LOCAL AND GLOBAL EXISTENCE OF MUL TIPLE WAVES
NEAR FORMAL APPR OXIMA TIONS

XIA O-BIA O LIN

In tro duction

The formation of multiple wave fronts is important in applications of singularly
perturb ed parabolic systems. These solutions can be e®ectiely constructed by
formal asymptotic methods. When truncated to a certain order in 2, they become
formal approximations of solutions to the given system. The precision of a formal
approximation is judged by the smallnessof the residual error in ead regular and
singular layer and the jump error betweenadjacert layers.

The purposeof this paper is to introduce Sptial ShadowingLemmas that
help to construct exact solutions near the formal approximations. The Shadow-
ing Lemmawas rst deweloped for discrete mappingsin R", see[8]. It has been
extendedto cortinuous °ows governed by ODEs [11], and semi°ows governed by
abstract parabolic equations[2]. We will call these Temporal ShadowingLemmas
sincethe dynamical systemsconsideredthere ewolve in time.

The Temporal ShadowingLemma has beenusedto construct exact solutions
for singularly perturbed ODEs [11]. Howewer, it cannot be applied directly to
singularly perturbed parabolic equations. For formal approximations of multiple
waves, the jumps betweenadjacert layers are functions of t and they occur along
the x-direction. Since parabolic equations cannot be solved in the x-direction,
therefore, they do not de ne a dynamical systemin the spatial direction.

To solve this problem, we usean idea motivated by the works of Kirc hAssner
and Renardy [10, 15]. We nd stable and unstable subspacesof the trace space
sothat the parabolic system can be solved forward and bacward in the spatial
direction. Thus the jumps along the lateral common boundariescan be corrected
using the technique of the usual ShadowingLemmain abstract spaces.

This paper is divided into two parts. In the Part |, we show that for a general
parabolic system, if a formal approximation is precise enough, then there is an
exact solution near the formal approximation for at least a short time. The result
obtained here applies to various systemsincluding reaction-di®usion equations,
Cahn-Hilliard equations[1], and viscous prole of consenation laws. In Part II,
we shaw that with additional restrictions, the processin Part | can be repeated
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to obtain global solutions if the formal approximation is a global one. Examples
include reaction-di®usionequations and phase eld equations|[7].

PART I. Local Existence of Multiple Waves
1. Consider a generalsingularly perturb ed parabolic system,
(1) 2u+ (j 22)™D2Mu = f(u;2Ux; ¢0¢; (2D )®M tu;x;2); U2 R"; x2R;

where f is C! with bounded derivatives in all the variables. Assume that the
system has regular and internal layers located alternativ ely along the x axis. For
simplicity, we solve the systemfor x 2 R, with no boundary conditions other than
u2 H2™1 Assumethat there arecurvesi' = f(x;t) : x = x'(t); t 2 [0;¢ t]g; i 2
Z, that divide the domainx 2 R; t 2 [0; ¢ t] into regular or singular layers§', ead
is betweenj i Y and .

Assume that a formal approximation is given, piecewise cortinuous, with
u= W (x;t;2)in §'. Using the stretchedvariables» = x=2; ¢ = t=2, let W (»; ¢;2) =
W (2»;2¢,;2) which dependsslowly on ¢. Assumethat w' 2 H2™1(§1). Let W' =
(W';D,w'; ¢¢¢; D2Mi 1y¢, The error terms in the followings arej g and j #,

@ Wi+ (i DTDEMW i f (W' 00e;2;2) = i g5 in 8
3) WG i W he) =i £(e) ati':

Let an exact solution be u' + w' in §'. Let U' = (u’;D,u’; ¢¢¢; D2mi 1ui)e,
Let ¢ 21 = [0;¢ ¢] where€ ¢ is independert of 2. The domain [0; ¢ ¢] corresponds

to a short time interval [0;2¢ ¢] in the t variable. Assumethat 2 is small sothat a
nearidentit y changeof coordinatesin §' can be usedto straighten the boundaries
iitandj'. In the following, we assumethat » = x'=2is independert of ¢, but

may dependon 2, -' = (%), and §' = -' £ |. With the new coordinates
introduced above, linearizing (1) around w' at the "xed time ¢, = 0, we have
. ot o S .
) u, + (i D"DI"u' Aj(»Dju' = N'(u';g';2); in 8%
i=1
(5) Ulhie)i UM 0he) = #(0) atihs
(6) u'(»0) = uh(»); in-":

Here Al (» = Djf (W (»;0;2); D, W' (»;0;2); 6¢¢) is the partial derivative of f with
respect to the j -th variable. ug 2 H™ (- '). N' dependsslowly on ¢ and jN 'j 25 i)
= O(jU'jom g1y + it + J2€ iU juzm 1s1)).

We look for a sequenceof solutions fu'gh  with u' 2 H2™(§"). Let H¥(I)
be the usual Sobolev spaceand let H&(l) be the completion of C functions,
which are zeroin a neighborhood of ¢ = 0, in the H* norm. De ne the product
spaces

+1

. 2k+1
B™(I) = 2mi tHY (1), BI(I) =120 MHy T (1)
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From the Trace Theorem, [14], the mapping
»l U@ -1 B™(I);

is continuous with . .

jU' (» Qjgm ay - CjUIjH 2m; 1(g 1)
Therefore,+ 2 B™ (1) in (3) and (5). Let U} = (up; ¢¢¢; D™ tul)e. Let % be the
projection to the rst j-tuplesin the product space) ]-2’:“1 R", i.e., % (uq; ¢¢¢; upm ) =
(uq; ¢¢¢; u; ), A compatibility condition is alsoassumedon the initial data and the
Jumps,
) Up(™) i U™ () = ¥ 2 (0):
Notice that only the rst m componerts of ¥ have well de ned tracesat ¢ = 0.

We now discussthe method of solving (4){(6) with the compatibility (7) in
Sections2{5.

2. Consider

u + (i )"DIMu=0; »2R; (2R
with u(»;0) = 0. Applying the Laplace transform, we have the so called dual
system,

0 1
0 | 0 ¢¢ O

_ _ 0 0 I <ot o§ _

®) 0,=J(s)0 = % hout 0:
(i D"1s 0 0 ¢¢¢ O

The matrix J(s) has2m eigervalues, = [(j 1)™** s]ﬁ.
Considera sectorin C,
Su(M)=fs: jsj, M;jarg(s)j:- gy M > 0;¥F2< u< ¥%
When s 2 S,(M), the eigervalues, arein 2m disjoint sectorsof C, with jRe, j ,
cos(l—/z“im—H *™ jsj. There are m eigervalueswith positive real parts and m with neg-
ative real parts. Each eigervalue has an n-dimensional eigenspacespannedby
(u;,u; ¢e¢; 2milyye: u2 R".
Let E™’ (s) be the Banach spaceof points in R?™ with an s-dependert
norm,
ij 1 )
i(UosU1; 608, Uzm; 1)ieme ()= (L4 ]8I 2 )jlizm; 17 jire
j=0
We actually will only use® = 0 or ﬁ in this paper. Let P and P, be the
projections in R®™ to the stable and unstable spacesof J(s); s 2 Sy(M). The
projections are of rank mn and can be constructed using eigervalues and eigen-
vectors. Using the E™” (s) norm, we can shaw that there exist K; ®; ®> 0, such
that

9)

i€ Pgjgme ) - Ke 0P aew PR, o
je.](S)»Pqum:0 (s) i Ke®1 2 j?j» . Ke®(l+ 2 J?J)»’ » . 0
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3. Consider
2w 1 . ) ) .
(10) u, + (i M D2My AJ! (»Dlu=0; »2 [ Ly
j=1
with u(»;0) = 0. Using the Laplace transform, we have a dual system,
1

0 0 ¢o¢ 0
(11) 0,=3()0+ ()" @ ' e AQ:
Ap(»  Ai(») ¢ ALy, 1(»)

Let T'(»;3;s) be the solution matrix for system(11). System (11) is said to have
an exponertial dichotomy in E™° (s) for » 2 [»'1 1;»']; s 2 Sy(M) if there exist
projections Pi(»;s) + Pl(»;s) = | in E™° (s), continuousin » and analytic in s,
and positive constarts K ; ®, suc that

_ _ , o=
jT'(>>;3;S)Ps',(3§S)jEm:° (s * K g ®1+ 2 is))j»i 3]; > 3
_ _ , o=
T (%2 9PL (i )igme (o) - K&l O IR s

Supposethat sup,; (apj:0- k- 2mj 1JAL(»] - C. From the Roughnessof Expo-
nertial Dichotomy Theorem, [3], which is also valid in the Banach spaceE ™"’ (s),
we nd that there existsM = M (C) > 0, suzciently large, such that (11) hasan
exponertial dichotomy in E™* (s) for » 2 [»'i 3;»'] and s 2 S,(M). On the other
hand, if M is "xed, then there exists C = C(M) > 0, suzciently small, suc that
the sameconclusionholds.

A function f (s) is in the Hardy-LebesgueclassH(°); ° 2 R, if

(i) f(s)is anﬁytic in Re(s) > °;

(ii) fsupy. (7 Jf (%t ! )jcdl g2 < 1
H(°) is a Banach spacewith the norm de ned by the left side of (ii). Basedon the
Paley-Wiener Theorem, [16], if e “tf (t) 2 L2(R*), then f(s) 2 H(°), vice versa.

Fork, Oand”’ 2 R, de ne a Banach space

HX(°) = fu(s) ju(s) and (si °)u(s) 2 H(°)g;
Uiy = jUine) +§(si ) Uinge):
Forany ° 2 R; k, O, there existsC = C(°; k) such that
CH+jsi) - 1+jsi °j- C(L+js*):
Therefore an equivalert norm for H*(°) is

1
JUiZk (o) = sup ju(at+ il )P+ j%a+ it j2d!
I>° il

It can be shown that if e “'f (t) 2 H(R*), then f(s) 2 H¥(®).

We often use Banadh spacesof functions with norms weighted by ei “¢. For
example BI'(R*;°) = fA: e "¢A(¢) 2 BJ'(R+) g with obvious norms. Other
spaceslike L?(R £ R*;°), etc. can be de ned similarly.
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2k +1

Let K™(°) = | 2mi *HY Zm-(°). From the denition of BJ (R*;°), we see

that
A2 BI(R*;°), A2K™():
Supposenow the system (11) has an exponertial dichotomy in E™ ﬁ(s) for
»2 [»1 1»'] and Res > °. An equivalert norm for K™ (°) is
1
ALY 1=2. - 0o
Biny > supl MG g @ T s = W it

Basedon this, onecanshaw that (11) alsohasan exponertial dichotomy in K™ (°)
for » 2 [»1 1;»']. The denition for exponertial dichotomiesin a Banach spacelike
K™(°) is standard, and can be found in [9]. Using the de nitions of the function
spacesand exponertial dichotomies,it is not hard to shaw the following. (See[13]
for the casem = 1))

Lemma 1. For any A2 BJ'(R*;°), consider
up = YaLli YT 1 L s)Pi(0 T L 9)A®s)); », »i L
U, = YLt l(Ti(»; » ;S)PliJ (»i;S)A(S)); »e o»:

If SUP,2 it 1m0 k- 2m; 1JAK()] < 1, then u; 2 H2mI([»i L:»]1£ RY;°); j =
1;2 and is a solution to (10) with u; (»; 0) = 0. Moreover

jUijnem ey - CiAigp (re):

4. A sequenceof functions f' 2 F';i 2 Z, where F' is a Banadch space,will be
denoted by ff'g. De ne the norm jf f 'gjei = supfjfijrig.
Consider a linear system,

ZXI 1 )
(12) ul + (i D"D2M' Al (»DLu' = h'(»¢); in§';

j=1
with jump conditions (5), initial conditions (6) and compatibilities (7). Assume
that the coezcients A} (») are extendedto » 2 R by constarts outside - . After
the extension, assumethat the asseiated homogeneougual system (11) has ex-
ponertial dichotomiesin E™° (s); © = 0;1=4m, for » 2 R and Re(s) > °. Assume
that g 2 L2(8';°); # 2 B™(R*;°) and uj 2 H™(- 7). In this section§' = - ' £ |
with | = R*. Assume

ifgigm(re o) + i h'GiLzs o) + Jf UpGinm 1y < 1
We look for solutionsu' 2 H2™1(§1);i 2 Z. _ _
By a standard method, we can continuously extend h' and up to » 2 R so
that
jh'jLzrere) - Cih'jLzgiys  JUplanm(r) © CiUginm - iy:
We ‘rst solve (12) in the domain R £ R*, with an initial condition up but
no jump conditions. Denote the solution by &'. From the existenceof exponertial



6 XIA O-BIA O LIN

dichotomy in E™O(s), for Re(s) > °, we can prove that (12) de nes a sectorial
operator A’ in L?(R). Moreover,

F—. izil . o.
Lo Al - ] Re, > °:
The proof of the casem = 1 can be found in [13]. The generalcasecan be proved
similarly. It is than easyto seethat &' can be solved by the analytic semigroup

eA'¢ and the variation of constart formula. We have
jUjnem arere ) - C(hjL2(rere ) + jUbiH™):
Let U' = (&';D,u';¢¢¢;D2Mi 1yi)e and ¥ = U(»; ¢ U1 (»';9. Then
Figm(ree) - C(fh'GiLzg ey + JfUGGim - 1))
Let the solution to (12), (5){(7) be u’ = &' + v'. The function V' satis es (12)
with h' = 0 and vi(»0) = 0. Let " = # ; ¥.  Then "' 2 B'(R*;°). Let

Vi = (v;D,V'; ¢e¢; D2Mi tvi)e, Then the dual systemsfor V' are

0 1
0 0 ¢ee 0

(13) V=30 + )@ _ 0e AX:
Ap(») AL ¢ ALy, ()

(14) Vhe O 9=
We want to solve (13) and (14) with ™ 2 K™ (°).
Nikn )+ C(Ejamre =y + ffh diLzg ey + if UpGjnm ):

For two subspacesM © N = R?™ | denoteby P(M;N) the projection with
the rangeand kernelbeingM and N respectively. Assumethat at eac »', we have

RP}(»;s) ©RP{* (»';s) = R#™:

Here R stands for the range of an operator, and P/ and Pi*! are projections
asswiated to the exponertial dichotomiesin - ' and - '*1 respectively. Assume
that the norms of the projections assaiated with the above splitting are uniformly
bounded with respectto i 2 Z; Res > ° in the E™’ (s) norm. Notice that the
assumptionis valid if we choose® > 0to besuzxciently large, dueto the Roughness
of Exponertial Dichotomies again.

We now solve (13), (14) by an iteration method that is usedto prove the
Temporal ShadowingLemmea, [11]. As a rst approximation, let

A, (»';s) = P(RP,(»;5);RP{* (»'58)) N (s);
AT ts)= | P(RP{ 19)RP I L) N i(s);
Ai(»; s) = Ti(»; »i 1;S)Ais(»ii 1;5) + Ti(»; »i;S)AL(»; S):
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From Lemma 1, 4L *(A'(»s)) 2 H2™(- ' £ R*;°) and is a solution for (12),
with h' = 0. However, at »', the jump is not exactly . Let A'(»'; ¢ j A (»';¢ =
~ ™. Then
7\;_(5) - Ti+1 (»i : o+l ;S)AL+1 (»i : S) i Ti (»i : i 1; S)Ais(»ii 1; S):
if Ngikm -y - Ce N gjm oy
Hered = inff»*1 j »'g. The above processcan be repeated with f N g replacedby
N g, and the secondapproximation denoted by f Al g. By iteration, we can have
a sequencef ™ g; j , 1and a sequenceof approximations fA g. Supposenow the
constart C; = Cel ® < 1, then the corvergen series
R
© =A+ A
i=1
is the desiredsolution to (13) and (14). YaLi 1(©') is an exact solution for v'. The

uniquenessof f vi g can be proved by the exponertial dichotomy argumert and will
be skipped here. Obsene that by the Paley-Wiener Theorem,

(15) y=0fore - ¢¢i22Z; ) Vime)=0fore . ¢¢i22z:
This fact will be usedin the next section. ' ' '
Finally, the solution to the system (12), (5){(7), u' = &' + V', satis es

(16) ju'jyem 1gie) " C(jfi'igjsm(R+ ey + If higjL2(§i;°) + jf uiongm(- )

5. The nonlinear system(4){(7) canbe solvedby usingthe result of x4 on the linear
systemand a contraction mapping in a suitable Banach space.The following Local
Smatial ShadowingLemma is the main result of Part I.

Theorem 2. Assumethat f is C! with bounded derivatives with resgct to all
the variables, fw'g is a formal approximation with jf W gjyzm 15y < 1 . Let| =
[0;¢ ¢]. Assumethat 2 > 0 is small so that a near identity changeof coordinates
can be madein [0;2¢ ¢] asin x1. Let d = inf;f»*1 | »'g > 0. Then there exist

“0; 20 > 0 and a positive linear function 1°("); 0< =~ - 4. If 0< 2< 24, and
jf UG m i+ if g QL2 * Jf Yojgmqy - 1)
then there is a unique solution fu' g to (4){(7), with jf u' gjy zm 1) - . Moreover,

ffu'dinem igiy - C(fupQinm 1y + if g diLzgiy + if¥ diam(1)):

Proof. Let h' 2 L%(§'");i 2 Z. Since® > 0, it is easyto extend the domains of +
and h' to ¢ 2 R*, sothat

jf higjLZ(- igre o)+ f iingm(R+ <y - C(jf higjL2(§i) + jf i'ingm(l))i
Considerthe assaiated linear system(12). From the assumptions,it is clear
that sup,. jA(»)] < 1 . Assumethat the coetcients have been extended to

» 2 R by constarts, then from x4, there exists Mg > 0 such that if M | Mg then
(12) hasan exponertial dichotomy in E™ (s); © = 0; - for »2 Rands 2 Sy(M).
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This also implies that (12) has an exponertial dichﬁtomy in KM(°) for ° = M,
of which the exponertial decay rate is ® = &1+ °" M). By choosing larger M,
we have C; = Cel ® . 0:5, where C; is asin x4. The result in x4 concerningthe
system (12), (5){(7) is now valid. Let the unique solution be denoted by

fu'g= F-(fupg; f+g; fh'g):

Restricting the solution to the "nite interval I = [0;¢ ¢], in the unweighted
norm, using (16), we have,

ffu'gipem iy - CeCéfu'ginam g igre o)
- Ce Ce(ifupQinm 1y + Jfh'diLzs iy + Jf £ gjsm )
Let the solution in that "nite time interval | be denoted by
fu'g= Fi(fupg; f£g; fh'g):

Consider Q(") = ff ug:u 2 HZT?1(§i); ffudinems - g Let jfufQium(

+jftgjgm) + fdgjLegiy = . Forfu'g2 Q( ), we have
IN'(U's g5z - idiuz + C(U'j? + 2¢ ¢ju'))
S C(PH2eg )
Considerthe mapping
fulg= Fi (fupg f¥g IN '(U'; ¢';2)0):
We have
Jfulginem gy - C(L+ 2+ 2¢¢0):

Let ~ be small such that C"2< 1. Let ¢ and 2y be small, depending on ~, such

3
that Ct < %_ and C2¢ ¢, < % Then F; mapsQ( ) into itself. One can also verify
that if ~ is small, then F, is a cortraction mapping. Therefore, there exists o > 0
sudhthat F, : Q()! Q(") hasa unique xed point fu'g.
Finally, the solution fu'g doesnot depend on the method of extending the

domain of f¥ g; fg'gto ¢ 2 R*. This can be veri ed by using (15). a

Remark. In many formal constructions,d = inff» 1 j »'g! 1 as2! 0. Then
the condition C, = Cel ® . 0:5is valid if 2 is small. We do not needto choose
large ° = M to make ® large.

PART I11. Global Existence of Multiple Waves

6. The multiple wave solutions constructed in Part | exist only for a short time
t2[0;¢t]; ¢t =2¢¢. If fu'gis not too large, using the output of the previous
interval as the input of the next time interval, the processcan be repeated to
obtain solutionsin [j¢t; (j + 1)¢t];j = 1; 2; ¢¢¢ recursively. It is shawvn, in [13],
that if a formal approximation is de ned for t 2 R* s, under certain conditions, it
is possibleto obtain global solutions for t 2 R*. In the secondpart of this paper,
we summarizethe results in [13].
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Although the method should work for somehigher order parabolic systems,
such as the phase eld equations, [7], to simplify the matter, we will considera
secondorder system,

(17) 2y = 22U + F(U;X;2); X2 R;t, O

Assuming by the method of matched expansions, we have the formal series
for the wave fronts,

s Xn i ~
t2)= 2 "2z
0
and formal seriessolutions in the “-th regular and singular layers,

ut (2= Al G);
0

us (»t;2) = 2 ujS (»1):
0
Here \R" and \S" stand for regular and singular (internal) layers, and » = (X j
T (t2)=2
For corvenience,assumethe the following Perio dicit y Hyp otheses.

(D) fux+ xp;2) = f(u;x;2);

2 Tt =T (52 F X

(3) URC* P (x;t;2) = R (xi Xp;t;2);

(4) US(‘+ ‘p)(»; t; 2) = us* (»; t; 2).

Herex, > 0 andinteger ", > 0 aretwo constarts. The periodicity hypotheses
ensurethat all the estimatesobtained here are uniform with respect to layer index
*. They do not play any other rolls and are not necessary

Let 0< ~ < 1 and let the width of the internal layersbe 22 i 1. Dene

yr()="(t2)+2;
y it = (52 2
The family of curves ' = f(x;t) : x = y'(t)g divides the domain into regions

§:i 2 Z, where §' is betweenjii! and j . A formal approximation can be
obtained from the matched expansions,

uR (x; t; 2); =201
uS (ML) g 2y: = o

2

wH(x; t;2) =

Here are the assumptionson w':
H 1. There exist C; ¢ > 0 such that for all small2 andi; ~ 2 Z,
Wit2) | wi(x1:2)j- Ce't (xt) 2 R%:
()i (1;2j+iD (52 Ce' t2 R

Herew'(x; 1 ;2) = limyy W (X; t; 2), etc.
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H 2. There exists %> 0 such that in ead regular layer §',i = 2" 1,
Re¥if (W (% t;2);%2)g" | ¥
uniformly for all (x;t) 2 8';i 2 Z and small 2 > 0.

H 3. For an approximation w'(»;t;2) in an internal layer, as»! §1 and2! 0,
both w' and @v' =@ approach the corresponding valuesof wi ** or wii 1 at common
boundaries. More precisely if i = 27, then for any * > 0, there exist N; 29 > 0
such that 2, * > N, and for 0< 2 < 2y;t, O,

JWH»t2) § WH AT 4(e);52)f - 2 for j 201 5§ N;
Wit 2) § WL (Y (1)t 2)) - 4 forz il » N:

Here the function W' = (w';w!) is expressedin the stretched variable » = (X
T (t2)=2

Let 5= 5(») be a function of » suc that

8 . . .
2» for j» - 2 1 1;
»= i 27 1; for » < i 27 1;
> _
20 l; for »> 2 i 1:

Foreadt, 0;i = 2'; considerthe operator A'(t) : L?(R) ! L?(R),
Al(t)U = Uy, + Dy (62U, + Tu(W (512);7 (52) + 25 2)u

H 4. Al(t);i = 2t - 0, has a simple eigenvalue , ' (2) = 2, i(t) + O(??). The
rest of the spectrum is cortained in fRe, - | ¥g; %:asin H2. Moreover, for the
limiting operator A'(1 ), we have,

.o(1) - J0<0; uniformly foralli= 2"

We look for exact solution u that is of the form w' + u' in ead §'. The limit
u'(x; 1 ;2) describesthe correction to w'(x; 1 ;2) that yields a stationary solution,
while ui(x; t;2) | u'(x; 1 ;2), together with wi(x;t;2)i w'(x; 1 ;2), describeshow
the solution approadiesits limit ast ! 1 . Therefore, we de ne the following
Banach spaces.For a constart ° < 0, let

X(- ER";°)=fu:u=ui+ Uy us 2 L% ;u 2 L%- £ R";°)g:

JUix oy = JuzjLzy + JUzjize gre eyt

XZY- £R*;°)=fu:u=ui+ Uy u; 2 H2(-) ; u; 2 HZY(- £ R*;°)g:

jUjx2i1(e) = JUijuz() + jUzjpzing gRre o)
It canbeveri ed that foru2 X (- £ R*;°) or X %1(- £ R*;°), the decomposition
U= Ug+ Uz is unique. . _

For 8' = f(x;t) : y'l (1) < X < y'(t);t, Og, wesa that u 2 L2(8';°),

H21(§8';°), X (8';°) or X%1(§';°), etc., if u is the restriction of a function u 2
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L2(R£ R*;°), etc., to the domain §'. The norms are de ned by
|nff] U’jLZ(R£ R* ;° )g,
Inff] U’jx 21(RER* ;° )g

ULz

jij 211(8i°)
Let
XKC)Y=fuju=ui+ uy;u1 2 R"; u, 2 HK(®°)g; ° < O
XKika(oy = xki(e) £ XK2(°); kg, O;kp, O
Similar de nitions canbegivento spaced.?(- £1;°), HZ1(- £1;°), HZ1(8§\
[;°), but not X (- £ 1;°) or XK(°), if | is a nite time interval.
The main result of Part Il is the following Global Smatial ShadowingLemma

Theorem 3. Let fwig be a formal approximation of solutions for (17). As-
sumethat the HypothesesH1 { H4 are satis ed, and the constants ¢ and ¥ satisfy
i %< j * < 0. Then there exist positive constants jo; J2; 2o and a negative con-
stant ° = O(?) satisfying the following properties. Assumethat fw'g is a formal
approximation near fWw'g, with

(18) Wi Wy zagiey - C2t 02 Z;
for someC; > Oandj;, 1. Assumethat for the approximation fw'g, we have
(19) jgijx(§‘;°) + jt jxomse 0:25 (R 0 ) * Co22; ju, jo

Then for 0< 2 < 2y, to any locally H* function ug with jugi w'(0)jy 1§81\ ¢=0g) °
C,22, there exists a unique exact solution to (17) that satis €S Uexact (X; 0) =
Uo(x), and A _

jUexact i W'jx 21(giey)) = O(32); i22z:
Herejz = minfj1;j2i J20; J» > 0is a constant that does not dependson 2. All
the norms in this lemma are expressel by the stretchal variables» = x=2; ¢ = t=2,

Remark. (1) The constarts jo and J, depend on f W g. However the approxima-
tion may not satisfy (19). By adding higher order expansions,the new approxima-
tion fw g will satisfy (18). Therefore, it hasthe sameconstarts j, and J,, which
are stable with respect to perturbations. Moreover, if the order of expansionis
suxciently high, fw'g will also satisfy (19).

(2) The valuesof jo and J, are not important in applications. sincejz = j1 if
j2 is suxciently large. Computing j is relatively easy One only needto compare
fw'g with the next approximation.

(3) HypothesesH1{H4 are consequence®f hypothesesused to construct
formal expansionsfor system (17). Seex11 for a brief discussion.

7. To prove the theorem, we use a partition of the time interval t 2 R*,
R* = [[ifliet G+ et [tr;1);

wherets = r¢t. We assumethat ¢t = 2¢ ¢, where ¢ ¢ is independert of 2. t; is
large such that e *' = O(2?), where ? is asin H1. If 2 is small the variations of
boundary curvesx = y'i 1(t) and y' (t) are small such that a near identity change
of coordinates can be madein each §] = §'\ ft2 [j¢t;(j + 1)¢t]g;j - ri lor



12 XIA O-BIA O LIN

gl = 8§\ ft 2 [tr:1 )g to straighten j il and j ", In the sequel,we assumethat
i'= = yjgin the jth time interval, wherey; is independert of t.

»= [xi (' P+ y)=2EE in §);
Li®) = (v iy H=2>);
-1 =l LGsL A
H=[0¢¢;0- j-ril and 1I"=[0;1):
Let ¢ = (tj j¢t)=2 Then § = -1 £1/.In eah §/;j - rj 1, we linearize

around w' at the "xed time ¢ = 0, while in §}, linearize around w' at the “xed
time ¢ = 1 . Denoting the solutionsin §; by uj, we have

(@0) U= Ut VYOI, ALGIY N (i) in 8
(21) U'L'®:e)i UG L@ =4(): atil;
(22) ul Ly (%0) = uf (>1; ¢ ¢); uh(»;0) = uh(»):

Here», = £} (») isanearidentit y changeof coordinatesinduced by the coordinates
changethat straightens the boundariesin eah §} . \/J-i is the constart wave speed
in an internal layer, but is slowly » dependert in a regular layer due to the fact
that the boundariesare not parallel there.

The idea of the proof is presenied in the next three sections.In x8, we study
the spectral properties of the linear systemsand exponertial dichotomies asso-
ciated to the dual systemsof the linear systems.In x9, we study the system in
the last interval [t; ;1 ). There we needto obtain asymptotic behavior of the so-
lution fulg. Thus the spaceX %(§!;°) will be used. The result obtained there
also senes as an upper bound of the accurrulation error in the rst r intervals
[et;(j+1¢t];0- j - ri 1. In x10,we study the systemin nite time intervals.
Sincer is large, the estimates obtained in Part | is not accurate enough. More
preciseestimateswill be derived which rely on the HypothesesH1{H4 , while the
estimate in Part | doesnot.

8. Since nonlinear systemscan be solved by cortraction mappings, we study a
linear system rst. Drooping the subscript j, we consider,

(23) uié = ui»» + Vi(»)ui» + Ai(»)ui + hi(»; &)
(24) UNL'()ie) i UG L™ (3)50) = #(0);
(25) u'(»0) = up(»):

The homogeneougiual system of (23) is
(26) 0, = 0 L0

slj Ai(» Vi

Here O = (0;0,)¢. It is crucial to study the exponertial dichotomies for system
(26).
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We rst discussthe systemin regular layers. Freezing» = »y and consider(26)
with constart coexcients. Using H2, we can verify that for Re(s) , i %; % =
¥=2, the systemis hyperbolic, having n eigervalueswith positive (hegative) real
parts.

Now recall that in regular layers, Al (») = f (W' ((y'1 1 + y')=2+ 2»);(y'i L +
y')=2 + 2»;2) depends slowly in », i.e., @“éf») = O(?). Also, from the change of
coordinates, cf. [13] for details, V'(») also dependsslowly on 2 in regular layers.
Then a theorem from [3] indicates that (26) has exponertial dichotomy for » 2 R
and Re(s) , | %.

In [13] it is shown that if (26) hasan exponertial dichotomy in R2" for » 2 R
and for every s 2 fRe(s) , i %g, then it has an exponertial dichotomy in the
spaceEY°(s);° = 0 or 0:25.

Let the right hand side of (23) dene a linear operator A'(t);t = j¢t; O -
j - rilort=1;j =r.Usingthe fact that (26) hasan exponertial dichotomy
in EL°(s);° = 0for»2 Rands 2 fRe(s) , i %0, we can show that in regular
layers, A (t) is an exponertially stable sectorial operator in L2(R), i.e.,

Ref YA (1)g - | Yo

for every t, O.

We now discuss(26) in internal layers. Here the spectrum of A’ (t) is given by
H4.AlsoD;" (t2)=V/;i=2ift=j¢t; 0. j- rj 1,andV, = 0. From H3,
if + is small, then for j» , N, the coetcients A (») and V'(») are closeto that of
A'(8L'(2)) and VI(§ L'(?)). But the systemwith constart coe+cients Al (§ L'(?))
and V' (8§ L' (2)) is hyperbolic. Therefore, from the Roughnessof Exponertial Di-
chotomies, which is also valid in spacesE°(s);° = 0; 0:25, (26) has exponertial
dichotomiesin E%°(s);° = 0; 0:25, for Re(s) , | % andj» , N.

The exponertial dichotomies in the region» - | N and » , N extend to

»2 R and » 2 R* respectively. Let the projections be P! + P/ = 1. We can show
that

27) RP.(0' ;S)©RPs(0*;s) = R?"; ifs6  '(2) andRe(s) ., | Ye:

If (27) were not true, we could nd a solution O(»;s) for (26) that decas expo-
nertially as» ! §1 . Then s would be an eigervalue with O(»;s) as an eigen
function. This cortradicts to the fact , '(2) is the only eigervalue in the region
Re(s), i Y.

In [13], it is also shown that the projections de ned by the splitting (27) is
Oo(1+ ﬁ) Obsenethat H4 alsoimplies that for the linearization att = 1 ,
(26) has an exponertial dichotomy in » 2 R in the region Re(s) , 112—0 where
‘o< Oisasin H4.

9. We now study (23){(25) in the time interval [t; ;1 ). The procedure of solving
them is similar to that usedin Part I. The right hand side of (23) de nesa sectorial
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operator A'(1 ) in L?(R). Extend thezdomain of uj and h' to » 2 R. Let
go= er eyl + éeAi(l Mei IRi3)ds:
0
As shown in x8, _
YA'(1 ) %fRe(s) - j C2< Qg;

both in regular and internal layers. Becauseof the spectra of A'(1 ), with some
° = C2< 0, we can shav
(28) jUjxzaey - C@O5jubjy + 20 B¥hijy o)

The solution fu'g for (23){(25) can be written asu' = &' + v', with fvig
satisfying

(29) VL = VL» + Vi (»)VL + Al (»)Vi;
(30) VIL'@5e) i VG LM 3)e) = (e
(31) Vi(»0) = O

HereV = (v;v,)¢, "' includes# and correctionsfrom the jumps of f &' g at bound-
aries. We have

J in 0:75£ 0:25 () * C(ji‘ijx 0:75£ 0:25 (o) + 2i 0:5jf Uiong 1+ 2 l:ij higjL2(§ i ;o))ﬁ
Since for the dual system of (29){(31), the exponertial dichotomies exists in the
region Re(s) , °;° < 0, using the Laplace transform and the iterative scheme
similar to that usedin Part I, we can show that system (29){(31) has a unique
solution fv'g, with _ A
jVIjX 210y ij ’ Igjx 0:75€ 0:25 (° ).

Therefore, in the last interval, the solution f u' g satis es

juljx 2y« C(if £ gjx orse oizs oy + 2 O5jf Upgiygr + 21 FSjF g 2(s1:0)):

Using the above result, the nonlinear system can be solved by a contraction
mapping in a ball of radius 2"*; r; > 1:5, in X 21(°). The following result is proved
in [13].

Theorem 4. Letjd jx () = 0(2"**15); jubjus = 0(2"*05); jHjyome 0z (o) =
0(2'1), where r; > 0:5. Let t; be 2 degendent suchthat e *' . Cg22, where ?
is asin H1 and Cy is independent of 2. Then there exists 25 > 0 such that for
0< 2 < 2, the nonlinear system(20){ (22) has a unique solution fu'g satisfying
the following estimate,

(32) jfu'gixziey - Cfif 2 gjpomeoas ey + 21 O3jf uhgjns + 21 ¥55f g gjx (o) 0

10. We study system(20){(22) in the nite intervals,[j¢t; (j+1)¢t];0- j - rj 1.
The existenceof solutions in a nite interval has been discussedin Theorem 2.
However, to guarantee the existenceof solutions up to the last interval [t;;1 ), a
stringent restriction on the accunulation errors in these nite intervals must be

met. Since the critical eigervalue , '(2) may not be negative, u} may grow as j
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increases From Theorem 2, fu! g is determined by f uf (0)g; fg/ g and f # g. Among
them only fu; (0)g, carriesthe information from the previousj intervals. Therefore,
it is crucial to cortrol ju; (¢ ¢)j in terms of jf u; (0)gj.

Let ng and QY be the projections corresponding to the spectral set in
.'(?) and fRe(s) - | %g in the ith internal layers and the jth time interval. Let
QU ul = @A where Al is the eigervalue corresponding to the eigervalue , ' (2).
Then

i®+ Q¢ uyjus;
is an equivalent norm for juJi jn 1. The following estimate has beenproved in [13],
33) J® (¢ )i+ Q¢ uj(¢ ¢)imr - (1+ C2) Slin(j®, 0)j + jQ¢ uj (0)jn2)
+ Cjf i]'l OjH o:75¢ o:25(iy F Cjf g]I OjL2:
Since the spectral projections for the j and (j + 1)th interval di®er by O(?),
j® .1 (0)j+jQ¥ **uf,; (0)ju is alsoboundedby the right hand sideof (33). There-
fore, one can show that

i® (0)j + jQJ U (O - (1+ C2)) sup(j@(0)j + Q¢ Upjn+)

2)] : .
+ EEET sup(it s giuorsso + if o)
<J

Using the fact (1+ C2)17(¢*) < eandj - r Ylog(1)=2 weseethat (1+ C?2)! -
2i B for someB > 0. Therefore, if all the terms in the right hand side are bounded
by 2M for somelargeM > 0, have the solution fuJi g for all the Tnite intervals, and
the initial condition for the in nite interval is small enoughsothat Theorem 4 can
be usedthere. Here is the main theorem in this section.

Theorem 5. There exists ¢ ¢, > 0 suchthat if r = [log( Cf)z):ﬂ(]: ¢+ 1), then

we have the following concerning the solutions of (20){(22) in 11;0- j - rj 1
There exist M; and M, > 0, suchthat if
ffUp@)gin: + f § giyorsc os + Jf g gjie = OCM?);
uniformly for 0- j - rj 1, then (20){(22), 0- j - rj 1 hasa unique solution u}
for 0- 2. 23, wher 2y > 0is a small constant. The solution in each |/ satis es
i€ (0) + jQY uj (0)jws - €2 M2 [sup(j&h(0)j + jQ "Upjn 1)
1
+ sup(jf ingH 0752 0:25 + f ngjLz]
K<j

In particular, if M1 is suxciently large,in the rth (in"nite) interval jf ul (0)gjy: =
0(2"1*0:5); r; > 1:5, Therefore, Theorem 4 appliesin the last in nite interval also.

To describe the idea of the proof of (33), it sutcesto considerthe linear sys-
tem (23){(25). For simplicity, we considerthe Oth interval and drop the subscript
j - The procedureof solving such systemis similar to that usedbefore.De ne &' as
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in Part 1, and let &'(¢) = ® (¢)A + QL0 (¢). In internal layers, ,' = O(2). Also
in the stable space,the semigroupis exponertially stable. We can show,

- . N6 5 i s P i

@) €N O)+ ¢ gjh'jiz):;

JQEOU (€ ¢)jns - C(& ™ QLU (0w + @ (0)));
for some¥:< 0. Obsene in the above, &' (0) = u'(0). Thus ® (0) = & (0).

Let ¢ ¢ > O be large so that Cel ¢ . 1=2. We then nd C; sud that
e+ C9e ¢ . 1+ Cq2. We have
(34) @ (¢ )i+ QL% (O)ju: - (1+ C2)i® (0)j + 1=2/Q¢°U' (O)jw: + Cjh'j 2
The above is also valid in regular layers with ® = 0. _ _ _

The solution for (23){(25) againis written asu' = &' + V', where fv'g sat-
is es (29){(31). As in Part I, system (29){(31) is solved by iterations, and fv'g
is bounded by f”'g in suitable function spaces.An complication ariseshere since
f"'g also include corrections of the jumps of fé'g at common boundaries. The
latter in term is bounded by jf ® (0)gj and jf Q% °u’(0)gj, of which the coetcients
have to be carefully cortrolled. _ o N

It can be shown that f”'g dependsweakly on & (0), sincej®@Alj - Cel "
for some%> 0,andL'(?)! 1 as2! 0.Howewer, it is a little tricky to cortrol
the dependenceof jf " 'gj on jf Q%' (0)gj. The key hereis to usethe exponertial
decay of e*'¢ in the stable subspace(which is the whole spacein regular layers).
To do so, weighted norms have beenused, [13],

jUjH 0:75€ 0:25 (|] ;3 = jei 3/‘K"UjH 0:75€ 0:25 (| ), < O,
jUjHZ;i(_ £y = jei 3ﬁi’uj|.|2;1(_ i£|j); < 0:
Obsene here the interval |1 = [0; ¢ ¢] is nite. It is shavn that

i in 0:75€ 0:25 (| ] ;3 * ce?ie ‘.'jf # Qjyo:7se 0:25 (1)
+ supf 2@ (0)] + CjQS°u'(0)) + Ce™° ¢jn'jy . g;
i
for some¥< 0, independent of 2. Also it is shown that the solution of the system
(29){(31) satis es
jVin 210 ig iy ij ’ ing 0:75€ 0:25 (| ] ;3/4):
Let Q)% = ®A.
B (€ )i+ NV (€ int - CIV'(E i
. Ce?/&: C-’jVin 21(- E11;%)
: ij # ng 0:75€ 0:25 (] )
+ supf C1e” ¢jQJ u'(0)ju: + C%™ ¢j@ (0)j + Cjh'jL2g:
i
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Let ¢ ¢ belarge sothat C1e™ ¢jQl u'(0)jy: - 0:5. Combine the above with
(34), we have an estimate for the linear system,

i@ (¢ &)+ jQEU (¢ ¢)ius - (1+ C?) SliJD(J'®i(0)J' +jQE°u'(0)ju1)

(35) : .
+ Cjf # Ojyo:7se o:25(iy t Cjf hlgjLZZ

The estimate of the nonlinear system (33) can be obtained from (35) by replacing
h' with N', and using the fact that if ju'jy2: < 2,

iN'jL2 - jdljLe + Cojuljyan:

11. Constructions of multiple wavesin singularly perturb ed equations have been
discussedin many papers, seefor example [5]. Expansionsfor system of reaction-
di®usionequationsto any order of 2 canbe found in [12]. The following hypotheses
are usedin that paper.

There is a partition

R=[L, [X;x™]

that is periodic with respectto *, compatible with the period of f . A C! function
p'(x) isde ned on[x'i 1;xIJwith fo(p'(x);x) = 0.Also assumethat p * » (x+ Xp) =
p(x);x2[xiLx]
H* 1 Re¥fou(p'(x);x)g< Ofor x 2 [x'i 1:x];i 2 Z.
1

: . Xj X
Using a stretched variable » = , we assumethat the Oth order expan-

sion of Eq. (17),
(36) Uy + Fo(u;x') = O

2

has a heteroclinic solution d (») connectingp' (x') to p'*! (x'). Assume
H* 2 The linear homogeneousequation

A+ fou(d (»);x)A= 0;
has a unique bounded solution d (»), up to constart multiples.
From H*2 , we infer that the adjoint equation
A+ 4,(d(»)x)A= 0
has a unique bounded solution A; (») up to constart multiples.
The following assumption implies that the heteroclinic solution breaks as x
moves&way from x'.

H* 3 0 At()fox(d(»):ix))d»6 0; i22Z.
When x is in a neighborhood of x!, we look for traveling wave solutions with
wave speed V' (x). It is also of interest to nd out conditions to ensurethat the

wave front movestowards x'. ConsiderA’ : L?(R) ! L2?(R), de'ned as

AU = Uy, + fou(d (»);x)u; D(AY) = H3(R):
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H* 4 = Ois asimple eigervalue for A'; i 2 Z. There exists % > 0 sudh that
YA Y%f, = 0g[ fRe, - | YU

Since, = 0is simple, w%have
1
Ai"'(»)qi)(»)d»ﬁ 0:
il
H* 5|—R1 Al i '|1R1 Ad i | L
=01 AOIdO)Dl T T AL oc(d () x)d»> 0,12 Z,

Under HypothesesH*1 {H*5 | it is shown, in [12], that formal expansionsof
wave front positions f”'(t; 2)g and matched expansionsof solutions fw'(x; t; 2)g
can be constructed. Thesehypothesesare generalin the sensethat H*2 and H*3
are genericassumptions.HypothesisH*1 is equivalert to the stability of p'(x) in
a regular layer, as an equilibrium of an ODE, obtained from the Oth expansionof
(17), i.e., by setting 2u,, = 0. HypothesisH*4 is equivalert to the stability of the
traveling wave solution ¢ in an internal layer, in the senseof Evans[4]. Hypothesis
H*5 implies that the wave front is moving towards x', if x is nearx'. In fact, if is
shawn in [12]

I I
@/@F(X) =i lexj x):
Similar conditions like H*5 was used by Fife [5]. Without sud conditions, the
wave front may move away from the stationary position and the formal solutions
may not exist globally in time.

It is shawn in [13] that HypothesesH*1 {H*5 imply HypothesesH1{H4 of
this paper. Only H4 needssomeexplanation. When fw'g is a Oth order approx-
imation, , = 0 is always an eigervalue. When higher order terms are added, the
eigervalue becomesO(2). In [13], a preciseformula expressing, ' (2) asa function
of the wave speed and the wave front position was proved. In particular, when
t=1,it yields

@ i @/i
, e &
Here V'x) is the wave speedas a function of the wave position x. It is now clear
that H*5 implies H4.

Many authors have found that the signs of , '(2) or the derivatives of the
wave speeddetermine the stability of the multiple waves, [6]. The preciserelation
betweenthe two quartities in generalsystemsis interesting in its own right right.

In conclusion, the formal approximations obtained in [12] satis es our hy-
pothesesin Part Il. Therefore, the Global Smatial ShadowingLemma can be used
to ensurethe existenceof a global solution near the formal approximation.
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