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Abstract: We deweloped a fast iterativ e solver for computing time-harmonic
acoustic waves scattered by an elastic object in layered media. The discretiza-
tion of the problem was performed using a nite elemen method with linear
elemers basedon a locally body- tted uniform triangulation. We useda do-
main decomposition preconditionerin the iterativ e solution of the resulting sys-
tem of linear equations. The preconditionerwasbasedon a cyclic reduction type
fast direct solver. The solution procedurereducesGMRES iterates onto a sparse
subspacevhich decreasethe storageand computational requiremens essetially .

The numerical resultsdemonstratethe e®ectienesf the proposedapproad for

two-dimensionaldomainsthat are hundredsof wavelengthswide and require the

solution of linear systemswith seweral millions of unknowns.

1 Intro duction

We considera numericalmethod for computing time-harmonicacousticwavesscatteredby an
elasticobject - in layered°uid. The proposedmethod is excient whenthe interfacesbetween
layers are nearly horizortal, for example,rippled horizontal interfaces. One application for
sud problemsis the detection of hazardousor/and lost objects buried in sedimen. For this
purposeit is usefulto have a numerical approximation which sutciently accurately predicts
badkscatter by sud targets.

Our model problem in a rectangular domain | is shovn in Figure 1. The densily of the
medium Y2and the speedof sound c are assumedto be constart in both °uid layers. The
descriked approad canbe generalizedor the casethat 2and c are depth dependert functions
in both °uid layers, but we will not considerthis in here. We have for the pressurep in the
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Figure 1: A model problem with an elastic object - in sedimen; the dashedline near
- decommsesthe domain| into two subdomainswhich will be employed in the solution
procedure.

°uid and for the displacemen u in the elasticobject - the partial di®erenial equationmodel
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where! is the angular frequency k = ! =cis the wave number, g is an acousticsourceterm,

n denotesthe unit outward normal vector of @, and %{u) is the stresstensor. The operator
B correspndsto a second-orderabsorbingboundary condition which is a generalizationof
the onesin [1, 7] for nonhomogenousnedia. For more discussionon scattering problemsin
layered media see[6], for example.

With higher frequenciesa nite elemen discretization leadsto very large systemsof linear
eguations. Often two-dimensionalproblemshave millions of unknowns. It might be possible
to solwe theseproblemsusing a LU factorization with a nesteddissectionreordering of un-
knowns, but this approad cannot be usedfor three-dimensionalproblemswhich can have
billions of unknowns. For this reason,we considerthe iterativ e solution of these problems.
In the right preconditioned GMRES method we employ a domain decomposition precondi-
tioner basedon an algebraic ctitious domain approad [12, 14, 15, 16, 19, 20, 22, 26]. The
preconditioning of discretized scattering problemsin layered media without an object has
beenconsideredin [8, 9, 24, 25, 28], for example,and with an object in [17]. The domain
decompsition method introduced in [13] and employed in [3] for computing electromag-
netic scattering by coated objects is basedon a similar approad to the one consideredin
here. In [13] the electromagneticscattereris perfectly conducting with a dielectric coating
layer which would corresppndsto a sound-softacousticscattererwith a coating layer having
di®eren density and speedof sound. The approad in hereusesa Sctur complemen precon-
ditioner for far eld while the method in [13] usedan algebraic ctitious domain approad
for this. In this paper, we considermore complicated scattering problemsand use a more
straightforward block preconditionerthan in [13].
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We discretize (1.1) using linear nite elemens on uniform rectangular mesheswhich are
locally adaptedto the wavy sedimen interface and the surfaceof the object. An algorithm
to generatesud meshesis descrited in [5], for example. In our solution procedure we
employ a domain decompsition in which the near eld subdomain is the interior of the
dashedbox in Figure 1 and the far eld subdomain is the rest of the rectangle|. For the
secondsubdomain we construct a preconditioner basedon a separablematrix obtained by
discretizing perfectly vertically layered mediawithout an object. Linear systemswith suc
matrices can be solved exciently using fast direct methods [29, 30, 34]. Sincethe mediais
vertically layeredwith a wavy interface,our preconditionercoincideswith the systemmatrix
exceptfor the rows correspnding to unknowns near-by the interfaces. Due to this we can
reduceiterations onto a small sparsesubspaceas hasbeenshavn in [19, 20]. This reduction
makesour preconditioner much more excient asour numerical examplesdemonstrate.

2 Finite Element Discretization

For two-dimensionalproblems,we usea generalizationof the second-ordeabsorbingbound-
ary condition in [1] on the truncation boundary @, given by
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where n and s denote the unit outward normal and tangert vectors, respectively, and C
denotesthe set of the corner points of @.

We construct a weakformulation by rst multiplying the partial di®erettial equationsin (1.1)
by test functionsq, v, and integrating the resulting equationsover,. We perform partial inte-
grationin ! n?, - andapply the boundary/interfaceconditionsin (1.1) and (2.1). After this
we perform partial integration alongthe four edgesof; gf)dusethe cornerconditionsin (21).
This results in the weak formulation: Find (p;u) 2 p2 HY}( n?)j Pe 2HY(@ £

H(-) ¢ such that
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for all (g;v) 2 q2 HY( n3) jge 2HY@ £ H(-) % We have usedthe notation
¥{u) :2(v) = % (u)?; (v), where Einstein's summation corvertion has beenemployed. The
stresstensor ¥sand the strain tensor? are de ned by

2(u) = %(r u+(ru)’) and  ¥u)= 2t 2(u)+,r Cul:



We assumethat the Lam® constaris 1 and , are constarts on the elastic object. They are
de ned in terms of the compressionakbpeedc. and the shearspeedcs by

, =% 23  and 1= Y%

Furthermore, we assumethe wave number function k and the density function %2to be
piecewiseconstart.

We use linear nite elemerts basedon mesheswhich are orthogonal and uniform except
nearthe target - and the sedimen interface wherewe locally adapt the meshessothat the
boundary @ and the interface are approximated well. Sucdh meshescan be generatedfairly
easily for example,using the algorithm in [5]. A locally adapted meshis showvn in Figure
2. The mesheshave to be sutciently ne, say, at least 10 grid points per the wave length,
sothat they can appraximate the oscillatory solution properly [18. We use masslumping
leadingto a diagonal massmatrix.

Figure 2: A part of alocally adaptedmeshfor the exterior of a circular target and a sinusoidal
surfaceof sedimer.

The discretization leadsto the systemof linear equations
AX = b; (2.3)

wherethe matrix A hascomplex-walued ertries and is hon-Hermitian.

3 Iterativ e Solution

3.1 Domain Decomp osition Metho d

We solve the system of linear equations (2.3) using the GMRES method [31] with a right
preconditioner B leadingto the system

ABily = b: (3.1)
After solving this systemthe solution of the original problem (2.3) isx = Bi ly.
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The preconditionerB is basedon the domain decompsition. In order to descrite it we rst
expressthe matrix A in a block form

u T
— All A12

A= 3.2
Az Az (3.2)
wherethe rst block row corresppndsto the near eld subdomain inside the dashedbox in
Figure 1 and the secondblock row correspndsto the rest of |. The vectorsx and b have
compatible block forms. Our preconditioner B hasthe upper block triangular form

u T
— All A12

B = o s (3.3)
where S = Cy j C21C{11012 is the Schur complemen of C;; in C which is described in
Section3.2. The preconditionerB is of block Gauss-Seidetype.

Our choiceof the preconditioneris motivated by the Neumann-Dirichlet domain decomposi-
tion preconditioner;seeg[4, 33], for example. For a Poissontype equationthis preconditioner
canbe shown to be optimal in thesesensehat the condition number is boundedfrom above
by a constart independert of the meshstep size. Our problem approahessud a problem
whenthe frequencytendsto zero. The matrix block A;; correspndsto a Dirichlet boundary
value problemin the near eld subdomain. For the Poissonequationthe Schur complemen
matrix S canbe shown to be spectrally equivalent with a matrix resulting from a Neumann
boundary value problemin the far “eld subdomain. Thus, the block S can be consideredto
correspnd to a Neumannboundary value problem. Basedon theseargumeris we conclude
that the preconditioner should lead to rapid corvergenceof the iterative method for low
frequencies. It is not easyto analyze how rapidly the conditioning deteriorateswhen the
frequencyis increased.This behavior is studied in the numerical experimerts in Section4.

At ead iteration a systemof linear equationsof the type

M fp. 1T p 1
_ Aun An zn _ 1 _
By = 0 S Z oy y (3.4)
needsto be solved. This can be performedin two steps:
1. Solwe LT p v
z _ 0
C = (3.5)
Z; y2

using the fast direct method in Section3.2.

2. Solve A11z; = y1 i A12Z, using LU decomposition. Due to the small size of the near
“eld subdomain, this solution can be done quickly.



3.2 System of linear equations with C

By discretizing the Helmholtz equation in the domain |, without the object - and with a
perfectly horizontal surfaceof the sedimer, on a fully rectangular meshwe obtain a matrix

0 T
_ Cu Cp

C ’
C21 C22

(3.6)

where the blocks correspnd to our domain decompsition. Thus, the matrix block Cj;
correspnds to an acoustic scattering problem in the whole near eld subdomain. The
dimensionsof blocks A;; and Cy; are not the same,sinceA;; includesa part correspnding
to the elastic scatter -.

By renumbering the unknowns rst from bottom to top (in the x, direction) and then from
left to right (in the x; direction) the matrix C hasa tensor product form

C=Hi- Mo+ My- (Haj My): (3.7)

The matricesH; and H, correspnd to sti®nessnmatricesfor one-dimensionaproblemsin the
X1 and X, direction, respectively, with specialabsorbingtype boundary conditions. Similarly,
M1, M, and Mz resenble scaledone-dimensionaimassmatrices which are diagonal due to
masslumping. The dimensionof the matricesH; and M is the sameasthe number of nodes
in the x; direction and they are given by

1
1| ihk =2 |1
il 2 il
1 il 2 i1
Hl—ﬁ
il 2 il
il 1 ihk=2
and 0 1
1=2 + i=(2hk)
1
1
M]_:h )
1
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where h denotesthe meshstep sizein the x; and x, direction. The matricesH,, M,, and
Mz can be consideredto correspnd to one-dimensionalproblemsin the x, direction and
their dimensionis the number of nodesin the x, direction. They canbe asserbled from the
elemenal matrices
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where¥2 and k. are the density and the wave number on the one-dimensionaklemen e in
the x, direction. Due to the absorbingboundary condition the following additions have to
be madeto thesematrices: add j ik=(2%} into the rst and last diagonal ertry of H,, add
i=(2k%} into the rst and last diagonal ertry of M,, and add ik =(2%} into the rst and last
diagonalenry of f1,.

Systemsof linear equationswith the matrix C can be solved exciently using, for example,
the cyclic reduction type fast direct solver consideredin [15, 30]. The method is basedon
the diagonalization procedure: Let (2'; W') be the eigen-pairsto the generalizedeigervalue
problem

Hiw=_, Mw:

SinceH; and M; are symmetric, the eigervectors are orthogonal with respect to the M-
semi-innerproduct, that is, WTM;W = |. The properties of theseeigervalue problemshave
beenstudiedin [10]. If welety = (W - 1)z then in the new variablesC is diagonalizedin
the x4 direction, that is,

C=ny- My+11- (Hai My) (3.8)
is a block diagonal matrix with N; diagonal blocks being tridiagonal matrices of dimension
N,. The direct transformation (W - 1)z and its inversetransformation are computationally
too expensive and there is no fast transformation like FFT available for the multiplication
by the eigervectors. Due to thesereasonsthe cyclic reduction method is usedfor solving
problemswith C. For one solution this direct method requiresO(N logN) °oating point
operations[21, 30, 35], whereN is the dimensionof C.

3.3 Reduction to Sparse Subspace

We solwe the right preconditionedsystemof linear equationsgiven by (3.1) iteratively. For
this a sparsesubspaceX is de ned by 0
M
0 :

0
Axy Axni S

The jth componert x; of an arbitrary vector x in X can be nonzeroonly if the jth row of
A and B do not coincide. Hence,the subspaceX is called sparse. From the de nition of
X in (3.9), we seeimmediately that all vector componerts correspnding to the near eld
subdomain are zeroin X . Due to the matrix block A,; the componerts correspnding to the
interface unknowns in the far “eld subdomain can be nonzero. Furthermore, componerts in
the neighborhood of the interface betweenwater and sedimen can be nonzerodue to the
local adaptation of the meshand non horizortal interface. Otherwise the componerts are
zerocorrespnding to the interior of the far eld subdomain. For the problemsconsideredn
this paper the dimensionof X is very small comparedto the sizeof the linear system(3.1).
For the rst test problemin Section4.1 a sparsesubspacds shown in Figure 3.

X =rangeAj B) = range (3.9)

In the following, we consideriterative methods on the subspaceX ; see[19, 2(Q] also. We let
¥ =vyi bandthen we have

ABil¢=bj ABi'b= (Aj B)Bi ‘b=H2 X;

7



wherewe have usedthe idertity ABi =1 + (Aj B)Bi . Furthermore, § satis es
£ e
| +(Aj BBt ¢=5H (3.10)

and ¢ 2 X. The reduced equation (3.10) is well suited for implemerting the iterative
procedureon the subspaceX . If r 2 X then the Krylov subspace

sparfr; AB'r; ¢¢¢; (ABT ki lg

isasubspaceof X . Thus, any iterative method basedon the Krylov subspacdor the solution
of AB ly = b generatesa sequencef approximate solutionsy® in the subspaceX provided
that the initial iterate is y° = b. Moreover, the basic operation

(Aj B)Bilr; r2x

which is repeatedduring the iterations requiresthe solutionsB *r on the rangeof (Aj B)'.
The dimension of this range is the sameorder as the dimensionof X. Due to this the
systemsof linear equationswith C can solved using the partial solution technique [2, 23].
This technique is basedon the obsenation that by taking advantage of the sparsity of
vectorsthe transformation (W - 1)z and its inversetransformation are computationally not
too expensiwe and, thus, the diagonalization (3.8) can be useddirectly in the solution. For
two-dimensionalproblemsthis reducesthe computational cost of thesesolutionsto be O(N)
°oating point operations,whereN is the dimensionof C.

In summary the systemof linear equationscan be solved exciently with the preconditioner
B. The memory and computational requiremerts can be essetially decreasedy reducing
the GMRES iterations onto the sparsesubspaceX de ned by the rangeof Aj B. Particularly,
we can usethe GMRES method without restarts which would usually se\erely degradethe
convergencerate in this kind of scattering problems. This subspacecorrespnds to the
interface between the subdomains and the neighborhood of the surface of the sedimen
whereA and B di®er.

4 Numerical Results

4.1 Scattering by a disk

We presen numerical results on scattering by an aluminum disk with onefeet diameter and
the certer at (Om; j 0:2524m). The density of aluminum is 2700kg=m® and its compres-
sional speedand shearspeedare ¢, = 6568m=sand ¢; = 3149m=s, respectively. The surface
of the sedimen is de ned by x, = f (x1) = (0:0368m) cos(360x,=(0:75m)). In the sedimen

the density is 2000kg=m? and the speedof soundis (1668; 16:8i) m=s, wherethe imaginary
part attenuateswaves. The density of water is 1000kg=m® and the speedof soundin it is
1495m=s. The computationaldomain| is[j 8:25m; 0:5m]£ [j 0:5m; 4:25m]. The incidert

angle of the incoming plane wave is j 30°. This problem is motivated by the measuremets

performedin [27] for a similar test set up.



Figure 3: The sparsesubspaceX for the 561£ 305 mesh.

Figure 4: The intensity level of the scattered eld for the frequency8.056kHz.

The sparsesubspacefor the coarsestmeshis depicted in Figure 4. The amplitude of the

scattered eld at 8.056kHz is showvn by Figure 4. In Table 1, f is the frequencyin kHz,

N givesthe number of nodesin the mesh,and M is the dimensionof the sparsesubspace
X . All times have beengivenin CPU secondson a PC with an Intel Xeon 3.40GHz and 2

GBytes of memory. The GMRES iterations were terminated when the norm of the residual

was reducedby the factor 10 ®. Basedon the speedof soundin the sedimet the width of

the computational domain| variesfrom 42to 260 wavelengths.

Table 1 shaws that the mesh step size does not have much in°uence on the number of
iterations while the frequencydoes. Basedon more extensive experimerts than given in
the table the number of iteration is roughly an atne function of the frequencywhich starts

f N M iter. time

8.056 561£ 305 2286 29 4
8.056 1121£ 609 6352 33 33
8.056 2241£ 1217 18979 30 255
19.564 1121£ 609 6352 53 48
19.564 2241£ 1217 18979 57 464
49.487 2241£ 1217 18979 95 733

Table 1: The dimensionM of the sparsesubspacesiteration courts, and CPU times.
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Figure 5: A crosscutof a Manta mine.

around 20 iterations for very low frequenciesand then it grows about 1.5 iterations per
onekHz. For frequenciesabove, say, 30 kHz methods basedhigh frequencyasymptotics are
starting to be suxciently accuratefor many applications. The proposedmethod is especially
excient for problemsbelow the frequencyrange of the asymptotic approximations.

4.2 Scattering by a crosscut of frustum

The secondtarget is a crosscutof a Manta mine shavn in Figure 5. Again the target
is made of solid aluminum while a real Manta mine has complicated internal structure.
The top of the target is 0:18m below the mean level of the surfaceof the sedimen which
has the sameshape asin Section4.1. The properties of the materials are the sameas in
the previous problems. In this problem, we model a large computational domain given by
i = [j 160m; 160m] £ [; 2m; 60m]. We have chosenthe top boundary at x, = 60m to
be the interface betweenwater and air. This leadsto a homogenousDirichlet boundary
condition on this boundary.

A point soundsourceis located at (j 150m; 55m) while in the x; direction the target is in
the middle of |. Thus, the incident angle at the target is about 20*. The frequencyof the
sourceis 3.15kHz and, hence,the wavelengthis about 0.48m in water. Our meshstep size
is 0.04m which leadsto a meshwith 8001£ 1551nodes. The solution of resulting systemof
linear equationswith about 12 million unknowns required 36 GMRES iterations and about
6 minutes. We have usedthe samecomputer and stopping criterion for the GMRES method
aswith the numerical results in Section4.1. The dimensionof the sparsesubspaceX was
about 27500. The amplitude of the scatteredwave is shavn in Figure 6.

5 Conclusions and Future Research

We proposeda fast iterative method for computing the scattering from an elastic object in
nearly vertically layered media. The main ingredierts of our approad leadingto compu-
tational exciency are a domain decomposition, a fast direct solver for a separableprecon-
ditioner block and a GMRES method iterating on a small sparsesubspace.The numerical
exampledemonstratesthat problemswith millions of unknowns can be solved on a contem-
porary PC in a few minutes.
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Figure 6: The intensity level of the scattered eld by the target in the whole computational
domain; (top) and nearthe target (bottom).

For morerealistic problems,se\eral generalizationshave to be made. For example,we should
considera detailed model of the elastic object for practical target identi cation. The pro-
posedmethod can be extendedin a straightforward mannerto three-dimensionalproblems.
Howevwer, in order to dewelop a faster solver for three-dimensionaldomainsfurther researt
is required. We remark that the wavernumber integration technique used, for example, by
OASES[37 is not directly applicable due to interfaceswhich are not perfectly horizortal.

Here we mention somefuture researt topics. In three-dimensionaldomains,the useof LU

factorization in the solution of the problemsin the near eld domain canbe computationally
too expensive. Thus, a fairly e®ectie iterativ e solution procedureis neededfor near eld

problems. When there are many wavelength acrossthe domain the phaseerror dominates
the discretization error. By employing phaseerror reducingdiscretizations[11, 18] the same
accuracycanbe obtained by solvingmuch smallerlinear systems. The computational burden
can be alsoreducedby deweloping a special FFT basedfast direct solver for problemswith

absorbing boundary conditions and using this instead of the current cyclic reduction type
fast direct soler.
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