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In tro duction

The formation of multiple wave fronts is important in applications of singularly
perturb ed parabolic systems. These solutions can be e®ectively constructed by
formal asymptotic methods. When truncated to a certain order in ², they become
formal approximations of solutions to the given system.The precision of a formal
approximation is judged by the smallnessof the residual error in each regular and
singular layer and the jump error betweenadjacent layers.

The purpose of this paper is to intro duce Spatial ShadowingLemmas that
help to construct exact solutions near the formal approximations. The Shadow-
ing Lemma was ¯rst developed for discrete mappings in Rn , see[8]. It has been
extended to continuous °ows governed by ODEs [11], and semi°ows governed by
abstract parabolic equations [2]. We will call theseTemporal ShadowingLemmas
sincethe dynamical systemsconsideredthere evolve in time.

The Temporal ShadowingLemma has beenusedto construct exact solutions
for singularly perturb ed ODEs [11]. However, it cannot be applied directly to
singularly perturb ed parabolic equations. For formal approximations of multiple
waves, the jumps betweenadjacent layers are functions of t and they occur along
the x-direction. Since parabolic equations cannot be solved in the x-direction,
therefore, they do not de¯ne a dynamical system in the spatial direction.

To solve this problem, we usean idea motivated by the works of Kirc hÄassner
and Renardy [10, 15]. We ¯nd stable and unstable subspacesof the trace space
so that the parabolic system can be solved forward and backward in the spatial
direction. Thus the jumps along the lateral common boundariescan be corrected
using the technique of the usual ShadowingLemma in abstract spaces.

This paper is divided into two parts. In the Part I, we show that for a general
parabolic system, if a formal approximation is precise enough, then there is an
exact solution near the formal approximation for at least a short time. The result
obtained here applies to various systems including reaction-di®usion equations,
Cahn-Hilliard equations [1], and viscous pro¯le of conservation laws. In Part I I,
we show that with additional restrictions, the processin Part I can be repeated
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to obtain global solutions if the formal approximation is a global one. Examples
include reaction-di®usionequationsand phase¯eld equations [7].

PAR T I. Lo cal Existence of Multiple W aves

1. Consider a generalsingularly perturb ed parabolic system,

(1) ²u t + (¡ ²2)m D 2m
x u = f (u; ²ux ; ¢¢¢; (²D x )2m ¡ 1u; x; ²); u 2 Rn ; x 2 R;

where f is C1 with bounded derivatives in all the variables. Assume that the
system has regular and internal layers located alternativ ely along the x axis. For
simplicit y, we solve the systemfor x 2 R, with no boundary conditions other than
u 2 H 2m; 1. Assumethat there are curves¡ i = f (x; t) : x = x i (t); t 2 [0; ¢ t]g; i 2
Z, that divide the domain x 2 R; t 2 [0; ¢ t] into regular or singular layers§ i , each
is between¡ i ¡ 1 and ¡ i .

Assume that a formal approximation is given, piecewisecontinuous, with
u = ~wi (x; t; ²) in § i . Using the stretchedvariables» = x=²; ¿ = t=², let wi (»; ¿; ²) =
~wi (²»; ²¿; ²) which depends slowly on ¿. Assumethat wi 2 H 2m; 1(§ i ). Let W i =
(wi ; D»wi ; ¢¢¢; D 2m ¡ 1

» )¿. The error terms in the followings are ¡ gi and ¡ ±i ,

(2) wi
¿ + (¡ 1)m D 2m

» wi ¡ f (wi ; ¢¢¢; ²»; ²) = ¡ gi ; in § i ;

(3) W i (»i ; ¿) ¡ W i +1 (»i ; ¿) = ¡ ±i (¿); at ¡ i :

Let an exact solution be ui + wi in § i . Let U i = (ui ; D»ui ; ¢¢¢; D 2m ¡ 1
» ui )¿.

Let ¿ 2 I = [0; ¢ ¿] where¢ ¿ is independent of ². The domain [0; ¢ ¿] corresponds
to a short time interval [0; ²¢ ¿] in the t variable. Assumethat ² is small so that a
near identit y changeof coordinates in § i can be usedto straighten the boundaries
¡ i ¡ 1 and ¡ i . In the following, we assumethat »i = x i =² is independent of ¿, but
may depend on ², ­ i = (»i ¡ 1; »i ), and § i = ­ i £ I . With the new coordinates
intro duced above, linearizing (1) around wi at the ¯xed time ¿ = 0, we have

(4) ui
¿ + (¡ 1)m D 2m

» ui ¡
2m ¡ 1X

j =1

A i
j (»)D j

»ui = N i (ui ; gi ; ²); in § i ;

(5) U i (»i ; ¿) ¡ U i +1 (»i ; ¿) = ±i (¿); at ¡ i ;

(6) ui (»; 0) = ui
0(»); in ­ i :

Here A i
j (») = D j f (wi (»; 0; ²); D»wi (»; 0; ²); ¢¢¢) is the partial derivative of f with

respect to the j -th variable. ui
0 2 H m (­ i ). N i dependsslowly on ¿ and jN i jL 2 (§ i )

= O(jui j2H 2m; 1 (§ i ) + jgi j§ i + j²¢ ¿jjui jH 2m; 1 (§ i ) ).

We look for a sequenceof solutions f ui g1
¡1 with ui 2 H 2m; 1(§ i ). Let H k (I )

be the usual Sobolev spaceand let H k
0 (I ) be the completion of C1 functions,

which are zero in a neighborhood of ¿ = 0, in the H k norm. De¯ne the product
spaces

B m (I ) = ¦ 2m ¡ 1
k=0 H 1¡ 2k +1

4m (I ); B m
0 (I ) = ¦ 2m ¡ 1

k=0 H
1¡ 2k +1

4m
0 (I ):
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From the Trace Theorem, [14], the mapping

» ! U(»; ¢); ­ i ! B m (I );

is continuous with
jU i (»; ¢)jB m ( I ) · Cjui jH 2m; 1 (§ i ) :

Therefore, ±i 2 B m (I ) in (3) and (5). Let U i
0 = (ui

0; ¢¢¢; D m ¡ 1
» ui

0)¿. Let ¼j be the
projection to the ¯rst j -tuples in the product space¦ 2m

j =1 Rn , i.e., ¼j (u1; ¢¢¢; u2m ) =
(u1; ¢¢¢; uj ), A compatibilit y condition is alsoassumedon the initial data and the
jumps,

(7) U i
0(»i ) ¡ U i +1

0 (»i ) = ¼m ±i (0):

Notice that only the ¯rst m components of ±i have well de¯ned traces at ¿ = 0.
We now discussthe method of solving (4){(6) with the compatibilit y (7) in

Sections2{ 5.

2. Consider
u¿ + (¡ 1)m D 2m

» u = 0; » 2 R; ¿ 2 R+ ;

with u(»; 0) = 0. Applying the Laplace transform, we have the so called dual
system,

(8) Û» = J (s)Û =

0

B
B
@

0 I 0 ¢¢¢ 0
0 0 I ¢¢¢ 0

¢¢¢
(¡ 1)m +1 s 0 0 ¢¢¢ 0

1

C
C
A Û:

The matrix J (s) has 2m eigenvalues¸ = [(¡ 1)m +1 s]
1

2m .
Consider a sector in C,

Sµ(M ) = f s : jsj ¸ M ; jarg(s)j · µg; M > 0; ¼=2 < µ < ¼:

When s 2 Sµ(M ), the eigenvalues¸ are in 2m disjoint sectorsof C, with jRȩ j ¸
cos(¼¡ µ

2m ) 2m
p

jsj. There are m eigenvalueswith positive real parts and m with neg-
ative real parts. Each eigenvalue has an n-dimensional eigenspacespannedby
(u; ¸u; ¢¢¢; ¸ 2m ¡ 1u)¿; u 2 Rn .

Let E m;º (s) be the Banach spaceof points in R2mn with an s-dependent
norm,

j(u0; u1; ¢¢¢; u2m ¡ 1)jE m;º (s) =
2m ¡ 1X

j =0

(1 + jsjº + j
2m )ju2m ¡ 1¡ j jRn :

We actually will only use º = 0 or 1
4m in this paper. Let Ps and Pu be the

projections in R2mn to the stable and unstable spacesof J (s); s 2 Sµ(M ). The
projections are of rank mn and can be constructed using eigenvalues and eigen-
vectors.Using the E m;º (s) norm, we can show that there exist K ; ®1; ® > 0, such
that

(9)
jeJ (s)»Ps jE m;º (s) · K e¡ ®1

2m
p

j sj » · K e¡ ®(1+ 2m
p

j sj )»; » ¸ 0;

jeJ (s)»Pu jE m;º (s) · K e®1
2m
p

j sj » · K e®(1+ 2m
p

j sj )»; » · 0:
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3. Consider

(10) u¿ + (¡ 1)m D 2m
» u ¡

2m ¡ 1X

j =1

A i
j (»)D j

»u = 0; » 2 [»i ¡ 1; »i ];

with u(»; 0) = 0. Using the Laplace transform, we have a dual system,

(11) Û» = J (s)Û + (¡ 1)m

0

@
0 0 ¢¢¢ 0

¢¢¢
A i

0(») A i
1(») ¢¢¢ A i

2m ¡ 1(»)

1

A Û:

Let T i (»; ³ ; s) be the solution matrix for system (11). System (11) is said to have
an exponential dichotomy in E m;º (s) for » 2 [»i ¡ 1; »i ]; s 2 Sµ(M ) if there exist
projections P i

s (»; s) + P i
u (»; s) = I in E m;º (s), continuous in » and analytic in s,

and positive constants K ; ®, such that

jT i (»; ³ ; s)P i
s (³ ; s)jE m;º (s) · K e¡ ®(1+ 2m

p
j sj ) j»¡ ³ j ; » ¸ ³ ;

jT i (»; ³ ; s)P i
u (³ ; s)jE m;º (s) · K e¡ ®(1+ 2m

p
j sj ) j»¡ ³ j ; » · ³ :

Supposethat sup»2 [a;b];0· k · 2m ¡ 1 jA i
k (»)j · C. From the Roughnessof Expo-

nential Dichotomy Theorem, [3], which is also valid in the Banach spaceE m;º (s),
we ¯nd that there exists M = M (C) > 0, su±ciently large, such that (11) has an
exponential dichotomy in E m;º (s) for » 2 [»i ¡ 1; »i ] and s 2 Sµ(M ). On the other
hand, if M is ¯xed, then there exists C = C(M ) > 0, su±ciently small, such that
the sameconclusionholds.

A function f (s) is in the Hardy-LebesgueclassH(° ); ° 2 R, if
(i) f (s) is analytic in Re(s) > ° ;
(ii) f sup¾>° (

R1
¡1 jf (¾+ i! )j2d! )g1=2 < 1 :

H(° ) is a Banach spacewith the norm de¯ned by the left sideof (ii). Basedon the
Paley-Wiener Theorem, [16], if e¡ ° t f (t) 2 L 2(R+ ), then f̂ (s) 2 H(° ), vice versa.

For k ¸ 0 and ° 2 R, de¯ne a Banach space

H k (° ) = f u(s) j u(s) and (s ¡ ° )k u(s) 2 H(° )g;

jujH k ( ° ) = jujH (° ) + j(s ¡ ° )k ujH (° ) :

For any ° 2 R; k ¸ 0, there exists C = C(° ; k) such that

C¡ 1(1 + jsjk ) · 1 + js ¡ ° jk · C(1 + jsjk ):

Therefore an equivalent norm for H k (° ) is

juj2H k ( ° ) = sup
¾>°

Z 1

¡1
ju(¾+ i! )j2(1 + j¾+ i! j2k )d! :

It can be shown that if e¡ ° t f (t) 2 H k
0 (R+ ), then f̂ (s) 2 H k (° ).

We often useBanach spacesof functions with norms weighted by e¡ ° ¿. For
example B m

0 (R+ ; ° ) = f Á : e¡ ° ¿Á(¿) 2 B m
0 (R+) g with obvious norms. Other

spaceslike L 2(R £ R+ ; ° ), etc. can be de¯ned similarly.
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Let Km (° ) = ¦ 2m ¡ 1
k=0 H 1¡ 2k +1

4m (° ). From the de¯nition of B m
0 (R+ ; ° ), we see

that
Á 2 B m

0 (R+ ; ° ) , Á̂ 2 Km (° ):

Supposenow the system(11) has an exponential dichotomy in E m; 1
4m (s) for

» 2 [»i ¡ 1»i ] and Res > ° . An equivalent norm for K m (° ) is

jÁjK m ( ° ) » sup
¾>°

[
Z 1

¡1
jÁ(s)j

E m; 1
4m (s)

d! ]1=2; s = ¾+ i! :

Basedon this, onecan show that (11) alsohasan exponential dichotomy in K m (° )
for » 2 [»i ¡ 1; »i ]. The de¯nition for exponential dichotomies in a Banach spacelike
Km (° ) is standard, and can be found in [9]. Using the de¯nitions of the function
spacesand exponential dichotomies,it is not hard to show the following. (See[13]
for the casem = 1.)

Lemma 1. For any Á 2 B m
0 (R+ ; ° ), consider

u1 = ¼1L ¡ 1(T i (»; »i ¡ 1; s)P i
s (»i ¡ 1; s)Á̂(s)) ; » ¸ »i ¡ 1;

u2 = ¼1L ¡ 1(T i (»; »i ; s)P i
u (»i ; s)Á̂(s)) ; » · »i :

If sup»2 [»i ¡ 1 ;» i ];0· k · 2m ¡ 1 jAk (»)j < 1 , then uj 2 H 2m; 1([»i ¡ 1; »i ] £ R+ ; ° ); j =
1; 2 and is a solution to (10) with uj (»; 0) = 0. Moreover

juj jH 2m; 1 ( ° ) · CjÁjB m
0 (R+ ;° ) :

4. A sequenceof functions f i 2 F i ; i 2 Z, where F i is a Banach space,will be
denoted by f f i g. De¯ne the norm jf f i gjF i = supi fj f i jF i g.

Consider a linear system,

(12) ui
¿ + (¡ 1)m D 2m

» ui ¡
2m ¡ 1X

j =1

A i
j (»)D j

»ui = hi (»; ¿); in § i ;

with jump conditions (5), initial conditions (6) and compatibilities (7). Assume
that the coe±cients A i

j (») are extended to » 2 R by constants outside ­ i . After
the extension, assumethat the associated homogeneousdual system (11) has ex-
ponential dichotomies in E m;º (s); º = 0; 1=4m, for » 2 R and Re(s) > ° . Assume
that gi 2 L 2(§ i ; ° ); ±i 2 B m (R+ ; ° ) and ui

0 2 H m (­ i ). In this section§ i = ­ i £ I
with I = R+ . Assume

jf ±i gjB m (R+ ;° ) + jf hi gjL 2 (§ i ;° ) + jf ui
0gjH m (­ i ) < 1 ;

We look for solutions ui 2 H 2m; 1(§ i ); i 2 Z.
By a standard method, we can continuously extend hi and ui

0 to » 2 R so
that

jhi jL 2 (R£ R+ ) · Cjhi jL 2 (§ i ) ; jui
0j2 H m (R) · Cjui

0jH m (­ i ) :

We ¯rst solve (12) in the domain R £ R+ , with an initial condition ui
0 but

no jump conditions. Denote the solution by ¹ui . From the existenceof exponential
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dichotomy in E m; 0(s), for Re(s) > ° , we can prove that (12) de¯nes a sectorial
operator A i in L 2(R). Moreover,

j¸ ¡ A i j¡ 1
L 2 (R) ·

C
1 + j¸ j

; Rȩ > ° :

The proof of the casem = 1 can be found in [13]. The generalcasecan be proved
similarly. It is than easy to seethat ¹ui can be solved by the analytic semigroup
eA i ¿ and the variation of constant formula. We have

j ¹ui jH 2m; 1 (R£ R+ ;° ) · C(jhi jL 2 (R£ R+ ;° ) + jui
0jH m ):

Let ¹U i = ( ¹ui ; D» ¹ui ; ¢¢¢; D 2m ¡ 1
» ¹ui )¿, and ¹±i = ¹U i (»i ; ¢) ¡ ¹U i +1 (»i ; ¢). Then

j¹±i jB m (R+ ;° ) · C(jf hi gjL 2 (§ i ;° ) + jf ui
0gjH m (­ i ) ):

Let the solution to (12), (5){(7) be ui = ¹ui + vi . The function vi satis¯es (12)
with hi = 0 and vi (»; 0) = 0. Let ´ i = ±i ¡ ¹±i . Then ´ i 2 B m

0 (R+ ; ° ). Let
V i = (vi ; D»vi ; ¢¢¢; D 2m ¡ 1

» vi )¿. Then the dual systemsfor V i are

(13) V̂ i
» = J (s)V̂ i + (¡ 1)m

0

@
0 0 ¢¢¢ 0

¢¢¢
A i

0(») A i
1(») ¢¢¢ A i

2m ¡ 1(»)

1

A V̂ i :

(14) V̂ i (»i ; ¢) ¡ V̂ i +1 (»i ; ¢) = ^́i :

We want to solve (13) and (14) with ^́i 2 Km (° ).

j ^́i jK m ( ° ) · C(j±i jB m (R+ ;° ) + jf hi gjL 2 (§ i ;° ) + jf ui
0gjH m ):

For two subspacesM © N = R2mn , denote by P(M ; N ) the projection with
the rangeand kernel being M and N respectively. Assumethat at each »i , we have

RP i
u (»i ; s) © RP i +1

s (»i ; s) = R2mn :

Here R stands for the range of an operator, and P i
u and P i +1

s are projections
associated to the exponential dichotomies in ­ i and ­ i +1 respectively. Assume
that the norms of the projections associated with the above splitting are uniformly
bounded with respect to i 2 Z; Res > ° in the E m;º (s) norm. Notice that the
assumptionis valid if wechoose° > 0 to besu±ciently large,due to the Roughness
of Exponential Dichotomies again.

We now solve (13), (14) by an iteration method that is used to prove the
Temporal ShadowingLemma, [11]. As a ¯rst approximation, let

Ái
u (»i ; s) = P(RP i

u (»i ; s); RP i +1
s (»i ; s)) ^́i (s);

Ái
s(»i ¡ 1; s) = ¡ P(RP i

s (»i ¡ 1; s); RP i ¡ 1
u (»i ¡ 1; s)) ^́i ¡ 1(s);

Ái (»; s) = T i (»; »i ¡ 1; s)Ái
s(»i ¡ 1; s) + T i (»; »i ; s)Ái

u (»; s):
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From Lemma 1, ¼1L ¡ 1(Ái (»; s)) 2 H 2m; 1(­ i £ R+ ; ° ) and is a solution for (12),
with hi = 0. However, at »i , the jump is not exactly ^́i . Let Ái (»i ; ¢) ¡ Ái +1 (»i ; ¢) =
^́i ¡ ^́i

1. Then

^́i
1(s) = T i +1 (»i ; »i +1 ; s)Ái +1

u (»i ; s) ¡ T i (»i ; »i ¡ 1; s)Ái
s(»i ¡ 1; s):

jf ^́i
1gjK m ( ° ) · Ce¡ ®d jf ^́i gjK m ( ° ) :

Here d = inf f »i +1 ¡ »i g. The above processcan be repeatedwith f ^́i g replacedby
f ^́i

1g, and the secondapproximation denoted by f Ái
1g. By iteration, we can have

a sequencef ^́i
j g; j ¸ 1 and a sequenceof approximations f Ái

j g. Supposenow the
constant C1 = Ce¡ ®d < 1, then the convergent series

©i = Ái +
1X

j =1

Ái
j

is the desiredsolution to (13) and (14). ¼1L ¡ 1(©i ) is an exact solution for vi . The
uniquenessof f vi g can be proved by the exponential dichotomy argument and will
be skipped here. Observe that by the Paley-Wiener Theorem,

(15) ´ i (¿) = 0 for ¿ · ¢ ¿; i 2 Z; ) vi (»; ¿) = 0 for ¿ · ¢ ¿; i 2 Z:

This fact will be usedin the next section.
Finally, the solution to the system (12), (5){(7), ui = ¹ui + vi , satis¯es

(16) jui jH 2m; 1 (§ i ;° ) · C(jf ±i gjB m (R+ ;° ) + jf hi gjL 2 (§ i ;° ) + jf ui
0gjH m (­ i ) ):

5. The nonlinear system(4){(7) canbesolvedby using the result of x4 on the linear
systemand a contraction mapping in a suitable Banach space.The following Local
Spatial ShadowingLemma is the main result of Part I.

Theorem 2. Assume that f is C1 with bounded derivatives with respect to all
the variables, f wi g is a formal approximation with jf wi gjH 2m; 1 (§ i ) < 1 . Let I =
[0; ¢ ¿]. Assume that ² > 0 is small so that a near identity changeof coordinates
can be made in [0; ²¢ ¿] as in x1. Let d = inf i f »i +1 ¡ »i g > 0. Then there exist
¯ 0; ²0 > 0 and a positive linear function ¹ ¤(¯ ); 0 < ¯ · ¯ 0. If 0 < ² < ²0, and

jf ui
0gjH m (­ i ) + jf gi gjL 2 (§ i ) + jf ±i gjB m ( I ) · ¹ ¤(¯ );

then there is a uniquesolution f ui g to (4){(7), with jf ui gjH 2m; 1 (§ i ) · ¯ . Moreover,

jf ui gjH 2m; 1 (§ i ) · C(jf ui
0gjH m (­ i ) + jf gi gjL 2 (§ i ) + jf ±i gjB m ( I ) ):

Proof. Let hi 2 L 2(§ i ); i 2 Z. Since° > 0, it is easyto extend the domains of ±i

and hi to ¿ 2 R+ , so that

jf hi gjL 2 (­ i £ R+ ;° ) + jf ±i gjB m (R+ ;° ) · C(jf hi gjL 2 (§ i ) + jf ±i gjB m ( I ) ):

Consider the associated linear system(12). From the assumptions,it is clear
that sup»;i;k jA i

k (»)j < 1 . Assume that the coe±cients have been extended to
» 2 R by constants, then from x4, there exists M 0 > 0 such that if M ¸ M 0 then
(12) hasan exponential dichotomy in E mº (s); º = 0; 1

4m for » 2 R and s 2 Sµ(M ).
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This also implies that (12) has an exponential dichotomy in K m (° ) for ° = M ,
of which the exponential decay rate is ~® = ®(1 +

2mp
M ). By choosing larger M ,

we have C1 = Ce¡ ~®d · 0:5, where C1 is as in x4. The result in x4 concerningthe
system (12), (5){(7) is now valid. Let the unique solution be denoted by

f ui g = F ° (f ui
0g; f ±i g; f hi g):

Restricting the solution to the ¯nite interval I = [0; ¢ ¿], in the unweighted
norm, using (16), we have,

jf ui gjH 2m; 1 (§ i ) · Ce° ¢ ¿ jf ui gjH 2m; 1 (­ i £ R+ ;° )

· Ce° ¢ ¿(jf ui
0gjH m (­ i ) + jf hi gjL 2 (§ i ) + jf ±i gjB m ( I ) ):

Let the solution in that ¯nite time interval I be denoted by

f ui g = F I (f ui
0g; f ±i g; f hi g):

Consider Q(¯ ) = ff ui g : ui 2 H 2m; 1(§ i ); jf ui gjH 2m; 1 · ¯ g. Let jf ui
0gjH m (­ i

+ jf ±i gjB m ( I ) + jf gi gjL 2 (§ i ) = ¹ . For f ui g 2 Q(¯ ), we have

jN i (ui ; gi ; ²)jL 2 (§ i ) · jgi jL 2 + C(jui j2 + ²¢ ¿jui j)

· C(¯ 2 + ²¢ ¿¯ + ¹ ):

Consider the mapping

f ui
1g = F I (f ui

0g; f ±i g; fN i (ui ; gi ; ²)g):

We have
jf ui

1gjH 2m; 1 (§ i ) · C(¹ + ¯ 2 + ²¢ ¿¯ ):

Let ¯ be small such that C¯ 2 < 1
3 ¯ . Let ¹ and ²0 be small, depending on ¯ , such

that C¹ < 1
3 ¯ and C²¢ ¿ < 1

3 . Then F I mapsQ(¯ ) into itself. One can alsoverify
that if ¯ is small, then F I is a contraction mapping. Therefore, there exists ¯ 0 > 0
such that F I : Q(¯ ) ! Q(¯ ) has a unique ¯xed point f ui g.

Finally, the solution f ui g does not depend on the method of extending the
domain of f ±i g; f gi g to ¿ 2 R+ . This can be veri¯ed by using (15). ¤

Remark. In many formal constructions, d = inf f »i +1 ¡ »i g ! 1 as ² ! 0. Then
the condition C1 = Ce¡ ~®d · 0:5 is valid if ² is small. We do not need to choose
large ° = M to make ~® large.

PAR T I I. Global Existence of Multiple W aves

6. The multiple wave solutions constructed in Part I exist only for a short time
t 2 [0; ¢ t]; ¢ t = ²¢ ¿. If f ui g is not too large, using the output of the previous
interval as the input of the next time interval, the processcan be repeated to
obtain solutions in [j ¢ t; (j + 1)¢ t]; j = 1; 2; ¢¢¢ recursively. It is shown, in [13],
that if a formal approximation is de¯ned for t 2 R+ s, under certain conditions, it
is possibleto obtain global solutions for t 2 R+ . In the secondpart of this paper,
we summarizethe results in [13].
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Although the method should work for somehigher order parabolic systems,
such as the phase¯eld equations, [7], to simplify the matter, we will consider a
secondorder system,

(17) ²u t = ²2uxx + f (u; x; ²); x 2 R; t ¸ 0:

Assuming by the method of matched expansions, we have the formal series
for the wave fronts,

´ ` (t; ²) =
mX

0

² j ´ `
j (t); ` 2 Z;

and formal seriessolutions in the `-th regular and singular layers,

uR ` (x; t; ²) =
mX

0

² j uR `
j (x; t);

uS` (»; t; ²) =
mX

0

² j uS`
j (»; t):

Here \R" and \S" stand for regular and singular (internal) layers, and » = (x ¡
´ ` (t; ²))=².

For convenience,assumethe the following Perio dicit y Hyp otheses.
(1) f (u; x + xp; ²) = f (u; x; ²);
(2) ´ ` + ` p (t; ²) = ´ ` (t; ²) + xp;
(3) uR (` + ` p ) (x; t; ²) = uR ` (x ¡ xp; t; ²);
(4) uS(` + ` p ) (»; t; ²) = uS` (»; t; ²).

Herexp > 0 and integer `p > 0 are two constants. The periodicit y hypotheses
ensurethat all the estimatesobtained hereare uniform with respect to layer index
`. They do not play any other rolls and are not necessary.

Let 0 < ¯ < 1 and let the width of the internal layers be 2² ¯ ¡ 1. De¯ne

y2` (t) = ´ ` (t; ²) + ² ¯ ;

y2` ¡ 1(t) = ´ ` (t; ²) ¡ ² ¯ :

The family of curves ¡ i = f (x; t) : x = yi (t)g divides the domain into regions
§ i ; i 2 Z, where § i is between ¡ i ¡ 1 and ¡ i . A formal approximation can be
obtained from the matched expansions,

wi (x; t; ²) =

(
uR ` (x; t; ²); i = 2` ¡ 1;

uS` ( x ¡ ´ ` ( t;² )
² ; t; ²); i = 2`:

Here are the assumptionson wi :

H 1. There exist C; ¹° > 0 such that for all small ² and i; ` 2 Z,

jwi (x; t; ²) ¡ wi (x; 1 ; ²)j · Ce¡ ¹° t ; (x; t) 2 R2:

j´ ` (t; ²) ¡ ´ ` (1 ; ²)j + jD t ´ ` (t; ²)j · Ce¡ ¹° t ; t 2 R+ :

Here wi (x; 1 ; ²) = lim t !1 wi (x; t; ²), etc.
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H 2. There exists ¹¾> 0 such that in each regular layer § i , i = 2` ¡ 1,

Re¾f f u (wi (x; t; ²); x; ²)g · ¡ ¹¾

uniformly for all (x; t) 2 § i ; i 2 Z and small ² > 0.

H 3. For an approximation wi (»; t; ²) in an internal layer, as » ! §1 and ² ! 0,
both wi and @wi =@» approach the corresponding valuesof wi +1 or wi ¡ 1 at common
boundaries. More precisely, if i = 2`, then for any ¹ > 0, there exist N ; ²0 > 0
such that ² ¯ ¡ 1

0 > N , and for 0 < ² < ²0; t ¸ 0,

jW i (»; t; ²) ¡ W i ¡ 1(yi ¡ 1(t); t; ²)j · ¹; for ¡ ² ¯ ¡ 1 · » · ¡ N ;
jW i (»; t; ²) ¡ W i +1 (yi (t); t; ²)j · ¹; for ² ¯ ¡ 1 ¸ » ¸ N :

Here the function W i = (wi ; wi
») is expressedin the stretched variable » = (x ¡

´ ` (t; ²))=².

Let ~» = ~»(») be a function of » such that

~» =

8
><

>:

»; for j»j · ² ¯ ¡ 1;
¡ ² ¯ ¡ 1; for » < ¡ ² ¯ ¡ 1;
² ¯ ¡ 1; for » > ² ¯ ¡ 1:

For each t ¸ 0; i = 2`; consider the operator A i (t) : L 2(R) ! L 2(R),

A i (t)u = u»» + D t ´ ` (t; ²)u» + f u (wi ( ~»; t; ²); ´ ` (t; ²) + ² ~»; ²)u:

H 4. A i (t); i = 2`; t · 0, has a simple eigenvalue ¸ i (²) = ²¸ i
0(t) + O(²2). The

rest of the spectrum is contained in f Rȩ · ¡ ¹¾g; ¹¾as in H2 . Moreover, for the
limiting operator A i (1 ), we have,

¸ i
0(1 ) · ¸ 0 < 0; uniformly for all i = 2`:

We look for exact solution u that is of the form wi + ui in each § i . The limit
ui (x; 1 ; ²) describesthe correction to wi (x; 1 ; ²) that yields a stationary solution,
while ui (x; t; ²) ¡ ui (x; 1 ; ²), together with wi (x; t; ²) ¡ wi (x; 1 ; ²), describeshow
the solution approaches its limit as t ! 1 . Therefore, we de¯ne the following
Banach spaces.For a constant ° < 0, let

X (­ £ R+ ; ° ) = f u : u = u1 + u2; u1 2 L 2(­) ; u2 2 L 2(­ £ R+ ; ° )g:
jujX (° ) = ju1jL 2 (­) + ju2jL 2 (­ £ R+ ;° ) :

X 2;1(­ £ R+ ; ° ) = f u : u = u1 + u2; u1 2 H 2(­) ; u2 2 H 2;1(­ £ R+ ; ° )g:
jujX 2; 1 ( ° ) = ju1jH 2 (­) + ju2jH 2; 1 (­ £ R+ ;° ) :

It can be veri¯ed that for u 2 X (­ £ R+ ; ° ) or X 2;1(­ £ R+ ; ° ), the decomposition
u = u1 + u2 is unique.

For § i = f (x; t) : yi ¡ 1(t) < x < yi (t); t ¸ 0g, we say that u 2 L 2(§ i ; ° ),
H 2;1(§ i ; ° ), X (§ i ; ° ) or X 2;1(§ i ; ° ), etc., if u is the restriction of a function ~u 2
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L 2(R £ R+ ; ° ), etc., to the domain § i . The norms are de¯ned by

jujL 2 (§ i ;° ) = inf fj ~ujL 2 (R£ R+ ;° ) g;

jujX 2; 1 (§ i ;° ) = inf fj ~ujX 2; 1 (R£ R+ ;° ) g:

Let
X k (° ) = f u j u = u1 + u2; u1 2 Rn ; u2 2 H k (° )g; ° < 0:
X k1 £ k2 (° ) = X k1 (° ) £ X k2 (° ); k1 ¸ 0; k2 ¸ 0:

Similar de¯nitions canbegivento spacesL 2(­ £ I ; ° ), H 2;1(­ £ I ; ° ), H 2;1(§ \
I ; ° ), but not X (­ £ I ; ° ) or X k (° ), if I is a ¯nite time interval.

The main result of Part I I is the following Global Spatial ShadowingLemma.

Theorem 3. Let f ¹wi g be a formal approximation of solutions for (17). As-
sumethat the HypothesesH1 { H4 are satis¯ed, and the constants ¹° and ¹¾satisfy
¡ ¹¾< ¡ ¹° < 0. Then there exist positive constants j 0; J2; ²0 and a negative con-
stant ° = O(²) satisfying the following properties. Assume that f w i g is a formal
approximation near f ¹wi g, with

(18) jwi ¡ ¹wi jX 2; 1 (§ i ;° ) · C1² j 1 ; i 2 Z;

for someC1 > 0 and j 1 ¸ 1. Assumethat for the approximation f wi g, we have

(19) jgi jX (§ i ;° ) + j±i jX 0: 75 £ 0 : 25 (R+ ;° ) · C2² j 2 ; j 2 ¸ j 0:

Then for 0 < ² < ²0, to any locally H 1 function u0 with ju0 ¡ wi (0)jH 1 (§ i \f ¿=0 g) ·
C2² j 2 , there exists a unique exact solution to (17) that satis¯es uexact (x; 0) =
u0(x), and

juexact ¡ ¹wi jX 2; 1 (§ i ;° )) = O(² j 3 ); i 2 Z:
Here j 3 = minf j 1; j 2 ¡ J2g; J2 > 0 is a constant that does not depends on ². All
the norms in this lemma are expressed by the stretched variables» = x=²; ¿ = t=².

Remark. (1) The constants j 0 and J2 depend on f ¹wi g. However the approxima-
tion may not satisfy (19). By adding higher order expansions,the new approxima-
tion f wi g will satisfy (18). Therefore, it has the sameconstants j 0 and J2, which
are stable with respect to perturbations. Moreover, if the order of expansion is
su±ciently high, f wi g will also satisfy (19).

(2) The valuesof j 0 and J2 are not important in applications. sincej 3 = j 1 if
j 2 is su±ciently large. Computing j 1 is relatively easy. One only needto compare
f wi g with the next approximation.

(3) HypothesesH1 { H4 are consequencesof hypothesesused to construct
formal expansionsfor system (17). Seex11 for a brief discussion.

7. To prove the theorem, we usea partition of the time interval t 2 R+ ,

R+ = [ r ¡ 1
j =0 [j ¢ t; (j + 1)¢ t] [ [t f ; 1 );

where t f = r ¢ t. We assumethat ¢ t = ²¢ ¿, where ¢ ¿ is independent of ². t f is
large such that e¡ ¹° t = O(²2), where ¹° is as in H1 . If ² is small the variations of
boundary curvesx = yi ¡ 1(t) and yi (t) are small such that a near identit y change
of coordinates can be made in each § i

j = § i \ f t 2 [j ¢ t; (j + 1)¢ t]g; j · r ¡ 1 or
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§ i
r = § i \ f t 2 [t f :1 )g to straighten ¡ i ¡ 1 and ¡ i . In the sequel,we assumethat

¡ i = f x = yi
j g in the j th time interval, where yi

j is independent of t.
De¯ne

» = [x ¡ (yi ¡ 1
j + yi

j )=2]=²; in § i
j ;

L i
j (²) = (yi

j ¡ yi ¡ 1
j )=(2²);

­ i
j = [¡ L i

j (²); L i
j (²)];

I j = [0; ¢ ¿]; 0 · j · r ¡ 1; and I r = [0; 1 ):

Let ¿ = (t ¡ j ¢ t)=². Then § i
j = ­ i

j £ I j . In each § i
j ; j · r ¡ 1, we linearize

around wi at the ¯xed time ¿ = 0, while in § i
r , linearize around wi at the ¯xed

time ¿ = 1 . Denoting the solutions in § i
j by ui

j , we have

ui
j ¿ = ui

j »» + V i
j (»)ui

j » + A i
j (»)ui

j + N i
j (ui

j ; »; ¿; ²); in § i
j ;(20)

U i
j (L i (²); ¿) ¡ U i +1

j (¡ L i +1 (²); ¿) = ±i
j (¿); at ¡ i ;(21)

ui
j +1 (»; 0) = ui

j (»1; ¢ ¿); ui
0(»; 0) = ui

0(»):(22)

Here»1 = £ i
j (») is a near identit y changeof coordinates inducedby the coordinates

changethat straightens the boundaries in each § i
j . V i

j is the constant wave speed
in an internal layer, but is slowly » dependent in a regular layer due to the fact
that the boundariesare not parallel there.

The idea of the proof is presented in the next three sections.In x8, we study
the spectral properties of the linear systems and exponential dichotomies asso-
ciated to the dual systemsof the linear systems. In x9, we study the system in
the last interval [t f ; 1 ). There we need to obtain asymptotic behavior of the so-
lution f ui

r g. Thus the spaceX 2;1(§ i
r ; ° ) will be used. The result obtained there

also serves as an upper bound of the accumulation error in the ¯rst r intervals
[j ¢ t; (j + 1)¢ t]; 0 · j · r ¡ 1. In x10, we study the systemin ¯nite time intervals.
Since r is large, the estimates obtained in Part I is not accurate enough. More
preciseestimateswill be derived which rely on the HypothesesH1{H4 , while the
estimate in Part I doesnot.

8. Since nonlinear systems can be solved by contraction mappings, we study a
linear system ¯rst. Drooping the subscript j , we consider,

ui
¿ = ui

»» + V i (»)ui
» + A i (»)ui + hi (»; ¿);(23)

U i (L i (²); ¿) ¡ U i +1 (¡ L i +1 (²); ¿) = ±i (¿);(24)

ui (»; 0) = ui
0(»):(25)

The homogeneousdual system of (23) is

(26) Û» =
µ

0 I
sI ¡ A i (») ¡ V i (»)

¶
Û:

Here Û = (û; û»)¿. It is crucial to study the exponential dichotomies for system
(26).
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We¯rst discussthe systemin regular layers.Freezing» = »0 and consider(26)
with constant coe±cients. Using H2 , we can verify that for Re(s) ¸ ¡ ¾0; ¾0 =
¹¾=2, the system is hyperbolic, having n eigenvalues with positive (negative) real
parts.

Now recall that in regular layers, A i (») = f u (wi ((yi ¡ 1 + yi )=2 + ²»); (yi ¡ 1 +

yi )=2 + ²»; ²) depends slowly in », i.e., @A i (»)
@» = O(²). Also, from the change of

coordinates, cf. [13] for details, V i (») also depends slowly on ² in regular layers.
Then a theorem from [3] indicates that (26) has exponential dichotomy for » 2 R
and Re(s) ¸ ¡ ¾0.

In [13] it is shown that if (26) hasan exponential dichotomy in R2n for » 2 R
and for every s 2 f Re(s) ¸ ¡ ¾0g, then it has an exponential dichotomy in the
spaceE 1; º (s); º = 0 or 0:25.

Let the right hand side of (23) de¯ne a linear operator A i (t); t = j ¢ t; 0 ·
j · r ¡ 1, or t = 1 ; j = r . Using the fact that (26) has an exponential dichotomy
in E 1; º (s); º = 0 for » 2 R and s 2 f Re(s) ¸ ¡ ¾0g, we can show that in regular
layers, A i (t) is an exponentially stable sectorial operator in L 2(R), i.e.,

Ref ¾A i (t)g · ¡ ¾0;

for every t ¸ 0.
We now discuss(26) in internal layers.Here the spectrum of A i (t) is given by

H4 . Also D t ´ ` (t; ²) = V i
j ; i = 2` if t = j ¢ t; 0 · j · r ¡ 1, and V i

r = 0. From H3 ,
if ¹ is small, then for j»j ¸ N , the coe±cients A i (») and V i (») are closeto that of
A i (§ L i (²)) and V i (§ L i (²)). But the systemwith constant coe±cients A i (§ L i (²))
and V i (§ L i (²)) is hyperbolic. Therefore, from the Roughnessof Exponential Di-
chotomies, which is also valid in spacesE 1; º (s); º = 0; 0:25, (26) has exponential
dichotomies in E 1; º (s); º = 0; 0:25, for Re(s) ¸ ¡ ¾0 and j»j ¸ N .

The exponential dichotomies in the region » · ¡ N and » ¸ N extend to
» 2 R¡ and » 2 R+ respectively. Let the projections be P i

s + P i
u = I . We can show

that

(27) RPu (0¡ ; s) © RPs(0+ ; s) = R2n ; if s 6= ¸ i (²) and Re(s) ¸ ¡ ¾0:

If (27) were not true, we could ¯nd a solution Û(»; s) for (26) that decays expo-
nentially as » ! §1 . Then s would be an eigenvalue with Û(»; s) as an eigen
function. This contradicts to the fact ¸ i (²) is the only eigenvalue in the region
Re(s) ¸ ¡ ¾0.

In [13], it is also shown that the projections de¯ned by the splitting (27) is
O(1 + 1

js¡ ¸ i ( ² ) j ). Observe that H4 also implies that for the linearization at t = 1 ,

(26) has an exponential dichotomy in » 2 R in the region Re(s) ¸ ² ¹̧ 0
2 , where

¹̧
0 < 0 is as in H4 .

9. We now study (23){(25) in the time interval [t f ; 1 ). The procedureof solving
them is similar to that usedin Part I. The right hand sideof (23) de¯nes a sectorial
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operator A i (1 ) in L 2(R). Extend the domain of ui
0 and hi to » 2 R. Let

¹ui = eA i (1 )¿ui
0 +

Z ¿

0
eA i (1 )( ¿¡ ³ ) hi (³ )d³ :

As shown in x8,
¾A i (1 ) ½ f Re(s) · ¡ C² < 0g;

both in regular and internal layers. Becauseof the spectra of A i (1 ), with some
° = C² < 0, we can show

(28) j ¹ui jX 2; 1 ( ° ) · C(² ¡ 0:5jui
0jH 1 + ² ¡ 1:5jhi jX (° ) ):

The solution f ui g for (23){(25) can be written as ui = ¹ui + vi , with f vi g
satisfying

vi
¿ = vi

»» + V i (»)vi
» + A i (»)vi ;(29)

V i (L i (²); ¿) ¡ V i +1 (¡ L i +1 (²); ¿) = ´ i (¿);(30)

vi (»; 0) = 0:(31)

Here V = (v; v»)¿, ´ i includes±i and corrections from the jumps of f ¹ui g at bound-
aries. We have

j´ i jX 0: 75 £ 0 : 25 ( ° ) · C(j±i jX 0: 75 £ 0 : 25 ( ° ) + ² ¡ 0:5jf ui
0gjH 1 + ² ¡ 1:5jf hi gjL 2 (§ i ;° ) ):

Since for the dual system of (29){(31), the exponential dichotomies exists in the
region Re(s) ¸ ° ; ° < 0, using the Laplace transform and the iterativ e scheme
similar to that used in Part I, we can show that system (29){(31) has a unique
solution f vi g, with

jvi jX 2; 1 ( ° ) · Cjf ´ i gjX 0: 75 £ 0 : 25 ( ° ) :

Therefore, in the last interval, the solution f ui g satis¯es

jui jX 2; 1 ( ° ) · C(jf ±i gjX 0: 75 £ 0 : 25 ( ° ) + ² ¡ 0:5jf ui
0gjH 1 + ² ¡ 1:5jf hi gjL 2 (§ i ;° ) ):

Using the above result, the nonlinear system can be solved by a contraction
mapping in a ball of radius ² r 1 ; r 1 > 1:5, in X 2;1(° ). The following result is proved
in [13].

Theorem 4. Let jgi jX (° ) = o(² r 1 +1 :5); jui
0jH 1 = o(² r 1 +0 :5); j±i jH 0: 75 £ 0 : 25 ( ° ) =

o(² r 1 ), where r 1 > 0:5. Let t f be ² dependent such that e¡ ¹° t f · C0²2, where ¹°
is as in H1 and C0 is independent of ². Then there exists ²0 > 0 such that for
0 < ² < ²0, the nonlinear system(20){ (22) has a unique solution f ui g satisfying
the following estimate,

(32) jf ui gjX 2; 1 ( ° ) · Cfjf ±i gjH 0: 75 £ 0 : 25 ( ° ) + ² ¡ 0:5jf ui
0gjH 1 + ² ¡ 1:5jf gi gjX (° ) g:

10. Westudy system(20){(22) in the ¯nite intervals, [j ¢ t; (j + 1)¢ t]; 0 · j · r ¡ 1.
The existenceof solutions in a ¯nite interval has been discussedin Theorem 2.
However, to guarantee the existenceof solutions up to the last interval [t f ; 1 ), a
stringent restriction on the accumulation errors in these ¯nite intervals must be
met. Since the critical eigenvalue ¸ i (²) may not be negative, ui

j may grow as j
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increases.From Theorem 2, f ui
j g is determined by f ui

j (0)g; f gi
j g and f ±i

j g. Among
them only f ui

j (0)g, carriesthe information from the previousj intervals.Therefore,
it is crucial to control jui

j (¢ ¿)j in terms of jf ui
j (0)gj.

Let Qi;j
0 and Qi;j

s be the projections corresponding to the spectral set in
¸ i (²) and f Re(s) · ¡ ¾0g in the i th internal layers and the j th time interval. Let
Qi;j

0 ui
j = ®i

j Ái
j where Ái

j is the eigenvalue corresponding to the eigenvalue ¸ i (²).
Then

j®i
j j + jQi;j

s ui
j jH 1 ;

is an equivalent norm for jui
j jH 1 . The following estimate has beenproved in [13],

(33)
j®i

j (¢ ¿)j + jQi;j
s ui

j (¢ ¿)jH 1 · (1 + C²) sup
i

(j®i
j (0)j + jQi;j

s ui
j (0)jH 1 )

+ Cjf ±i
j gjH 0: 75 £ 0 : 25 ( I j ) + Cjf gi

j gjL 2 :

Since the spectral projections for the j and (j + 1)th interval di®er by O(²),
j®i

j +1 (0)j+ jQi;j +1
s ui

j +1 (0)jH 1 is alsoboundedby the right hand sideof (33). There-
fore, one can show that

j®i
j (0)j + jQi;j

s ui
j (0)jH 1 · (1 + C²) j sup

i
(j®i

0(0)j + jQi; 0
s ui

0jH 1 )

+
(1 + C²) j

²
sup
k<j

(jf ±i
k gjH 0: 75 £ 0 : 25 + jf gi

k gjL 2 ):

Using the fact (1+ C²)1=(C ² ) < e and j · r ¼ log( 1
² )=², weseethat (1+ C²) j ·

² ¡ B for someB > 0. Therefore, if all the terms in the right hand sideare bounded
by ²M for somelarge M > 0, have the solution f ui

j g for all the ¯nite intervals, and
the initial condition for the in¯nite interval is small enoughsothat Theorem 4 can
be usedthere. Here is the main theorem in this section.

Theorem 5. There exists ¢ ¿ > 0 such that if r = [log( 1
C0 ² )=²¹° ¢ ¿] + 1), then

we have the following concerning the solutions of (20){(22) in I j ; 0 · j · r ¡ 1.
There exist M 1 and M 2 > 0, such that if

jf ui
0(0)gjH 1 + jf ±i

j gjH 0: 75 £ 0 : 25 + jf gi
j gjL 2 = O(²M 1 );

uniformly for 0 · j · r ¡ 1, then (20){(22), 0 · j · r ¡ 1 hasa unique solution u i
j

for 0 · ² · ²0, where ²0 > 0 is a small constant. The solution in each I j satis¯es

j®i
j (0)j + jQi;j

s ui
j (0)jH 1 · C² ¡ M 2 [sup

i
(j®i

0(0)j + jQi; 0
s ui

0jH 1 )

+ sup
k<j

(jf ±i
k gjH 0: 75 £ 0 : 25 + jf gi

k gjL 2 ]:

In particular, if M 1 is su±ciently large, in the r th (in¯nite) interval jf ui
r (0)gjH 1 =

o(² r 1 +0 :5); r 1 > 1:5. Therefore, Theorem 4 applies in the last in¯nite interval also.

To describe the idea of the proof of (33), it su±ces to considerthe linear sys-
tem (23){(25). For simplicit y, we consider the 0th interval and drop the subscript
j . The procedureof solving such systemis similar to that usedbefore.De¯ne ¹u i as
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in Part I, and let ¹ui (¿) = ¹®i (¿)Ái + Qi; 0
s ¹ui (¿). In internal layers, ¸ i = O(²). Also

in the stable space,the semigroupis exponentially stable. We can show,

j ¹®i (¢ ¿)j · e(1+ C ² )¢ ¿(j®i (0)j +
p

¢ ¿jhi jL 2 );

jQi; 0
s ¹ui (¢ ¿)jH 1 · C(e¡ ¾¢ ¿ jQi; 0

s ui (0)jH 1 + j®i (0)j);

for some¾< 0. Observe in the above, ¹ui (0) = ui (0). Thus ¹®i (0) = ®i (0).
Let ¢ ¿ > 0 be large so that Ce¡ ¾¢ ¿ · 1=2. We then ¯nd C1 such that

e(1+ C ² )¢ ¿ · 1 + C1². We have

(34) j ¹®i (¢ ¿)j + jQi; 0
s ¹ui (0)jH 1 · (1 + C1²)j®i (0)j + 1=2jQi; 0

s ui (0)jH 1 + Cjhi jL 2 :

The above is also valid in regular layers with ¹®i = 0.
The solution for (23){(25) again is written as ui = ¹ui + vi , where f vi g sat-

is¯es (29){(31). As in Part I, system (29){(31) is solved by iterations, and f v i g
is bounded by f ´ i g in suitable function spaces.An complication ariseshere since
f ´ i g also include corrections of the jumps of f ¹ui g at common boundaries. The
latter in term is bounded by jf ®i (0)gj and jf Qi; 0

s ui (0)gj, of which the coe±cients
have to be carefully controlled.

It can be shown that f ´ i g depends weakly on ®i (0), since j®i Ái j · Ce¡ ¾j»j

for some¾> 0, and L i (²) ! 1 as ² ! 0. However, it is a little tric ky to control
the dependenceof jf ´ i gj on jf Qi; 0

s ui (0)gj. The key here is to use the exponential
decay of eA i ¿ in the stable subspace(which is the whole spacein regular layers).
To do so, weighted norms have beenused, [13],

jUjH 0: 75 £ 0 : 25 ( I j ;¾) = je¡ ¾¿UjH 0: 75 £ 0 : 25 ( I j ) ; ¾< 0;

jujH 2; 1 (­ i £ I j ;¾) = je¡ ¾¿ujH 2; 1 (­ i £ I j ) ; ¾< 0:

Observe here the interval I j = [0; ¢ ¿] is ¯nite. It is shown that

j´ i jH 0: 75 £ 0 : 25 ( I j ;¾) · Cej¾j¢ ¿ jf ±i gjH 0: 75 £ 0 : 25 ( I j )

+ sup
i

f ²j®i (0)j + CjQi; 0
s ui (0)j + Cej¾j¢ ¿ jhi jL 2 g;

for some¾< 0, independent of ². Also it is shown that the solution of the system
(29){(31) satis¯es

jvi jH 2; 1 (­ i £ I j ;¾) · Cjf ´ i gjH 0: 75 £ 0 : 25 ( I j ;¾) :

Let Qi; 0
0 vi = ¹¹®i Ái .

j ¹¹®i (¢ ¿)j + jQi; 0
s vi (¢ ¿)jH 1 · Cjvi (¢ ¿)jH 1

· Ce¾¢ ¿ jvi jH 2; 1 (­ i £ I j ;¾)

· Cjf ±i gjH 0: 75 £ 0 : 25 ( I j )

+ sup
i

f C1e¾¢ ¿ jQi;j
s ui (0)jH 1 + C²e¾¢ ¿ j®i (0)j + Cjhi jL 2 g:



LOCAL AND GLOBAL EXISTENCE OF MUL TIPLE WAVES 17

Let ¢ ¿ be large so that C1e¾¢ ¿ jQi;j
s ui (0)jH 1 · 0:5. Combine the above with

(34), we have an estimate for the linear system,

(35)
j®i (¢ ¿)j + jQi; 0

s ui (¢ ¿)jH 1 · (1 + C²) sup
i

(j®i (0)j + jQi; 0
s ui (0)jH 1 )

+ Cjf ±i gjH 0: 75 £ 0 : 25 ( I j ) + Cjf hi gjL 2 :

The estimate of the nonlinear system(33) can be obtained from (35) by replacing
hi with N i , and using the fact that if jui jH 2; 1 < ²,

jN i jL 2 · jgi jL 2 + C²jui jH 2; 1 :

11. Constructions of multiple waves in singularly perturb ed equations have been
discussedin many papers, seefor example [5]. Expansionsfor system of reaction-
di®usionequationsto any order of ² can be found in [12]. The following hypotheses
are usedin that paper.

There is a partition
R = [ 1

` = ¡1 [x ` ; x ` +1 ]

that is periodic with respect to `, compatible with the period of f . A C1 function
pi (x) is de¯ned on [x i ¡ 1; x i ] with f 0(pi (x); x) = 0. Also assumethat p` + ` p (x+ xp) =
p` (x); x 2 [x ` ¡ 1; x ` ].

H* 1 Re¾f f 0u (pi (x); x)g < 0 for x 2 [x i ¡ 1; x i ]; i 2 Z.

Using a stretched variable » =
x ¡ x i

²
, we assumethat the 0th order expan-

sion of Eq. (17),

(36) u»» + f 0(u; x i ) = 0:

has a heteroclinic solution qi (») connecting pi (x i ) to pi +1 (x i ). Assume

H* 2 The linear homogeneousequation

Á»» + f 0u (qi (»); x i )Á = 0;

has a unique bounded solution qi
»(»), up to constant multiples.

From H*2 , we infer that the adjoint equation

Ã»» + f ¿
0u (qi

»(»); x i )Ã = 0

has a unique bounded solution Ãi (») up to constant multiples.
The following assumption implies that the heteroclinic solution breaks as x

movesaway from x i .

H* 3
R1

¡1 Ã¿
i (»)f 0x (qi (»); x i )d» 6= 0; i 2 Z.

When x is in a neighborhood of x i , we look for traveling wave solutions with
wave speed V i (x). It is also of interest to ¯nd out conditions to ensurethat the
wave front movestowards x i . Consider A i : L 2(R) ! L 2(R), de¯ned as

A i u = u»» + f 0u (qi (»); x i )u; D (A i ) = H 2(R):
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H* 4 ¸ = 0 is a simple eigenvalue for A i ; i 2 Z. There exists ¾0 > 0 such that

¾(A i ) ½ f ¸ = 0g [ f Rȩ · ¡ ¾0g:

Since¸ = 0 is simple, we have
Z 1

¡1
Ã¿

i (»)qi
»(»)d» 6= 0:

H* 5 I = [
R1

¡1 Ã¿
i (»)qi

»(»)d»]¡ 1
R1

¡1 Ã¿
i (»)f 0x (qi (»); x i )d» > 0; i 2 Z.

Under HypothesesH*1 { H*5 , it is shown, in [12], that formal expansionsof
wave front positions f ´ i (t; ²)g and matched expansionsof solutions f wi (x; t; ²)g
can be constructed. Thesehypothesesare generalin the sensethat H*2 and H*3
are genericassumptions.HypothesisH*1 is equivalent to the stabilit y of pi (x) in
a regular layer, as an equilibrium of an ODE, obtained from the 0th expansionof
(17), i.e., by setting ²uxx = 0. HypothesisH*4 is equivalent to the stabilit y of the
traveling wave solution qi in an internal layer, in the senseof Evans[4]. Hypothesis
H*5 implies that the wave front is moving towards x i , if x is near x i . In fact, if is
shown in [12]

@V i (x i )
@x

= ¡ I ¢(x ¡ x i ):

Similar conditions like H*5 was used by Fife [5]. Without such conditions, the
wave front may move away from the stationary position and the formal solutions
may not exist globally in time.

It is shown in [13] that HypothesesH*1 { H*5 imply HypothesesH1 { H4 of
this paper. Only H4 needssomeexplanation. When f wi g is a 0th order approx-
imation, ¸ = 0 is always an eigenvalue. When higher order terms are added, the
eigenvalue becomesO(²). In [13], a preciseformula expressing¸ i (²) as a function
of the wave speed and the wave front position was proved. In particular, when
t = 1 , it yields

@̧ i

@²
=

@V i

@x
:

Here V i x) is the wave speedas a function of the wave position x. It is now clear
that H*5 implies H4 .

Many authors have found that the signs of ¸ i (²) or the derivatives of the
wave speeddetermine the stabilit y of the multiple waves, [6]. The preciserelation
betweenthe two quantities in generalsystemsis interesting in its own right right.

In conclusion, the formal approximations obtained in [12] satis¯es our hy-
pothesesin Part I I. Therefore, the Global Spatial ShadowingLemma can be used
to ensurethe existenceof a global solution near the formal approximation.
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