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Abstract: We developed a fast iterativ e solver for computing time-harmonic
acoustic waves scatteredby an elastic object in layered media. The discretiza-
tion of the problem was performed using a ¯nite element method with linear
elements basedon a locally body-¯tted uniform triangulation. We used a do-
main decomposition preconditioner in the iterativ e solution of the resulting sys-
tem of linear equations.The preconditionerwasbasedon a cyclic reduction type
fast direct solver. The solution procedurereducesGMRES iterates onto a sparse
subspacewhich decreasesthe storageand computational requirements essentially .
The numerical resultsdemonstratethe e®ectivenessof the proposedapproach for
two-dimensionaldomainsthat are hundredsof wavelengthswide and require the
solution of linear systemswith several millions of unknowns.

1 In tro duction

Weconsidera numericalmethod for computing time-harmonicacousticwavesscatteredby an
elasticobject ­ in layered°uid. The proposedmethod is e±cient whenthe interfacesbetween
layers are nearly horizontal, for example,rippled horizontal interfaces. One application for
such problemsis the detection of hazardousor/and lost objects buried in sediment. For this
purposeit is useful to have a numerical approximation which su±ciently accuratelypredicts
backscatter by such targets.

Our model problem in a rectangular domain ¦ is shown in Figure 1. The density of the
medium ½and the speedof sound c are assumedto be constant in both °uid layers. The
describedapproach canbegeneralizedfor the casethat ½andc aredepth dependent functions
in both °uid layers,but we will not considerthis in here. We have for the pressurep in the
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Figure 1: A model problem with an elastic object ­ in sediment; the dashed line near
­ decomposesthe domain ¦ into two subdomains which will be employed in the solution
procedure.

°uid and for the displacement u in the elasticobject ­ the partial di®erential equationmodel
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(1.1)

where! is the angular frequency, k = ! =c is the wave number, g is an acousticsourceterm,
n denotesthe unit outward normal vector of @­, and ¾(u) is the stresstensor. The operator
B corresponds to a second-orderabsorbingboundary condition which is a generalizationof
the onesin [1, 7] for nonhomogenousmedia. For more discussionon scattering problemsin
layeredmedia see[6], for example.

With higher frequenciesa ¯nite element discretization leadsto very large systemsof linear
equations.Often two-dimensionalproblemshave millions of unknowns. It might be possible
to solve theseproblemsusing a LU factorization with a nesteddissectionreorderingof un-
knowns, but this approach cannot be usedfor three-dimensionalproblemswhich can have
billions of unknowns. For this reason,we considerthe iterativ e solution of theseproblems.
In the right preconditionedGMRES method we employ a domain decomposition precondi-
tioner basedon an algebraic¯ctitious domain approach [12, 14, 15, 16, 19, 20, 22, 26]. The
preconditioning of discretizedscattering problems in layered media without an object has
beenconsideredin [8, 9, 24, 25, 28], for example,and with an object in [17]. The domain
decomposition method introduced in [13] and employed in [3] for computing electromag-
netic scattering by coated objects is basedon a similar approach to the one consideredin
here. In [13] the electromagneticscatterer is perfectly conducting with a dielectric coating
layer which would correspondsto a sound-softacousticscattererwith a coating layer having
di®erent density and speedof sound. The approach in hereusesa Schur complement precon-
ditioner for far ¯eld while the method in [13] usedan algebraic¯ctitious domain approach
for this. In this paper, we considermore complicated scattering problemsand usea more
straightforward block preconditioner than in [13].
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We discretize (1.1) using linear ¯nite elements on uniform rectangular mesheswhich are
locally adapted to the wavy sediment interfaceand the surfaceof the object. An algorithm
to generatesuch meshesis described in [5], for example. In our solution procedure we
employ a domain decomposition in which the near ¯eld subdomain is the interior of the
dashedbox in Figure 1 and the far ¯eld subdomain is the rest of the rectangle¦. For the
secondsubdomain we construct a preconditioner basedon a separablematrix obtained by
discretizing perfectly vertically layered media without an object. Linear systemswith such
matrices can be solved e±ciently using fast direct methods [29, 30, 34]. Sincethe media is
vertically layeredwith a wavy interface,our preconditionercoincideswith the systemmatrix
except for the rows corresponding to unknowns near-by the interfaces. Due to this we can
reduceiterations onto a small sparsesubspaceashasbeenshown in [19, 20]. This reduction
makesour preconditionermuch more e±cient as our numerical examplesdemonstrate.

2 Finite Elemen t Discretization

For two-dimensionalproblems,we usea generalizationof the second-orderabsorbingbound-
ary condition in [1] on the truncation boundary @¦, given by
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where n and s denote the unit outward normal and tangent vectors, respectively, and C
denotesthe set of the corner points of @¦.

Weconstruct a weakformulation by ¯rst multiplying the partial di®erential equationsin (1.1)
by test functionsq, v, and integrating the resulting equationsover ¦. Weperformpartial inte-
gration in ¦ n ¹­, ­ and apply the boundary/in terfaceconditions in (1.1) and (2.1). After this
weperformpartial integration alongthe four edgesof ¦ andusethe cornerconditionsin (2.1).
This results in the weak formulation: Find (p;u) 2
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for all (q; v) 2
©
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ª

£ H 1(­) d. We have used the notation
¾(u) : ²(v) = ¾ij (u)² ij (v), where Einstein's summation convention has beenemployed. The
stresstensor ¾and the strain tensor ² are de¯ned by

²(u) =
1
2

(r u + (r u)T ) and ¾(u) = 2¹ ²(u) + ¸ r ¢u I :
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We assumethat the Lam¶e constants ¹ and ¸ are constants on the elastic object. They are
de¯ned in terms of the compressionalspeedcc and the shearspeedcs by

¸ = ½(c2
c ¡ 2c2

s) and ¹ = ½c2s:

Furthermore, we assumethe wave number function k and the density function ½ to be
piecewiseconstant.

We use linear ¯nite elements basedon mesheswhich are orthogonal and uniform except
near the target ­ and the sediment interfacewherewe locally adapt the meshesso that the
boundary @­ and the interfaceare approximated well. Such meshescan be generatedfairly
easily, for example,using the algorithm in [5]. A locally adapted meshis shown in Figure
2. The mesheshave to be su±ciently ¯ne, say, at least 10 grid points per the wave length,
so that they can approximate the oscillatory solution properly [18]. We usemasslumping
leading to a diagonalmassmatrix.

Figure 2: A part of a locally adaptedmeshfor the exterior of a circular target and a sinusoidal
surfaceof sediment.

The discretization leadsto the systemof linear equations

Ax = b; (2.3)

wherethe matrix A hascomplex-valued entries and is non-Hermitian.

3 Iterativ e Solution

3.1 Domain Decomp osition Metho d

We solve the systemof linear equations(2.3) using the GMRES method [31] with a right
preconditionerB leading to the system

AB ¡ 1y = b: (3.1)

After solving this systemthe solution of the original problem (2.3) is x = B ¡ 1y.
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The preconditionerB is basedon the domain decomposition. In order to describe it we ¯rst
expressthe matrix A in a block form

A =
µ

A11 A12

A21 A22

¶
; (3.2)

wherethe ¯rst block row corresponds to the near ¯eld subdomain inside the dashedbox in
Figure 1 and the secondblock row corresponds to the rest of ¦. The vectorsx and b have
compatible block forms. Our preconditionerB has the upper block triangular form

B =
µ

A11 A12

0 S

¶
; (3.3)

where S = C22 ¡ C21C¡ 1
11 C12 is the Schur complement of C11 in C which is described in

Section3.2. The preconditionerB is of block Gauss-Seideltype.

Our choiceof the preconditioneris motivated by the Neumann-Dirichlet domain decomposi-
tion preconditioner;see[4, 33], for example. For a Poissontype equation this preconditioner
can be shown to be optimal in thesesensethat the condition number is boundedfrom above
by a constant independent of the meshstep size. Our problem approachessuch a problem
whenthe frequencytendsto zero. The matrix block A11 correspondsto a Dirichlet boundary
value problem in the near ¯eld subdomain. For the Poissonequation the Schur complement
matrix S can be shown to be spectrally equivalent with a matrix resulting from a Neumann
boundary value problem in the far ¯eld subdomain. Thus, the block S can be consideredto
correspond to a Neumannboundary value problem. Basedon thesearguments we conclude
that the preconditioner should lead to rapid convergenceof the iterativ e method for low
frequencies. It is not easy to analyzehow rapidly the conditioning deteriorateswhen the
frequencyis increased.This behavior is studied in the numerical experiments in Section4.

At each iteration a systemof linear equationsof the type

By =
µ

A11 A12

0 S

¶ µ
z1

z2

¶
=

µ
y1

y2

¶
= y (3.4)

needsto be solved. This can be performedin two steps:

1. Solve

C
µ

~z1

z2

¶
=

µ
0
y2

¶
(3.5)

using the fast direct method in Section3.2.

2. Solve A11z1 = y1 ¡ A12z2 using LU decomposition. Due to the small sizeof the near
¯eld subdomain, this solution can be donequickly.
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3.2 System of linear equations with C

By discretizing the Helmholtz equation in the domain ¦, without the object ­ and with a
perfectly horizontal surfaceof the sediment, on a fully rectangular meshwe obtain a matrix

C =
µ

C11 C12

C21 C22

¶
; (3.6)

where the blocks correspond to our domain decomposition. Thus, the matrix block C11

corresponds to an acoustic scattering problem in the whole near ¯eld subdomain. The
dimensionsof blocks A11 and C11 are not the same,sinceA11 includesa part corresponding
to the elastic scatter ­.

By renumbering the unknowns ¯rst from bottom to top (in the x2 direction) and then from
left to right (in the x1 direction) the matrix C hasa tensor product form

C = H1 ­ M 2 + M 1 ­ (H2 ¡ fM 2): (3.7)

The matricesH1 and H2 correspond to sti®nessmatricesfor one-dimensionalproblemsin the
x1 and x2 direction, respectively, with specialabsorbingtypeboundary conditions. Similarly,
M 1, M 2, and fM 2 resemble scaledone-dimensionalmassmatrices which are diagonal due to
masslumping. The dimensionof the matricesH1 and M 1 is the sameasthe number of nodes
in the x1 direction and they are given by

H1 =
1
h

0

B
B
B
B
B
B
B
@

1 ¡ ihk =2 ¡ 1
¡ 1 2 ¡ 1

¡ 1 2 ¡ 1
. . . . . . . . .

¡ 1 2 ¡ 1
¡ 1 1 ¡ ihk =2

1

C
C
C
C
C
C
C
A

and

M 1 = h

0

B
B
B
B
B
B
B
@

1=2 + i=(2hk)
1

1
. . .

1
1=2 + i=(2hk)

1

C
C
C
C
C
C
C
A

;

where h denotesthe meshstep size in the x1 and x2 direction. The matrices H2, M 2, and
fM 2 can be consideredto correspond to one-dimensionalproblems in the x2 direction and
their dimensionis the number of nodesin the x2 direction. They can be assembled from the
elemental matrices

H e
2 =

1
h½e

µ
1 ¡ 1

¡ 1 1

¶
; M e

2 =
h

2½e

µ
1 0
0 1

¶
; and fM e

2 =
k2

eh
2½e

µ
1 0
0 1

¶
;
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where½e and ke are the density and the wave number on the one-dimensionalelement e in
the x2 direction. Due to the absorbingboundary condition the following additions have to
be made to thesematrices: add ¡ ik =(2½) into the ¯rst and last diagonal entry of H 2, add
i=(2k½) into the ¯rst and last diagonal entry of M 2, and add ik =(2½) into the ¯rst and last
diagonalentry of fM 2.

Systemsof linear equationswith the matrix C can be solved e±ciently using, for example,
the cyclic reduction type fast direct solver consideredin [15, 30]. The method is basedon
the diagonalizationprocedure: Let (¤ i ; W i ) be the eigen-pairsto the generalizedeigenvalue
problem

H1w = ¸ M 1w:

SinceH1 and M 1 are symmetric, the eigenvectors are orthogonal with respect to the M 1-
semi-innerproduct, that is, W T M 1W = I . The propertiesof theseeigenvalueproblemshave
beenstudied in [10]. If we let y = (W ­ I )z then in the new variablesC is diagonalizedin
the x1 direction, that is,

bC = ¤ 1 ­ M 2 + I 1 ­ (H2 ¡ fM 2) (3.8)

is a block diagonal matrix with N1 diagonal blocks being tridiagonal matrices of dimension
N2. The direct transformation (W ­ I )z and its inversetransformation are computationally
too expensive and there is no fast transformation like FFT available for the multiplication
by the eigenvectors. Due to thesereasonsthe cyclic reduction method is used for solving
problems with C. For one solution this direct method requiresO(N logN ) °oating point
operations [21, 30, 35], whereN is the dimensionof C.

3.3 Reduction to Sparse Subspace

We solve the right preconditionedsystemof linear equationsgiven by (3.1) iterativ ely. For
this a sparsesubspaceX is de¯ned by

X = range(A ¡ B) = range
µ

0 0
A21 A22 ¡ S

¶
: (3.9)

The j th component x j of an arbitrary vector x in X can be nonzeroonly if the j th row of
A and B do not coincide. Hence,the subspaceX is called sparse. From the de¯nition of
X in (3.9), we seeimmediately that all vector components corresponding to the near ¯eld
subdomain arezeroin X . Due to the matrix block A21 the components corresponding to the
interfaceunknowns in the far ¯eld subdomain can be nonzero.Furthermore, components in
the neighborhood of the interface betweenwater and sediment can be nonzerodue to the
local adaptation of the meshand non horizontal interface. Otherwise the components are
zerocorresponding to the interior of the far ¯eld subdomain. For the problemsconsideredin
this paper the dimensionof X is very small comparedto the sizeof the linear system(3.1).
For the ¯rst test problem in Section4.1 a sparsesubspaceis shown in Figure 3.

In the following, we consideriterativ e methods on the subspaceX ; see[19, 20] also. We let
ŷ = y ¡ b and then we have

AB ¡ 1ŷ = b¡ AB ¡ 1b= ¡ (A ¡ B)B ¡ 1b= b̂2 X ;
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wherewe have usedthe identit y AB ¡ 1 = I + (A ¡ B)B ¡ 1. Furthermore, ŷ satis¯es
£
I + (A ¡ B)B ¡ 1

¤
ŷ = b̂ (3.10)

and ŷ 2 X . The reduced equation (3.10) is well suited for implementing the iterativ e
procedureon the subspaceX . If r 2 X then the Krylov subspace

spanf r; AB ¡ 1r; ¢¢¢; (AB ¡ 1)k¡ 1g

is a subspaceof X . Thus,any iterativ emethod basedon the Krylov subspacefor the solution
of AB ¡ 1y = b generatesa sequenceof approximate solutionsyk in the subspaceX provided
that the initial iterate is y0 = b. Moreover, the basicoperation

(A ¡ B)B ¡ 1r; r 2 X

which is repeatedduring the iterations requiresthe solutionsB ¡ 1r on the rangeof (A ¡ B)T .
The dimension of this range is the sameorder as the dimension of X . Due to this the
systemsof linear equationswith C can solved using the partial solution technique [2, 23].
This technique is based on the observation that by taking advantage of the sparsity of
vectorsthe transformation (W ­ I )z and its inversetransformation are computationally not
too expensive and, thus, the diagonalization (3.8) can be useddirectly in the solution. For
two-dimensionalproblemsthis reducesthe computational costof thesesolutionsto be O(N )
°oating point operations,whereN is the dimensionof C.

In summary, the systemof linear equationscan be solved e±ciently with the preconditioner
B . The memory and computational requirements can be essentially decreasedby reducing
the GMRES iterations onto the sparsesubspaceX de¯ned by the rangeof A¡ B . Particularly,
we can usethe GMRES method without restarts which would usually severely degradethe
convergencerate in this kind of scattering problems. This subspacecorresponds to the
interface between the subdomains and the neighborhood of the surface of the sediment
whereA and B di®er.

4 Numerical Results

4.1 Scattering by a disk

We present numerical resultson scattering by an aluminum disk with onefeet diameter and
the center at (0 m; ¡ 0:2524m). The density of aluminum is 2700kg=m3 and its compres-
sionalspeedand shearspeedarecc = 6568m=s and cs = 3149m=s, respectively. The surface
of the sediment is de¯ned by x2 = f (x1) = (0:0368m) cos(360±x1=(0:75m)). In the sediment
the density is 2000kg=m3 and the speedof soundis (1668¡ 16:8i ) m=s, wherethe imaginary
part attenuates waves. The density of water is 1000kg=m3 and the speedof sound in it is
1495m=s. The computational domain ¦ is [¡ 8:25m; 0:5m]£ [¡ 0:5m; 4:25m]. The incident
angleof the incoming plane wave is ¡ 30±. This problem is motivated by the measurements
performedin [27] for a similar test set up.
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Figure 3: The sparsesubspaceX for the 561£ 305mesh.

Figure 4: The intensity level of the scattered¯eld for the frequency8.056kHz.

The sparsesubspacefor the coarsestmesh is depicted in Figure 4. The amplitude of the
scattered ¯eld at 8.056kHz is shown by Figure 4. In Table 1, f is the frequencyin kHz,
N gives the number of nodes in the mesh,and M is the dimensionof the sparsesubspace
X . All times have beengiven in CPU secondson a PC with an Intel Xeon 3.40GHz and 2
GBytes of memory. The GMRES iterations were terminated when the norm of the residual
was reducedby the factor 10¡ 6. Basedon the speedof sound in the sediment the width of
the computational domain ¦ varies from 42 to 260wavelengths.

Table 1 shows that the mesh step size does not have much in°uence on the number of
iterations while the frequency does. Based on more extensive experiments than given in
the table the number of iteration is roughly an a±ne function of the frequencywhich starts

f N M iter. time

8.056 561£ 305 2286 29 4

8.056 1121£ 609 6352 33 33

8.056 2241£ 1217 18979 30 255

19.564 1121£ 609 6352 53 48

19.564 2241£ 1217 18979 57 464

49.487 2241£ 1217 18979 95 733

Table 1: The dimensionM of the sparsesubspaces,iteration counts, and CPU times.
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Figure 5: A crosscutof a Manta mine.

around 20 iterations for very low frequenciesand then it grows about 1.5 iterations per
onekHz. For frequenciesabove, say, 30 kHz methods basedhigh frequencyasymptoticsare
starting to be su±ciently accuratefor many applications. The proposedmethod is especially
e±cient for problemsbelow the frequencyrangeof the asymptotic approximations.

4.2 Scattering by a crosscut of frustum

The secondtarget is a crosscut of a Manta mine shown in Figure 5. Again the target
is made of solid aluminum while a real Manta mine has complicated internal structure.
The top of the target is 0:18m below the mean level of the surfaceof the sediment which
has the sameshape as in Section 4.1. The properties of the materials are the sameas in
the previous problems. In this problem, we model a large computational domain given by
¦ = [¡ 160m; 160m] £ [¡ 2m; 60m]. We have chosenthe top boundary at x2 = 60m to
be the interface between water and air. This leads to a homogenousDirichlet boundary
condition on this boundary.

A point soundsourceis located at (¡ 150m; 55m) while in the x1 direction the target is in
the middle of ¦. Thus, the incident angleat the target is about 20±. The frequencyof the
sourceis 3.15kHz and, hence,the wavelength is about 0.48m in water. Our meshstep size
is 0.04m which leadsto a meshwith 8001£ 1551nodes. The solution of resulting systemof
linear equationswith about 12 million unknowns required 36 GMRES iterations and about
6 minutes. We have usedthe samecomputer and stopping criterion for the GMRES method
as with the numerical results in Section4.1. The dimensionof the sparsesubspaceX was
about 27500.The amplitude of the scatteredwave is shown in Figure 6.

5 Conclusions and Future Research

We proposeda fast iterativ e method for computing the scattering from an elastic object in
nearly vertically layered media. The main ingredients of our approach leading to compu-
tational e±ciency are a domain decomposition, a fast direct solver for a separableprecon-
ditioner block and a GMRES method iterating on a small sparsesubspace.The numerical
exampledemonstratesthat problemswith millions of unknowns can be solved on a contem-
porary PC in a few minutes.
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Figure 6: The intensity level of the scattered¯eld by the target in the whole computational
domain ¦ (top) and near the target (bottom).

For morerealistic problems,several generalizationshave to bemade. For example,weshould
considera detailed model of the elastic object for practical target identi¯cation. The pro-
posedmethod can be extendedin a straightforward manner to three-dimensionalproblems.
However, in order to develop a faster solver for three-dimensionaldomainsfurther research
is required. We remark that the wavenumber integration technique used, for example,by
OASES [32] is not directly applicabledue to interfaceswhich are not perfectly horizontal.

Here we mention somefuture research topics. In three-dimensionaldomains,the useof LU
factorization in the solution of the problemsin the near ¯eld domain canbe computationally
too expensive. Thus, a fairly e®ective iterativ e solution procedureis neededfor near ¯eld
problems. When there are many wavelength acrossthe domain the phaseerror dominates
the discretization error. By employing phaseerror reducingdiscretizations[11, 18] the same
accuracycanbeobtainedby solvingmuch smallerlinear systems.The computational burden
can be also reducedby developing a special FFT basedfast direct solver for problemswith
absorbingboundary conditions and using this instead of the current cyclic reduction type
fast direct solver.
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