )

f o(x̂; w) ¸ 0;

as asserted.
We concludeby extendingour results to di®erentiable functions. We ¯rst state a simple

observation (also madefor MADS methods in [1]) that if the set D is regular (i. e. T Cl
D (x) =

TCo
D (x)) at x¤, then cluster points of B are stationary with respect to the contingent cone.

Cor ollar y 3.7. Let x¤ be a cluster point of B. If TH
D (x¤) 6= ; , and if D is regular at

x¤, then f o(x¤; v) ¸ 0 for all v 2 TCo
D (x¤).

Our ¯nal result extends Corollary 3.7. If we assumestrict di®erentiabilit y of f , then
we can state the constraint quali¯cations neededto show that cluster points of B are KKT
points.

Theorem 3.8. Let f be strictly di®erentiable, and let x¤ be a cluster point of B. If
TH

D (x¤) 6= ; , and if D is regular at x¤, then x¤ is a contingent KKT stationary point of f
over D.

Proof. As pointed out in [1,9], strict di®erentiabilit y of f at x¤ implies that r f (x¤)T v =
f o(x¤; v) for all v 2 TCo

D (x¤). Thus, it follows from the previouscorollary that ¡r f (x¤)T v ·
0 for all v in the contingent cone.
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